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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 143 ]. This is test number [ 37 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (143) | 0.00 (0)
Mathematica | 100.00 ( 143 ) | 0.00 ( 0)

(0

Maple 98.60 (141 ) | 1.40 (2

Fricas 58.04 (83 ) | 41.96 (60 )
Giac 34.97 (50) | 65.03 (93)
Mupad 13.29 (19) | 86.71 (124)
Maxima, 10.49 (15) | 89.51 (128)
Sympy 6.99 (10) |93.01 (133)

)
0
3
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Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 38.46 0.70 60.84 0.00
Maple 28.67 61.54 8.39 1.40
Fricas 26.57 31.47 0.00 41.96
Giac 24.48 10.49 0.00 65.03
Maxima, 6.29 4.20 0.00 89.51
Sympy 1.40 5.59 0.00 93.01
Mupad N/A 13.29 0.00 86.71

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .
The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 2 100.00 % 0.00 % 0.00 %

Fricas 60 1.67 % 98.33 % 0.00 %

Giac 93 8.60 % 43.01 % 48.39 %

Maxima 128 52.34 % 0.00 % 47.66 %

Sympy 133 90.98 % 9.02 % 0.00 %

Mupad 124 99.19 % 0.81 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 1.16 333.90 1.00 302.00 1.00
Mathematica | 0.77 333.82 0.97 264.00 0.88
Maple 0.22 49918.60 103.31 761.00 2.12
Maxima 0.49 388.27 2.32 220.00 1.11
Fricas 20.92 3794.67 11.68 516.00 3.24
Sympy 12.58 872.30 4.09 506.50 3.82
Giac 3.90 259.92 1.44 146.00 1.21
Mupad 6.98 568.32 1.93 187.00 1.25

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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1.4

{}

11

list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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Chapter 2

detailed summary tables of results

Local contents
2.1 List of integrals sorted by grade for each CAS

2.2 Detailed conclusion table per each integral for all CAS systems . .. ... ...
2.3 Detailed conclusion table specific for Rubi results . . . ... ... ... ....

19



20

2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e

FriCAS
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2.1.1 Rubi

A grade: { [1},[2}[3) 4} 51[6} 7|8 [% [L0} [T} [[2}[13} 14} 15}, 16} [1 7, [T&} [T, 20} 21} 22} 23} 24} 25} [26, [27)
[28,[29;, 30431}, 32, 33} 34} 35, 36}, 37} [38, 39} [40), 4T} 42} (43} 44} 45}, (46}, 47} 48, (49} 50} 51} 52, 53} 54} [55,
[56}571, 58} (59 [60} (61}, [62}[63,[64} [65,, (66}, [671, 68} [69 70} [ 1} [72} [73} [74} [75, 76, [77} [78}, [79} 80}, [B1} 82} [83}
[84} 85,86} {871, 88, [89} 90} 911, 92}, [93} 94}, [95}, 96}, 97}, 98} [99}, [L00)}, 10T}, 102} [103},[T04}, [105},[T06, 107}, [T08,
(109} 110, 111} [TT2}[1T3) 114} 115,116} 117, [1T8) 119} [T20, 12T}, 122} 123, [124} [T25| 126}, 127} 128, 129}
[130} [£31}[132} 133} [134} 135} [L36} [137} [L38} [139} [L40} [141} 142, [143] }

B grade: { }

C grade: { }

F grade: { }

2.1.2 Mathematica

A grade: { [1}[2)3, {4510} 10} 13} [14}[L5} L6} 17 I8} 28} [20} 30, 31} 32} |33 36} 37 [38} 39} 40} {41} 42}
F3, 4, {45, (46, 7, (48, {49} 50, 5T} T, 92} 126, (127} (128 129, (130} 31, [[32 [T 33, 134} L35 [T 36} [137} 138}
[139}[140} [141}[142}[143|}

B grade: {[24] }

C grade: { [6}[7,8} [L1}[12}[19} [20} 21} 22} [23} [25} 26} 27} [34} [35} [52} 53} |54} [55}, 56} 57} [68} [59} (60} 61}
(62,63} [64}[65} 1661671 [68} (69} [70} [7T),[72} [73} [74} [75}[76,[77, [78, [79} [8T, (BT, B2}, B3} B4} [8E), |86}, [B7} [B8, BY)
90} 93} 94} 95} 96}, 097, 98} 09} [100} [101}, 102} 103} [L04} [105}, (106}, (107} 108} [109, L 10} [T11},[112} 113} 114}
115116} [117] [118][119][120} 121} 122} 123} 124} 125] }

F grade: { }

2.1.3 Maple
A grade: { 12,3, [T0,[3} 4[5} 7[5, 2 25)25) 5 52,53, 54 559,02 0,05 06, 09,00
[101} 114} [120}[126,[127} [128} [129}[L30}[131} [132} [L33] [L34} [L38} [139 [140} [L41] }

B grade: { [5}(6}7,8}[} [L1}[12,[16} 19 20} 21} 23} [24} [26} [27] [29} [30} [35} 36} [37] [52, 53} [54, 55} 56} [57]

58,59, [60} (61}, [62}[63, 64} [65,, 66} [67}, (68, [69, [70} [T, [72} [7 3} [74} [75, 76}, [77} 78} [79} 8T} BT} 82} [83} 84} [85)
[861187,[88} {89} 90} (91} [93} 97}, (98} [102} [T03} 104} [105}, [T06} [107} 108, [T09}, [TT0} [T1T} [TT2, [TT3} 115} 116}
117,[118| 119} [L21} 122} [123) [124} 125} [135} 136} [L37] }

C grade: { [40} 41} 42} 43} |44} [45} (46} (47} 48} 49} [50} 1] }

F grade: { }
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2.1.4 Maxima

A grade: { [I,[21[3|[10}02, [I33} 134} [138}[139] }
B grade: { [25}26} 27,28} 29,30 }
C grade: { }

F grade: { [4(51(61[7]/8 0111} [12}[13} 1415} 16} 17} [18} 19} [20} 21} [22 23} |24 [31] 32} [33) [34} |35} 36}
[B7, 38} 39} [0} AT} 42} (13, A4, 45,46, 7, 48, 9} 50, 6T, 5263, 545}, 564 574 68, B4 6T BT} 62, 631 64,
(65}, 664 67, 68} (69, 70} [7T} 72, 3} 73, 75 76} 77 [73, 79 B0} BT, B2 83} B4 85, |86, 87, [88, 89, 00, 911 U3
19,195, 96, 97, 98, 99} (100 [0}, [[02} 103, [T04, [105 (106} 107} 108} 09, (L0} [LTT} [TT2} T3} [14} L T5 (L6}
(17 gl{rmmmmmmmmmmmmmmmmmmm
142|143

2.1.5 FriCAS
A grade: {[1}[21[3][10}[L3] 14 [33} 36} [38) |40} (41 [42} [43)| [44) [45,[46), [47] [48} 49|50} [51} 01} [02} [126} 127,
[128,[129][130},[131}[132],[133] [134,[1

134] [136}[137, [138} [139} 140} [T41] }

B grade: { [T 821 70,27, 252930, 51, 52 557,54 556,60 6765
53153,03, 0708 09 100,103, 104105} 106,116 117135 )

C grade: { }

F grade: { BE BB 5755 59 B0, 5162, 63,6363 69 075
I75,[77 75, 8% 55,56, 57, 55 9 90, 92,9596, TUT 102, [T07, T8, 109, 10, (L 1T, (1 T2, 13, 1 14 15,
18] [119}[120} [121} 122} [123[124} [125] [142} [143] }

&
E

w
[\
—
N
>

2.1.6 Sympy

A grade: { B3T39))
B grade: { [3/13, 4 T3 8 BL/E38))
C grade: { }

F grade: { [3,[41[5[6}[7} 8} 9 [10} [L1} [12} [L5} [16} [L9} [20} 21} 22} 23} 24} 25} 26| 27, 28] 29 [301 32} [34]
35} 361, 37} 38, [39} [0}, (41}, 42} 43} (A4}, 45}, (46} 47, (43} [49 [50} 5T}, [52} 53} [54} 554 [66} 57} [68} [59} (6T} (61}, [62)
[63}[64} 65} (661,67} (68, [69} 70} [71}, [72} [73} [74},[75}, [76} [77],[78} [79], B0} (BT}, [82} [83),[B4}, 85}, [86], 87}, [88}, BY}, 9T,
91,92} 93} 94}, 95}, 96}, 97, 08} 99} [100} [L0T}, [T02} [103} [L04}, 105} [L06}, [L07}, 108} [L09)}, [L10} [T1T} [TT2} TT3]
[T14,[1T5,[T16} [1T7} [TT8], 119, [T20} 121} [122}, 123, [124}, 125} [126], 127], 128, 129} [130} [131], 132, 133} [134}
135, 136}, [137} [T40} [T41} 142, 143 }
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2.1.7 Giac

A grade: { [1}21[3)[4}[10} 13} 14} 15} (17 [L8, [28] [29} 30} 36} (40} [41} |42} [43) [44) [45} [46}[47} [48}[92} [1 26},
[127,[129} 131} [133} [134][137, [[38][139] [L40} [141] }

B grade: { [}[L1}[16,[31}[32}33}[34,[37}[38} 51} [128} 130} [L32} [135}[136] }

C grade: { }

F grade: { [6}[7)[8}[9}[12} 19} 20} 21} [22} 23| 24} 25} [26} [27} [35} B9} 49} [50} [52} 63} [64} 55, 56, [57) [58)
(59} (60} 611 (62, 63, 6 65} (66, [67} (68} (69} [70} [71} [72, 73, 74} 75, 763, 77} [78) [79, BT, B}, B2, B3} B4 [B5 86}

(87,88, [8%[90} 9T}, (93, 94}, [95}, (96}, 97} [98} (99} [T00}, [T0T}, 102, [103},[T04}, [T05} 106} 107, [L08, [109} [T 10} 11T}
[112}[L13}[114} 115} [116} 117, [118| 119} [L20} 121} [122)[123} 124} [125| [142} [143] }

2.1.8 Mupad

A grade: { }
B grades { 125 513 (16, 75 1) 53,50 133 [549 [138 139 140} 141}
C grade: { }

F guade: { 5,75)0)(T0L[) [2,[5) 19,20} 21, 22 23,2 25,6, 2725 20,0, 52, 35,57 B3
39, [40}, (41}, [42, (43} [44], |45} (46} [47], (48} 49} [50} [ 1}, [52} [53} [54} [55, [56} 57, [68} [594 60} 6T} (62 [6 3} (64} [65}, (66
67,68, 69} [70}, [71}[72} [73} [74,[75} [76, [77} [78, [79}, 80} 8T}, B2} 83, B4}, 854, [36}, 87, [88} 89, 00}, 9T}, 92, 93}, 94}
95,96}, 97}, [98, 99} [100}, 10T}, [T02,[T03, [104} [105} [106}, 107}, 108}, 109} [1 10} [TTT},[TT2} 113} [T14} [T15}[T16]

[1T7, (118, [T19} 120} [121], 122, 123} [124} [125], 126}, 127, 128}, [129} [130}, 131}, 132} 135} [136}, 137}, 142, [143]

}
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A B A B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 94 94 86 84 84 200 333 87 97
N.S. 1 1.00 0.91 0.89 0.89 2.13 3.54 0.93 1.03

time (sec) N/A 0.066 0.053 0.108 0.511  0.782 0.838 4.090 3.436

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 228 228 204 235 220 500 933 263 253
N.S. 1 1.00 0.89 1.03 0.96 2.19 4.09 1.15 1.11
time (sec) N/A 0.194 0.149 0.157 0498 0328 15.740 3.922  0.249

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 441 441 422 592 471 1014 0 623 552
N.S. 1 1.00 0.96 1.34 1.07 2.30 0.00 1.41 1.25

time (sec) N/A 0.381 0.333 0.197 0.518 0.332 0.000 4.018 3.792
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) F(-1) F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 274 274 212 239 0 0 0 266 2500
N.S. 1 1.00 0.77 0.87 0.00 0.00 0.00 0.97 9.12
time (sec) N/A 0.176 0.255 0.306 0.000  0.000 0.000 5.052 38.323
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) F(-1) F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 596 596 523 1254 0 0 0 1313 2500
N.S. 1 1.00 0.88 2.10 0.00 0.00 0.00 2.20 4.19
time (sec) N/A 1.030 1.214 0.946 0.000  0.000 0.000 4.236 7.534
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 331 331 511 803 0 0 0 0 -1
N.S. 1 1.00 1.54 2.43 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.379 0.678 0.168 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 249 249 219 389 0 6113 0 0 -1
N.S. 1 1.00 0.88 1.56 0.00 24.55 0.00 0.00 -0.00
time (sec) N/A 0.128 0.387 0.137 0.000  30.081 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 381 380 641 934 0 0 0 0 -1
N.S. 1 1.00 1.68 2.45 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.487 1.146 0.139 0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) F(-1) F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 797 796 674 1768 0 0 0 0 -1
N.S. 1 1.00 0.85 2.22 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.137 12.757 0.136  0.000  0.000 0.000 0.000 0.000

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 37 46 65 46 0 48 -1
N.S. 1 1.00 0.79 0.98 1.38 0.98 0.00 1.02  -0.02

time (sec) N/A 0.021 0.108 0.167 0.546 0.361  0.000 4.310 0.000

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 117 117 106 637 0 758 0 457 -1
N.S. 1 1.00 091 5.44 0.00 6.48 0.00 391 -0.01
time (sec) N/A 0.108 0.118 0.548 0.000 0.368 0.000 5.176 0.000

Problem 12 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad

grade A A C B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 484 484 210 6871419 0 0 0 0 -1
N.S. 1 1.00  0.43 14197.15  0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 22.897 0.377 4.340 0.000 0.000 0.000 0.000 0.000

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A F(-2) A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 184 182 175 190 0 584 1260 191 273
N.S. 1 099 0.9 1.03 0.00 3.17 6.85 1.04 1.48

time (sec) N/A 0.216 0.149 0.210 0.000 0.428 7.623 2.482 3.852
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 542 542 535 800 0 1921 4663 738 893
N.S. 1 1.00 0.99 1.48 0.00 3.54 8.60 1.36 1.65
time (sec) N/A 0.678 0.412 0.272 0.000  0.512 91.258 3.078 4.854
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) F(-1) F(-1) A F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 406 398 267 384 0 0 0 416 -1
N.S. 1 0.98 0.66 0.95 0.00 0.00 0.00 1.02  -0.00
time (sec) N/A 0.294 0.309 0.837 0.000  0.000 0.000 2.059 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) F(-1) F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 1075 1067 952 51470 0 0 0 3226 2500
N.S. 1 099 0.89 47.88 0.00 0.00 0.00 3.00 2.33
time (sec) N/A 2.533 4.414 0.038 0.000  0.000 0.000 2.296 30.314
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 131 141 0 1150 709 219 395
N.S. 1 1.00 0.94 1.01 0.00 8.21 5.06 1.56 2.82
time (sec) N/A 0.091 0.102 0.185 0.000 0.530 1.212 3.475 0.422
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 131 141 0 1130 680 207 375
N.S. 1 1.00 0.94 1.01 0.00 8.07 4.86 1.48 2.68
time (sec) N/A 0.070 0.020 0.182 0.000 0.381 1.177 5.025 4.020
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A NO Yes TBD TBD TBD TBD TBD TBD
size 617 615 889 1595 0 0 0 0 -1
N.S. 1 1.00 1.44 2.59 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 5928 0.927 0.169 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F(-1) F(-2) F
verified N/A NO Yes TBD TBD TBD TBD TBD TBD
size 1092 1092 2733 2908 0 0 0 0 -1
N.S. 1 1.00 2.50 2.66 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 16.593 4.640 0.184 0.000  0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 416 416 278 805 0 21959 0 0 -1
N.S. 1 1.00 0.67 1.94 0.00 52.79 0.00 0.00  -0.00
time (sec) N/A 1.787 0.455 0.195 0.000  169.420 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 780 780 218 425 0 6737 0 0 -1
N.S. 1 1.00 0.28 0.54 0.00 8.64 0.00 0.00  -0.00
time (sec) N/A 3.386 0.385 0.142 0.000  25.988 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 302 302 195 639 0 8977 0 0 -1
N.S. 1 1.00 0.65 2.12 0.00 29.73 0.00 0.00  -0.00
time (sec) N/A 0.552 0.388 0.157 0.000  33.476 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 101 101 349 337 0 1515 0 0 -1
N.S. 1 1.00  3.46 3.34 0.00 15.00  0.00 0.00 -0.01
time (sec) N/A 0.079 1.770 0.084 0.000  0.419 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A B B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 139 139 149 176 361 322 0 0 -1
N.S. 1 1.00 1.07 1.27 2.60 2.32 0.00 0.00 -0.01
time (sec) N/A 0.138 0.199 0.697 0.513  0.369 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 166 166 137 455 678 344 0 0 -1
N.S. 1 1.00 0.83 2.74 4.08 2.07 0.00 0.00 -0.01
time (sec) N/A 0.144 0.319 0.566 0.519  0.399 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 193 193 183 868 1276 439 0 0 -1
N.S. 1 1.00 0.95 4.50 6.61 2.27 0.00 0.00 -0.01
time (sec) N/A 0.167 0.462 0.612 0.558  0.435 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 151 151 109 186 363 245 0 93 -1
N.S. 1 1.00 0.72 1.23 2.40 1.62 0.00 0.62 -0.01
time (sec) N/A 0.140 0.517 0.624 0.515 0.356  0.000 7.022 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 174 174 130 466 668 365 0 112 -1
N.S. 1 1.00 0.75 2.68 3.84 2.10 0.00 0.64 -0.01
time (sec) N/A 0.157 0.803 0.620 0.531 0.356  0.000 4.423 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 197 197 154 878 1276 435 0 121 -1
N.S. 1 1.00 0.78 4.46 6.48 2.21 0.00 0.61 -0.01
time (sec) N/A 0.184 0.891 0.604 0.539  0.420 0.000 3.773  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 14 0 49 36 31 13
N.S. 1 1.00  1.00 0.93 0.00 3.27 2.40 2.07 0.87
time (sec) N/A 0.011 0.152 0.179 0.000 0.348 2.393 3.773 3.763
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 44 44 55 40 0 106 0 108 -1
N.S. 1 1.00 1.25 0.91 0.00 241 0.00 245  -0.02
time (sec) N/A 0.033 0.200 0.299 0.000  0.363 0.000 3.791 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 24 20 0 34 68 39 19
N.S. 1 1.00 1.00 0.83 0.00 1.42 2.83 1.62 0.79
time (sec) N/A 0.011 0.201 0.320 0.000 0.342 2.128 4.463 3.781
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 92 45 0 307 0 133 -1
N.S. 1 1.00 1.64 0.80 0.00 5.48 0.00 238  -0.02
time (sec) N/A 0.030 0.128 0.367 0.000  0.348 0.000 4.051 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 249 249 1014 1430 0 0 0 0 -1
N.S. 1 1.00  4.07 5.74 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.539 1.888 0.217 0.000  0.000 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 46 95 0 85 0 81 49
N.S. 1 1.00 0.96 1.98 0.00 1.77 0.00 1.69 1.02
time (sec) N/A 0.027 0.373 0.171 0.000  0.497 0.000 3.210 3.753
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 94 0 56 0 98 -1
N.S. 1 1.00 1.00 5.53 0.00 3.29 0.00 5.76  -0.06
time (sec) N/A 0.013 0.156 0.135 0.000 0.334 0.000 3.145 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 86 86 51 123 0 132 0 163 -1
N.S. 1 1.00 0.59 1.43 0.00 1.53 0.00 1.90 -0.01
time (sec) N/A 0.111 0.194 0.349 0.000  0.341 0.000 2.441 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 108 121 0 0 0 0 -1
N.S. 1 1.00 0.79 0.89 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.069 0.066 0.176 0.000  0.000 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 212 212 107 103 0 175 0 117 -1
N.S. 1 1.00  0.50 0.49 0.00 0.83 0.00 0.55  -0.00
time (sec) N/A 0.071 0.165 0.090 0.000 0.365 0.000 2.685 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 161 161 95 83 0 157 0 98 -1
N.S. 1 1.00 0.59 0.52 0.00 0.98 0.00 0.61 -0.01
time (sec) N/A 0.039 0.134 0.079 0.000 0.396 0.000 3.296 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 148 148 84 65 0 128 0 79 -1
N.S. 1 1.00  0.57 0.44 0.00 0.86 0.00 0.53  -0.01
time (sec) N/A 0.031 0.153 0.078 0.000  0.510 0.000 2.933 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 160 160 118 92 0 341 0 102 -1
N.S. 1 1.00 0.74 0.58 0.00 2.13 0.00 0.64 -0.01
time (sec) N/A 0.075 0.182 0.104 0.000  0.431 0.000 3.221 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 156 156 109 120 0 333 0 126 -1
N.S. 1 1.00 0.70 0.77 0.00 2.13 0.00 0.81  -0.01
time (sec) N/A 0.071 0.185 0.091 0.000  0.360 0.000 5.587  0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 161 161 124 141 0 377 0 199 -1
N.S. 1 1.00 0.77 0.88 0.00 2.34 0.00 1.24 -0.01
time (sec) N/A 0.072 0.252 0.110 0.000 0.414 0.000 4.628 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 317 317 236 530 0 516 0 368 -1
N.S. 1 1.00 0.74 1.67 0.00 1.63 0.00 1.16  -0.00
time (sec) N/A 0.191 0.629 0.159 0.000 0.393 0.000 4.869 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 227 227 176 381 0 394 0 268 -1
N.S. 1 1.00 0.78 1.68 0.00 1.74 0.00 1.18  -0.00
time (sec) N/A 0.078 0.462 0.104 0.000  0.520 0.000 4.212 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 198 198 136 257 0 292 0 185 -1
N.S. 1 1.00 0.69 1.30 0.00 1.47 0.00 093 -0.01
time (sec) N/A 0.064 0.404 0.115 0.000  0.412 0.000 2.065 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 211 211 150 215 0 683 0 0 -1
N.S. 1 1.00 0.71 1.02 0.00 3.24 0.00 0.00  -0.00
time (sec) N/A 0.112 0477 0.129 0.000  0.806 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 202 202 151 249 0 691 0 0 -1
N.S. 1 1.00 0.75 1.23 0.00 3.42 0.00 0.00  -0.00
time (sec) N/A 0.101 0.490 0.132 0.000  0.578 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 215 215 155 359 0 745 0 450 -1
N.S. 1 1.00 0.72 1.67 0.00 3.47 0.00 2.09 -0.00
time (sec) N/A 0.110 0.598 0.123 0.000 0.611 0.000 5.101 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 452 452 490 1302 0 0 0 0 -1
N.S. 1 1.00 1.08 2.88 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.265 0.518 0.169 0.000  0.000 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 395 395 379 1245 0 0 0 0 -1
N.S. 1 1.00 0.96 3.15 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.635 0.365 0.141 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 298 298 264 1212 0 2400 0 0 -1
N.S. 1 1.00 0.89 4.07 0.00 8.05 0.00 0.00 -0.00
time (sec) N/A 0.246 0.320 0.133 0.000  106.710 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 358 358 299 1316 0 2266 0 0 -1
N.S. 1 1.00 0.84 3.68 0.00 6.33 0.00 0.00  -0.00
time (sec) N/A 0.834 0.369 0.132 0.000  12.355 0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 382 382 336 1415 0 5102 0 0 -1
N.S. 1 1.00 0.88 3.70 0.00 13.36 0.00 0.00  -0.00
time (sec) N/A 0.897 0.401 0.132 0.000 80.296 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 507 507 533 1521 0 0 0 0 -1
N.S. 1 1.00 1.05 3.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.183 0.811 0.156 0.000  0.000 0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F(-1) F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 795 795 942 2367 0 0 0 0 -1
N.S. 1 1.00 1.18 2.98 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.698 1.014 0.151 0.000  0.000 0.000 0.000 0.000
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 553 553 755 2294 0 0 0 0 -1
N.S. 1 1.00 1.37 4.15 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.536 0.724 0.138 0.000  0.000 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 484 482 542 2261 0 0 0 0 -1
N.S. 1 1.00 1.12 4.67 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.764 0.568 0.141 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 496 496 552 2379 0 0 0 0 -1
N.S. 1 1.00 1.11 4.80 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.381 0.564 0.133 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 604 604 497 2494 0 0 0 0 -1
N.S. 1 1.00 0.82 4.13 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.715 0.638 0.146 0.000  0.000 0.000 0.000 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F(-1) F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 668 668 617 2614 0 0 0 0 -1
N.S. 1 1.00 0.92 3.91 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.086 0.790 0.174 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 380 380 312 713 0 0 0 0 -1
N.S. 1 1.00 0.82 1.88 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.713 0.382 0.144 0.000  0.000 0.000 0.000 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 344 344 226 663 0 0 0 0 -1
N.S. 1 1.00 0.66 1.93 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.351 0.354 0.119 0.000  0.000 0.000 0.000 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 294 294 156 622 0 4789 0 0 -1
N.S. 1 1.00 0.53 2.12 0.00 16.29  0.00 0.00  -0.00
time (sec) N/A 0.166 0.310 0.123 0.000 0.962 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 266 266 131 589 0 4761 0 0 -1
N.S. 1 1.00 0.49 2.21 0.00 1790  0.00 0.00  -0.00
time (sec) N/A 0.099 0.307 0.125 0.000 1.014  0.000 0.000 0.000
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 330 330 236 681 0 13360 0 0 -1
N.S. 1 1.00 0.72 2.06 0.00 40.48 0.00 0.00  -0.00
time (sec) N/A 0.539 0.339 0.127 0.000  184.039 0.000 0.000 0.000
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 367 367 298 736 0 0 0 0 -1
N.S. 1 1.00 0.81 2.01 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.777 0.414 0.128 0.000  0.000 0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 457 457 422 827 0 0 0 0 -1
N.S. 1 1.00 0.92 1.81 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.249 0.647 0.135 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 499 499 405 1576 0 26071 0 0 -1
N.S. 1 1.00 0.81 3.16 0.00 52.25 0.00 0.00  -0.00
time (sec) N/A 1.342 0.610 0.114 0.000  79.470 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 410 410 303 1525 0 24806 0 0 -1
N.S. 1 1.00 0.74 3.72 0.00 60.50 0.00 0.00  -0.00
time (sec) N/A 0.424 0.529 0.122 0.000  111.156 0.000 0.000 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 411 411 330 1490 0 24872 0 0 -1
N.S. 1 1.00 0.80 3.63 0.00 60.52 0.00 0.00  -0.00
time (sec) N/A 0.515 0.522 0.135 0.000  115.298 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 416 416 346 1457 0 26013 0 0 -1
N.S. 1 1.00 0.83 3.50 0.00 62.53 0.00 0.00  -0.00
time (sec) N/A 0.384 0.528 0.110 0.000  74.222 0.000 0.000 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 526 526 542 1565 0 0 0 0 -1
N.S. 1 1.00 1.03 2.98 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.412 0.866 0.140 0.000  0.000 0.000 0.000 0.000
Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 618 618 684 1639 0 0 0 0 -1
N.S. 1 1.00 1.11 2.65 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.430 1.218 0.175 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 392 392 409 863 0 0 0 0 -1
N.S. 1 1.00 1.04 2.20 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.605 0.748 0.184 0.000  0.000 0.000 0.000 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 316 316 320 849 0 0 0 0 -1
N.S. 1 1.00 1.01 2.69 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.304 0.569 0.149 0.000  0.000 0.000 0.000 0.000
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Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 282 282 349 768 0 1192 0 0 -1
N.S. 1 1.00 1.24 2.72 0.00 4.23 0.00 0.00 -0.00
time (sec) N/A 0.193 0.411 0.144 0.000  157.331 0.000 0.000 0.000
Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 266 266 268 772 0 1139 0 0 -1
N.S. 1 1.00 1.01 2.90 0.00 4.28 0.00 0.00  -0.00
time (sec) N/A 0.143 0.261 0.126 0.000 56.214 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 267 267 334 850 0 1253 0 0 -1
N.S. 1 1.00 1.25 3.18 0.00 4.69 0.00 0.00  -0.00
time (sec) N/A 0.503 0.252 0.143 0.000 10.124 0.000 0.000 0.000
Problem 82 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 286 286 288 959 0 1094 0 0 -1
N.S. 1 1.00 1.01 3.35 0.00 3.83 0.00 0.00  -0.00
time (sec) N/A 0.460 0.411 0.146 0.000  15.013 0.000 0.000 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 353 353 381 1143 0 1485 0 0 -1
N.S. 1 1.00 1.08 3.24 0.00 4.21 0.00 0.00  -0.00
time (sec) N/A 0.563 0.649 0.148 0.000 78.186 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 501 501 734 1607 0 0 0 0 -1
N.S. 1 1.00  1.47 3.21 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.910 2.271 0.173 0.000  0.000 0.000 0.000 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 417 417 608 1593 0 0 0 0 -1
N.S. 1 1.00 1.46 3.82 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.629 1.875 0.151 0.000  0.000 0.000 0.000 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 349 349 619 1473 0 0 0 0 -1
N.S. 1 1.00 1.77 4.22 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.323 1.017 0.148 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 315 315 524 1477 0 0 0 0 -1
N.S. 1 1.00 1.66 4.69 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.322 0.754 0.152 0.000  0.000 0.000 0.000 0.000
Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 469 469 601 1639 0 0 0 0 -1
N.S. 1 1.00 1.28 3.49 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.837 0.803 0.131 0.000  0.000 0.000 0.000 0.000
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Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 463 463 541 1787 0 0 0 0 -1
N.S. 1 1.00 1.17 3.86 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.745 0.693 0.148 0.000  0.000 0.000 0.000 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 614 614 587 2139 0 0 0 0 -1
N.S. 1 1.00 0.96 3.48 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0914 1.049 0.145 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 189 189 187 568 0 2579 0 0 -1
N.S. 1 1.00 0.99 3.01 0.00 13.65 0.00 0.00 -0.01
time (sec) N/A 0.179 0.654 0.158 0.000 94.788 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 57 102 83 70 0 73 -1
N.S. 1 1.00 0.76 1.36 1.11 0.93 0.00 097 -0.01
time (sec) N/A 0.034 0.093 0.182 0.486  0.345 0.000 5.636 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 130 130 117 789 0 7 0 0 -1
N.S. 1 1.00  0.90 6.07 0.00 5.98 0.00 0.00 -0.01
time (sec) N/A 0.102 0.119 0.507 0.000  0.372 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 369 369 252 513 0 0 0 0 -1
N.S. 1 1.00 0.68 1.39 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.511 0.723 0.144 0.000  0.000 0.000 0.000 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 287 287 210 409 0 0 0 0 -1
N.S. 1 1.00 0.73 1.43 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.408 0.393 0.130 0.000  0.000 0.000 0.000 0.000
Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 266 266 194 399 0 0 0 0 -1
N.S. 1 1.00 0.73 1.50 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.126 0.289 0.132 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 220 220 149 354 0 2753 0 0 -1
N.S. 1 1.00 0.68 1.61 0.00 12.51  0.00 0.00  -0.00
time (sec) N/A 0.084 0.236 0.134 0.000  0.731  0.000 0.000 0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 220 220 151 358 0 2641 0 0 -1
N.S. 1 1.00 0.69 1.63 0.00 12.00  0.00 0.00  -0.00
time (sec) N/A 0.086 0.252 0.124 0.000  0.782 0.000 0.000 0.000




44

Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 267 267 193 391 0 5995 0 0 -1
N.S. 1 1.00 0.72 1.46 0.00 22.45 0.00 0.00  -0.00
time (sec) N/A 0.420 0.269 0.130 0.000  39.306 0.000 0.000 0.000
Problem 100| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 291 291 216 426 0 6018 0 0 -1
N.S. 1 1.00 0.74 1.46 0.00 20.68 0.00 0.00  -0.00
time (sec) N/A 0.424 0474 0.144 0.000  170.980 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 376 376 241 516 0 0 0 0 -1
N.S. 1 1.00 0.64 1.37 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.494 0.754  0.140 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 466 466 453 1064 0 0 0 0 -1
N.S. 1 1.00 0.97 2.28 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.850 1.247 0.131 0.000  0.000 0.000 0.000 0.000
Problem 103| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 341 341 410 960 0 17339 0 0 -1
N.S. 1 1.00 1.20 2.82 0.00 50.85 0.00 0.00  -0.00
time (sec) N/A 0.668 0.767 0.131 0.000 15.122 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 297 297 371 946 0 17285 0 0 -1
N.S. 1 1.00 1.25 3.19 0.00 58.20 0.00 0.00  -0.00
time (sec) N/A 0.284 0.721 0.143 0.000  13.210 0.000 0.000 0.000
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 299 299 407 899 0 17258 0 0 -1
N.S. 1 1.00 1.36 3.01 0.00 57.72 0.00 0.00  -0.00
time (sec) N/A 0.239 0.736  0.120 0.000  14.928 0.000 0.000 0.000
Problem 106, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 310 310 379 903 0 17397 0 0 -1
N.S. 1 1.00 1.22 291 0.00 56.12 0.00 0.00  -0.00
time (sec) N/A 0.249 0.716 0.129 0.000 13.361 0.000 0.000 0.000
Problem 107 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 394 394 486 990 0 0 0 0 -1
N.S. 1 1.00 1.23 2.51 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.724 1.337 0.118 0.000  0.000 0.000 0.000 0.000
Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 454 454 620 1065 0 0 0 0 -1
N.S. 1 1.00 1.37 2.35 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.761 2.271 0.145 0.000  0.000 0.000 0.000 0.000
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Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 761 761 863 1666 0 0 0 0 -1
N.S. 1 1.00 1.13 2.19 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.934 1.103 0.199 0.000  0.000 0.000 0.000 0.000
Problem 110| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 549 549 642 1580 0 0 0 0 -1
N.S. 1 1.00 1.17 2.88 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 4.554 0.696 0.193 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 431 431 396 1547 0 0 0 0 -1
N.S. 1 1.00 0.92 3.59 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.374 0.021  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 523 521 467 1691 0 0 0 0 -1
N.S. 1 1.00 0.89 3.23 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.139 0.536 0.177 0.000  0.000 0.000 0.000 0.000
Problem 113| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 736 736 582 1906 0 0 0 0 -1
N.S. 1 1.00 0.79 2.59 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.111 0.742 0.187 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 545 545 423 930 0 0 0 0 -1
N.S. 1 1.00 0.78 1.71 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.302 0.664 0.187 0.000  0.000 0.000 0.000 0.000
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 463 463 318 844 0 0 0 0 -1
N.S. 1 1.00 0.69 1.82 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.088 0.454 0.170 0.000  0.000 0.000 0.000 0.000
Problem 116] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 402 402 204 794 0 11131 0 0 -1
N.S. 1 1.00 0.51 1.98 0.00 2769  0.00 0.00  -0.00
time (sec) N/A 0.614 0.381 0.164 0.000  5.121  0.000 0.000 0.000
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 374 374 211 761 0 11127 0 0 -1
N.S. 1 1.00 0.56 2.03 0.00 29.75  0.00 0.00  -0.00
time (sec) N/A 0.185 0.010 0.000 0.000 4.971 0.000 0.000 0.000
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 451 451 319 859 0 0 0 0 -1
N.S. 1 1.00 0.71 1.90 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.620 0.464 0.171 0.000  0.000 0.000 0.000 0.000
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Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 543 543 423 955 0 0 0 0 -1
N.S. 1 1.00 0.78 1.76 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2981 0.725 0.191 0.000  0.000 0.000 0.000 0.000
Problem 120| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 679 679 547 1117 0 0 0 0 -1
N.S. 1 1.00 0.81 1.65 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 8.386 1.323 0.191 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 779 779 690 2083 0 0 0 0 -1
N.S. 1 1.00 0.89 2.67 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 9.357 1.234 0.155 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 609 609 534 1992 0 0 0 0 -1
N.S. 1 1.00 0.88 3.27 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 3.768 0.925 0.176 0.000  0.000 0.000 0.000 0.000
Problem 123| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 609 609 570 1939 0 0 0 0 -1
N.S. 1 1.00 094 3.18 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 3.557 0.928 0.165 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 666 666 692 1906 0 0 0 0 -1
N.S. 1 1.00 1.04 2.86 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.938 0.071  0.000 0.000  0.000 0.000 0.000 0.000
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes Yes  TBD TBD TBD TBD TBD TBD
size 816 814 1025 2059 0 0 0 0 -1
N.S. 1 1.00 1.26 2.52 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 14.806 4.652 0.170 0.000 0.000  0.000 0.000 0.000
Problem 126, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 99 159 0 178 0 188 -1
N.S. 1 1.00 0.71 1.14 0.00 1.27 0.00 1.34 -0.01
time (sec) N/A 0.311 0.237  0.449 0.000 0.363 0.000 5.901 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 115 115 94 144 0 175 0 185 -1
N.S. 1 1.00 0.82 1.25 0.00 1.52 0.00 1.61  -0.01
time (sec) N/A 0.255 0.197 0.410 0.000  0.446 0.000 3.579 0.000
Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 98 98 7 130 0 161 0 171 -1
N.S. 1 1.00 0.79 1.33 0.00 1.64 0.00 1.74  -0.01
time (sec) N/A 0.115 0.172 0.324 0.000  0.447 0.000 3.977 0.000
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Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 68 69 33 92 0 50 0 68 -1
N.S. 1 1.01  0.49 1.35 0.00 0.74 0.00 1.00 -0.01
time (sec) N/A 0.037 0.124 0.137 0.000  0.468 0.000 3.623 0.000
Problem 130| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 95 95 54 121 0 132 0 165 -1
N.S. 1 1.00  0.57 1.27 0.00 1.39 0.00 1.74  -0.01
time (sec) N/A 0.066 0.162 0.325 0.000 0.395 0.000 3.462 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 130 130 90 152 0 170 0 199 -1
N.S. 1 1.00 0.69 1.17 0.00 1.31 0.00 1.53  -0.01
time (sec) N/A 0.258 0.181 0.371 0.000 0.383 0.000 3.092 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 151 151 113 169 0 194 0 269 -1
N.S. 1 1.00 0.75 1.12 0.00 1.28 0.00 1.78  -0.01
time (sec) N/A 0.282 0.226 0.394 0.000  0.395 0.000 3.933 0.000
Problem 133| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 149 149 89 147 155 88 0 85 187
N.S. 1 1.00  0.60 0.99 1.04 0.59 0.00 0.57 1.26
time (sec) N/A 0.057 0.498 0.138 0.511 0.381 0.000 3.383 5.085
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 103 103 74 96 104 73 0 70 136
N.S. 1 1.00 0.72 0.93 1.01 0.71 0.00 0.68 1.32
time (sec) N/A 0.027 0.267 0.086 0.494  0.440 0.000 3.695 4.690
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 30 163 0 53 0 63 -1
N.S. 1 1.00 1.07 5.82 0.00 1.89 0.00 225  -0.04
time (sec) N/A 0.028 0.146 0.134 0.000 0.370 0.000 5.629 0.000
Problem 136/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 80 245 0 126 0 159 -1
N.S. 1 1.00 0.95 2.92 0.00 1.50 0.00 1.89  -0.01
time (sec) N/A 0.047 0.287 0.123 0.000 0.378 0.000 4.421 0.000
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 139 139 95 306 0 186 0 232 -1
N.S. 1 1.00 0.68 2.20 0.00 1.34 0.00 1.67  -0.01
time (sec) N/A 0.075 0.373 0.138 0.000  0.388 0.000 4.273 0.000
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 13 12 11 11 31 11 15
N.S. 1 1.00 0.87 0.80 0.73 0.73 2.07 0.73 1.00
time (sec) N/A 0.003 9.309 0.111 0.274 0326 0.074 3.683 3.723
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Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 13 10 9 11 10 11 13
N.S. 1 1.00 0.81 0.62 0.56 0.69 0.62 0.69 0.81
time (sec) N/A 0.004 0.004 0.079 0.273  0.357 3.345 2.622 3.664
Problem 140/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 13 16 0 11 0 11 15
N.S. 1 1.00 0.87 1.07 0.00 0.73 0.00 0.73 1.00
time (sec) N/A 0.017 0.006 0.096 0.000 0.355 0.000 2.657 3.675
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 13 16 0 11 0 11 13
N.S. 1 1.00 0.87 1.07 0.00 0.73 0.00 0.73 0.87
time (sec) N/A 0.032 0.005 0.073 0.000 0.344 0.000 3.372 3.607
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 242 242 381 0 0 0 0 0 -1
N.S. 1 1.00 1.57 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.056 0.717  0.029 0.000  0.000 0.000 0.000 0.000
Problem 143| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 488 488 593 0 0 0 0 0 -1
N.S. 1 1.00 1.22 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.243 2.298 0.172 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [143] had the largest ratio of [104]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma',lize'd integrand number of rules
# | grade i“::; u;z;lel;e ant]fai"rlszzzwe leaf size integrand leaf size
1 A ) 4 1.00 25 0.160
2 A 5 4 1.00 27 0.148
3 A ) 4 1.00 27 0.148
ul A 8 8 1.00 27 0.296
5} A 9 9 1.00 27 0.333
6 A 9 6 1.00 30 0.200
U A ) 3 1.00 30 0.100
3 A 6 4 1.00 30 0.133
9 A 7 ) 1.00 30 0.167
10 A 5 4 1.00 23 0.174
11 A ) 4 1.00 23 0.174
12 A 5 4 1.00 30 0.133
13 A 6 ) 0.99 28 0.179
14 A 6 ) 1.00 30 0.167
15 A 9 ) 0.98 30 0.167
16 A 10 6 0.99 30 0.200
17 A ) ) 1.00 34 0.147
18 A ) ) 1.00 34 0.147
19 A 9 6 1.00 32 0.188
20 A 10 7 1.00 32 0.219
21] A ) 3 1.00 32 0.094
22 A ) 3 1.00 29 0.103
23] A ) 3 1.00 29 0.103
24 A 6 6 1.00 26 0.231
25) A ) 4 1.00 30 0.133
Continued on next page
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number of

number of

normalized

: o integrand b f rul
#fmade | e | e | mideiive | PR | bl
26 A 7 6 1.00 30 0.200
27 A 7 6 1.00 30 0.200
28 A 5 3 1.00 30 0.100
29 A 6 4 1.00 30 0.133
30 A 7 5 1.00 30 0.167
31 A 2 2 1.00 26 0.077
32 A 5 5 1.00 26 0.192
33 A 2 2 1.00 24 0.083
34 A 5 5 1.00 20 0.250
35 A 6 5 1.00 36 0.139
36 A 2 2 1.00 36 0.056
37 A 2 2 1.00 32 0.062
@ A 13 9 1.00 32 0.281
39 A 5 5 1.00 38 0.132
40j A 6 6 1.00 35 0.171
41 A 5 5 1.00 33 0.152
42 A 5 5 1.00 32 0.156
43 A 8 8 1.00 35 0.229
44 A 8 8 1.00 35 0.229
45 A 8 8 1.00 35 0.229
46 A 6 6 1.00 38 0.158
47 A 5 5 1.00 36 0.139
48 A 5 5 1.00 35 0.143
49 A 7 6 1.00 38 0.158
50 A 7 6 1.00 38 0.158
51 A 7 6 1.00 38 0.158
52 A 9 6 1.00 27 0.222
53 A 9 6 1.00 25 0.240
54 A 8 5 1.00 24 0.208
5% A 12 9 1.00 27 0.333
56 A 18 12 1.00 27 0.444
57 A 22 13 1.00 27 0.482
58 A 10 7 1.00 27 0.259
59 A 10 7 1.00 25 0.280
60 A 9 6 1.00 24 0.250

Continued on next page




Table 2.1 — continued from previous page

95

number of

number of

normalized

# o gade| st | e | e | O | RSN
61 A 17 11 1.00 27 0.407
62 A 21 14 1.00 27 0.518
63 A 26 15 1.00 27 0.556
64 A 10 6 1.00 27 0.222
65 A 8 5 1.00 27 0.185
66 A 5 3 1.00 25 0.120
67 A 9 3 1.00 24 0.125
68 A 10 7 1.00 27 0.259
69 A 11 8 1.00 27 0.296
70 A 15 9 1.00 27 0.333
71 A 10 7 1.00 27 0.259
72 A 6 1 1.00 27 0.148
73] A 6 4 1.00 25 0.160
74 A 6 1 1.00 24 0.167
75 | A 12 9 1.00 27 0.333
76 A 14 11 1.00 27 0.407
77 A 15 9 1.00 28 0.321
78 A 9 6 1.00 28 0.214
79 A 9 6 1.00 26 0.231
30 A 8 5 1.00 25 0.200
81 A 17 9 1.00 28 0.321
32 A 16 8 1.00 28 0.286
83 A 20 10 1.00 28 0.357
84 A 17 10 1.00 28 0.357
85 A 10 7 1.00 28 0.250
36 A 10 7 1.00 26 0.269
87 A 9 6 1.00 25 0.240
38 A 19 11 1.00 28 0.393
89 A 18 10 1.00 28 0.357
90 A 26 13 1.00 28 0.464
91 A 9 6 1.00 24 0.250
92 A 8 6 1.00 22 0.273
93 A 10 9 1.00 17 0.529
94 A 13 7 1.00 28 0.250
95 A 10 6 1.00 28 0.214

Continued on next page
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number of

number of

normalized

# o gade| st | e | e | PO | RSN
96 A 8 5 1.00 28 0.179
97 A 5 3 1.00 26 0.115
98 A 5 3 1.00 25 0.120
99 A 9 1 1.00 28 0.143
100 | A 10 5 1.00 28 0.179
101 A 13 6 1.00 28 0.214
102/ A 13 9 1.00 28 0.321
103 A 9 6 1.00 28 0.214
104 | A 6 1 1.00 28 0.143
105/ A 6 1 1.00 26 0.154
106/ A 6 1 1.00 25 0.160
107 A 12 7 1.00 28 0.250
108 | A 12 7 1.00 28 0.250
109 | A 9 6 1.00 30 0.200
110| A 9 6 1.00 28 0.214
111 A 8 5 1.00 27 0.185
112/| A 17 9 1.00 30 0.300
113/ A 23 10 1.00 30 0.333
114 | A 12 6 1.00 30 0.200
115/ A 8 5 1.00 30 0.167
116/ | A 5 3 1.00 28 0.107
117 A 5 3 1.00 27 0.111
118 | A 9 4 1.00 30 0.133
119 A 12 5 1.00 30 0.167
120 | A 16 7 1.00 30 0.233
121)| A 10 7 1.00 30 0.233
122 A 6 4 1.00 30 0.133
123/ A 6 1 1.00 28 0.143
124/ A 6 4 1.00 27 0.148
125 | A 12 7 1.00 30 0.233
126/ A 24 14 1.00 30 0.467
127 A 20 13 1.00 30 0.433
128/ | A 16 12 1.00 30 0.400
129 | A 6 1 1.01 28 0.143
130/ A 10 8 1.00 27 0.296

Continued on next page
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number of

number of

normalized

: ST integrand b f rul
# fmade | e | i | mideriive | OER | bl
131 A 17 11 1.00 30 0.367
132 A 20 12 1.00 30 0.400
133 A 8 6 1.00 34 0.176
134 A 6 5 1.00 30 0.167
135 A 3 3 1.00 34 0.088
136 A 5 5 1.00 34 0.147
137 A 7 7 1.00 34 0.206
138 A 1 1 1.00 17 0.059
139 A 1 1 1.00 15 0.067
140 A 2 2 1.00 23 0.087
141 A 3 3 1.00 21 0.143
142 A 2 2 1.00 40 0.050
143 A 2 2 1.00 104 0.019
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1

x2 \/a + cx? ‘(d+ea:+f:c2)
1

x3 \/a, + cx? ‘(d+eac+fx2)
3
T
(a+cx2)/?(d+ex+fz2)
2
z
(a+cz2)%/? (d+ex+fx2)
z

(a+cx2)3/? (d+ez+fm2)

(a,—}-cav2)3/2 (d+ez+fz2)

z(a+cz2)3/2 (d+ez+fz2) dz

x2 (a+cz2)3/2 (d+ex+fx2)

2
[z Va‘:lﬁz‘*_cm dT . . o

f 2v/a + bx + cx? dz

d— fmz ..............................

f zvVa + bx + cx? dz

d—fzz QT - .o

f va + bx 4 cx? dz

d— f$2 ...............................

f va + bx + cx? dz

Z(d fzz) ................................




3.82
3.83
3.84
3.85
3.86
3.87
3.88
3.89
3.90
3.91
3.92

3.93
3.94

3.95
3.96
3.97
3.98
3.99
3.100
3.101
3.102

3.103

3.104
3.105
3.106
3.107
3.108

3.109
3.110
3.111

I va 4+ bz + cz? dz
z2(d—fz?) ©
va + bz + cx?
f z3(d— fz?) dr . .
f x3 (a—i—bac—}-cm ) 3/2
d-fa? 3/2
x? (a+bx+cx?
f—(z_;{xz) de . . .
f z(a+bm+cz2)3/2
d—fxz?
f (a+bz+cx2)3/2
d—fx2
f (a+bm+cz2)3/2
z(d—fx?)
(a+ba:+ca:2)3/2
f—xQ(d_fo) T .. ..
(a+bz+cx2)3/2
S @y
f (a+bm+cz2)3/2
1—x2

[ =z,
f (z-l—:c )3/2

142

4

/ \/a+bx+cx2 (d—fz2)

J \/a+bx+cx2 (d—f=?)

J \/a+bac+cav2 (d—f=?)

Va+ bz +1cz2 (d—fz?)
Vva + bx —l—lcac2 (d—fz?)
zva + bx —|—lcav2 (d—fz?)

22va + bz + cx? (d-f22)
1

x
(a+bx+cac2)3/2(d—fac2) dz .
3

x
(a+bz+cx?)3/? (d— fx2) dz .
2

x
(a,+bz+c:c2)3/2(d—fz2) dz .

T
(a,+bz+ca:2)3/2(d—fz2) dz

(a+bz+cm2)3/ Taror)

z(a+bw+czz)3/2(d fz?) dz

z2 (a—}-bar:-i—c.';c2)3/2 (d—fz2) dz

f 2v/a + bx + cx? dz

d+ex+fr? .

f zvVa + bx + cx? dz

d+ex+fz2 ...............................

f va + bx + cx? dz

d+€$+f132 ................................

: d
2vVa + bzc + cx2 (d—f22)

0 (2
o)

080l

09U
090

001
606
610
615
620
626

050
040

(Y
659
666l



3112 j‘ \/a+bx+0$2 d

b fidn 7021
2
3013 [VEEDTAC g 709
3.114 z° AT . 716]
J va+bz + cz2 (d+ex+fz?) v .
3.115 dz . ..,
J va+ bz + cz‘Q (d+ex+fz?) v 721
3.116 AT o oo [776]
J Vva+ bz + clxz (d+ex+fz?) v -
3.117 ‘ dz . . 7371
J Vva + bz + sz (d+ex+fz?) o 732
3.118 ‘ AT o o e 738
J zvVa + br + cx? (drestfz?) v 738
3.119 l__ dr . . . . 743
22va + bz + cx2 (d+extfz?)
3.120 AT o o 748
f z3 \/CL + bx + CCL'2 (d+ex+fx?) v
3121 f (a+bz+cm2)3 z rert i) Tt 754
3122 | T z ol I R [761]
3123 [ — e Tay 08 767
3124 [ PrTe——— i “(arert Lo e 773
3125 [ s 1 e dz . . . 779
3.126 c AT o o e e 786
J V=3 —4z — x2 (3+42+222) o
3.127 z° AT o o e e 7921
J V=3 —4zx — x2 (3+42+222) o
3.128 - AT o o o 798
J V-3 —4x — x2 (3-+4z+202) v
3.129 R R0
J V-3 — 4z — x2 (3+42+222) o
3.130 AT o o o R
J V-3 —4x — x2 (3-+42+202) o
3.131 dT . . RT3
J eV —3 — 4z - T2 (3+40+222) o
3.132 ‘ AT . B19]
J 22/ —3 — 4z — 22 (3+4z+222) o
3133 [(2+32)2(30+31z —1222)° V6 + 17z + 1222 dx . . . . ... ... ....
3134 [(2+3z)(30+3lz —122%) V6 + 17Tz + 1222 dz . . . . .. ... ... ... 830
V6 + 17z + 122 -
3135 [ am0raieian?) GF - - - o e B34
V6 + 17z + 1222 g
3.136 [ (3+32)7 30+ 51a= 12577 AT . B33
V6 + 17z + 1222 =
3137 [ D130 (3045112078 BT R43
3138 [(=3+42z)(=3z+z)Pdx ... ... ... RA
3139 [((=3+z)2)?3(=342z)dx . . . . . 852
3140 [ \/% AT . . R55
X x
3141 [2O0H) g0 RS

\3/( -3+



3.142 [ e AT oo
v/ — % + 9ca? (g2+3n222)

3.143 | el dr . .....

—c2g2+bcgh+2b2h2 )
TR e

202 272 L of(v2-
f/ c?g?+bcgh+2b%h +b$+C£L'2 ( ( c23h2

9ch?



65

2
3.1 f (A—i—B:z:C)l_(i_af—;l;x—i—cx ) du

Optimal. Leaf size=94

(bBd + Acd — aAf)tan™! ( Vi

(bB + Ac)z  Bez® Vd ) _ (Bed — Abf — aBf)log (d + fz?)

Y N 272

[Out] (Axc+B*b)*x/f+1/2xB*c*x~2/f-1/2% (~Axbxf-B*a*f+Bxcxd)*1n(f*x~2+d) /£~2-(-A*xax
f+A*xcxd+B*b*d) *arctan (x*£~(1/2)/d~(1/2))/£~(3/2) /4~ (1/2)

Rubi [A]

time = 0.07, antiderivative size = 94, normalized size of antiderivative = 1.00, number of

steps used = 5, number of rules used = 4, integrand size = 25 number of rules _ , 140

’ integrand size
Rules used = {1643, 649, 211, 266}

ArcTan(\/\/éx) (—aAf + Acd + bBd)

log (d+ fz?) (—aBf — Abf + Bed) x(Ac+bB)  Bea?
Vd 32 B 212 + f T f

Antiderivative was successfully verified.
[In] Int[((A + Bxx)*(a + b*x + c*x~2))/(d + £*x~2),x]

[Out] ((b*B + Axc)*x)/f + (Bxc*x~2)/(2xf) - ((b*B*d + Axc*d - axAxf)*ArcTan[(Sqrt
[£1*x)/Sqrt[d]])/(Sqrt[d]*£~(3/2)) - ((Bxc*d - Axbxf - a*B*f)*Logl[d + f*x~2
1)/ (2%£72)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 1643

Int[(Pq_)*((d_)) + (e_)*(x_))"(m_.)*x((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
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d, e, m}, x] & PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

/ (A+Bz)(a+bz+cz®) , / bB + Ac N Bex  bBd+ Acd — aAf + (Bed — Abf — aBf)x i
d+ fx? B f f fd+ fz?)
_(bB+Ads  Ber? [ b+ Ac-ah J;—_i;_(fB;czd—Abf—aB Ne g
f 2f f
_ (B + Ac)z N Bez? (de+Acd—aAf)fr;xzda: B (Bed — Abf — a
f 2f f J

(bBd + Acd — aAf)tan™! < \/\/zx

(bB + Ac)z | Bex® d > _ (Bed — Ab

Y Vd o2

Mathematica [A]
time = 0.05, size = 86, normalized size = 0.91

2v/f (bBd+Acd—aAf)tan~1 ( Vf-

fz(2bB + 2Ac + Bezx) — v/ vd ) + (=Bcd + Abf + aBf)log (d + fz?)
2f2

Antiderivative was successfully verified.

[In] Integrate[((A + B*x)*(a + b*x + c*x72))/(d + £*x~2),x]

[Out] (f*x*(2%b*B + 2*%A*c + Bkckx) - (2%Sqrt[f]*(bxBxd + Axcxd - axAxf)*ArcTan[(S
qrt [f]1*x)/Sqrt[d]])/Sqrt[d] + (-(B*c*d) + Axbxf + a*Bxf)*Logl[d + f*x~2])/(2

*£72)

Maple [A]

time = 0.11, size = 84, normalized size = 0.89

method | result

af—Acd— T n f,_‘z
(Abf+Baf—Bcd)1n(fm2+d)+(A f—Acd— Bbd) arcta ( df )

1 2f /
default | 22 z2+}4cm+b3x + 7 af
In (Aa fd—Acd?~Bbd?— \/ —df (Aaf — Acd — Bbd)? m> Ab I (Aafd—Acd2—Bbd2—\
risch | Ber 4 ey bBo T +
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)*(c*x~2+b*x+a)/(f*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/f*(1/2%Bxc*xx~2+A*cxx+b*B*xx)+1/f*(1/2*% (Axb*f+B*xaxf-Bxckxd)/f*x1n(f*x~2+d)+(A
*axf-Axckxd-Bxb*d) /(d*f) ~(1/2) *arctan(f*x/(d*f)~(1/2)))

Maxima [A]

time = 0.51, size = 84, normalized size = 0.89

_ o
(Aaf = (Bb+ Ac)d) arctan ( N > , Bea? +2(Bb+Ada _ (Bed - (Ba+ Ab))log (fo + )

Vf f 2f 2 f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)/(f*x"2+d) ,x, algorithm="maxima")

[Out] (Axaxf - (B*b + Axc)*d)*arctan(f*x/sqrt(d*f))/(sqrt(d*f)=*f) + 1/2%(B*c*x~2
+ 2x(Bxb + A*c)*x)/f - 1/2%x(B*cxd - (B*a + Axb)*f)*log(f*x~2 + d)/f72

Fricas [A]
time = 0.78, size = 200, normalized size = 2.13

Bedfa? +2 (Bb + Ac)dfz — (Aaf — (Bb+ Ac)d)\/—df log (#) — (Bed? — (Ba+ Ab)df)log (fa* + d) Bedfa® +2(Bb+ Ac)dfz + 2 (Aaf — (Bb+ Ac)d) \/df arctan ( ‘/;7> — (Bed? — (Ba+ Ab)df) log (fo* + d)
2df? ) 2df?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)/(f*x"2+d) ,x, algorithm="fricas")

[Out] [1/2%(Bxcxdxf*xx~2 + 2% (Bxb + Axc)*d*f*x - (Axaxf - (B*b + A*c)*d)*sqrt(-d*f
)*log((f*x72 - 2xsqrt(-d*f)*x - d)/(f*x"2 + d)) - (B*c*d™2 - (Bxa + A*Db)*d*
f)*log(£*x~2 + d))/(d*£72), 1/2%(B*ckd*f*x~2 + 2% (B*b + Axc)*dxfxx + 2x(A*a

xf - (Bxb + Axc)*d)*sqrt(d*f)*arctan(sqrt(d*f)*x/d) - (Bxc*d™2 - (B*xa + A*b
Yxd*f)*xlog(£*¥x~2 + d))/(d*£~2)]

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 333 vs.

2(90) = 180.

time = 0.84, size = 333, normalized size = 3.54

—df5 (Aaf—Acd—Bbd) 2 4 —df® (Aaj—acd-.
—Abdf — Bady + Bed® + 24 ( Astof=bes _ N/ Zdf" thaf et —Abdf — Badf + Bo? + 24y (Lssaf=et Vol gt M)

log |

Be? Ac  Bb Abf + Baf — Bed  /=df" (Aaf — Acd — Bbd)
Ae BYY & - & log | =
217 2df*

cx ) Abf + Baf — Bed | \/=df* (Aaf — Acd — Bbd)
o7 P\TT * ( o * 27 )

Aaf?  Acd] — Bbdf Aaf? ~ Acdf — Bbdf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)* (c*x**2+b*x+a)/(£*x**2+d) ,x)

[Out] Bkckxx**2/(2%f) + x*(A*c/f + Bxb/f) + ((Axbxf + Bkaxf - Bxcx*d)/(2xfx*2) - sq
rt (—d*f*x5)*x (Axaxf — A*xckd - Bxb*d)/(2xdxf**x4))*log(x + (—A*bkxd*f - B¥akxd*f
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+ Bxckd*x2 + 2kdxfx*2x ((Axb*f + Bxaxf — Bkcxd)/(2*f**2) - sqrt(-dxf**5)*(A
*xaxf — Axcxd - Bxbxd)/(2xdxf*xx4)))/(Axaxf*x*2 — Akxckd*f - Bxbkxd*f)) + ((A*bx
f + Bkaxf - Bkc*d)/(2*f*%x2) + sqrt(-d*f**5)*(Axaxf - Akckd - B¥b*d)/(2*d*f*
*x4))*log(x + (—A*bkxd*f - Bkakxd*f + Bkxckd**2 + 2xdxf**2x((A*xb*f + Bxaxf - Bx
c*xd) / (2*%f**2) + sqrt(-d*f**x5)*(Axaxf - Akckd - Bxbkd)/(2xd*xf*x4)))/ (Axaxfx*
2 - Axckd*f - B¥b*d*f))

Giac [A]

time = 4.09, size = 87, normalized size = 0.93

_ fo
(Bbd + Acd — Aaf) arctan <\/d7> _ (Bed — Baf — Abf)log (fa* +d) | Befa®+2Bbfa+2Acfa

Vif ' f 212 22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)/(f*x"2+d) ,x, algorithm="giac")

[Out] -(B¥bxd + A*c*d - Axa*f)x*arctan(f*x/sqrt(d*f))/(sqrt(d*f)*f) - 1/2x(B*cxd -
Bxaxf - Axbxf)*log(f*x~2 + d)/£f72 + 1/2%(Bxcxf*x~2 + 2xBxbxfxx + 2xAxcxf*x

)/£72

Mupad [B]

time = 3.44, size = 97, normalized size = 1.03

NI
z(Ac+ Bb) “m%:¢z)(ACd_A“f+Bb® Bes? | In(fz’+d) (4A4bdf* +4Bad f* —4Bed %)

F Vd f32 2f 8d f4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx)*(a + b*x + c*x~2))/(d + £*x~2),x)

[Out] (xx(Axc + Bxb))/f - (atan((£f~(1/2)*x)/d~(1/2))*(A*c*d - Axaxf + Bxbxd))/(d~
(1/2)*£7(3/2)) + (Bxc*x~2)/(2*f) + (log(d + f*x~2)*(4*A*xbxd*f~3 + 4xBkaxd*f

~3 - 4xBkxcxd"2*xf~2))/(8xd*f~4)



69

2\ 2
3.9 f (A—l—B:z:iZ(j}ijx-l—cx ) do

Optimal. Leaf size=228
(Ab%f — Ac(cd — 2af) — bB(2cd — 2af))x  (2Abcf — B(c*d — b?f — 2acf))x®> c(2bB + Ac)x® Bcz*

72 + 272 + 37 + if -

[Out] (Axb~2%f-Axcx(-2*%a*f+cxd)-b*B* (—2*axf+2xc*d))*x/f~2+1/2% (2*xAxbxc*xf-B* (-2xax*
cxf-b~2%f+c™2xd) ) *x"2/f"2+1/3*%c*k (A*c+2xBxb) *x~3/f+1/4*Bxc™2%x~4/f-1/2% (2% A*

bxf* (—a*xf+c*d) -B* (c~2*xd"2-2*xaxckxd*xf-f* (—a~2*%f+b~2*d) ) ) *1n(f*x~2+d) /£~3- (A*b
~2xdxf-2%b*Bxd* (—axf+c*d) -Ax (-axf+c*xd) ~2) *arctan (x*xf~(1/2)/d~(1/2))/£~(5/2)
/d~(1/2)

Rubi [A]
time = 0.19, antiderivative size = 228, normalized size of antiderivative = 1.00, number of

number of rules _ (148
integrand size ’

steps used = 5, number of rules used = 4, integrand size = 27,
Rules used = {1026, 649, 211, 266}

. T= ) 2bBd(c
log (d+ f%) (24bf(cd — af) — B(—f(8d — a*f) — 2acdf + ) A“T”“< T ) (~A(ed ~ af)? ~ 2bBd(ed — af) + AVdf) | P(2Abef — B(-dac] +#(=]) + &) | s{-Acled ~2af) ~ bB(2cd = 2af) + AVS) | c'(Ac+ BB) | Bt
3 > i

o Va [ 2f f 3f 7

Antiderivative was successfully verified.
[In] Int[((A + Bxx)*(a + b*x + c*x~2)"2)/(d + f*x~2),x]

[Out] ((A*b~2+f - Axck(c*d - 2*xa*xf) - b*xBx(2kc*d - 2xaxf))*x)/f72 + ((2*Axbxcxf -
Bk (c™2%d — b7"2*f - 2xaxc*f))*x72)/(2*f72) + (c*x(2%b*B + A*xc)*x"3)/(3*f) +
(Bxc™2%x74)/(4xf) - ((Axb~2xd*f - 2xbxBkd*(c*d - a*f) - Ax(cxd - a*xf) 2)*Ar
cTan[(Sqrt [£]1*x)/Sqrt[d1])/(Sqrt[dl*£~(5/2)) - ((2xA*b*f*(cxd - axf) - Bx*(c
“2xd72 - 2*xaxckdxf - fx(b"2xd - a~2xf)))*Logld + f*x~2])/(2*£73)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int [((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]
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Rule 1026

Int[((g_.) + (h_)*(x_))*((a_) + (c_)*(x_)"2)"(p_)*((d_) + (e_.)*x(x_) + (£
_I)*(x_)"2)"(q_), x_Symbol] :> Int[ExpandIntegrand[(a + c*x~2) px(d + exx +
f*xx~2)~q*(g + h*x), x], x] /; FreeQl{a, c, 4, e, f, g, h}, x] && NeQ[e"2 -
4xdxf, 0] && IntegersQ[p, ql && (GtQ[p, O] || GtQlq, 01)

Rubi steps

(2Abcf — B(c*d — b*f —

(A + Bz) (a + bz + cz?)? o — / <Ab2 f = Ac(cd — 2af) —bB(2cd - 20f)

d+ fa? f? f?
(Ab*f — Ac(cd — 2af) —bB(2cd — 2af))xz  (2Abcf — B(c*d — b f — 2

- 72 + 212
(Ab*f — Ac(cd — 2af) — bB(2cd — 2af))x  (2Abcf — B(c?d — b f — 2

- 72 + 22
(Ab*f — Ac(cd — 2af) —bB(2cd — 2af))z  (2Abcf — B(c*d — b f — 2

- 72 + 212

Mathematica [A]
time = 0.15, size = 204, normalized size = 0.89

<

L (f=
(- ABdf + 2bBd(cd ~ af) + Aled ~ af)?) tan™ ( T ) , f2(12Abcfo + 6124+ Ba) + 3Beo(~2cd + daf + cfa?) + 4Ac(=Bed+ 6o + cfa’) + B(=6ed + Gaf +2efz%) +6(2Ab](~ed + af) + B — P — 2actf +a*f*)) log (d+ f)
N f

Antiderivative was successfully verified.

[In] Integrate[((A + B*x)*(a + b*x + c*x72)72)/(d + £*x72),x]

[Out] ((-(Axb~2xd*f) + 2%b*Bxd*(c*d - a*f) + Ax(c*d - a*f)~2)*ArcTan[(Sqrt[f]l*x)/
Sqrt[d]]1)/(Sqrt[dl*£~(5/2)) + (fxx*(12%Axbxc*xf*x + 6xb~2*f*(2¥A + Bxx) + 3*
Bkckx* (—2xckd + 4xaxf + cxf*x72) + 4*xA*xc*x(-3xckd + 6*axf + c*xf*x~2) + 4*b*B
*(—6xckd + 6xaxf + 2%ckxfxx"2)) + 6% (2xAxb*f*(-(cxd) + a*f) + Bx(c™2%d"2 - b
~2xdxf - 2xaxcxdxf + a"2xf72))*Logld + f*x~2])/(12*£"3)

Maple [A]
time = 0.16, size = 235, normalized size = 1.03

method | result

(ZA(

default %B c2x4f-|—%A Af x3+%Bbcf x3+Abcf 22+ Bacf xz—i—%B b2 f x2—%B c2dx?+2Aacfr+Ab? fx—A c?dr+2Babfz—2Bbcdx +
72
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‘ risch ‘ Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((B*x+A)*(c*x~2+b*xx+a) "2/ (f*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/f72%(1/4*Bxc”2%x"4*f+1/3%A*xc™2*f*x"3+2/3*%B*b*cxf*xx~3+A*b*cxf*xx~2+B*axcxfx*
X"2+1/2xBxb” 2% f*x"2-1/2*%B*c " 2%d*x " 2+2*%A*axcxfxx+A*b " 2xfxx—A*xc " 2*d*x+2*B*a*b
*fxx-2%Bxbkckdkx) +1/F 2% (1/2% (2% A*xa*xb*f~2-2%Axbkckdxf+Bxa~2xf ~2-2*B*xa*c*d*f
-B*xb~2*%d*f+Bxc~2x%d"2) /f*1n (f*x~2+d) + (Axa~2xf ~2-2xAxa*ckd*f-A*b~2xd*xf+A*xc™ 2%
d"2-2*Bxaxbxd*f+2*xBxbxc*d~2) / (d*f) " (1/2) *arctan(f*x/(d*f)~(1/2)))

Maxima [A]
time = 0.50, size = 220, normalized size = 0.96

2 . 2 e
(40" f? + (2Bbe-+ AC)F — (2Bab+ AV + 2 Aac)df) arctan ( VF) | 3BEfs* + 42 Bbe + AP)[ — 6(BEd— (B +2(Ba-+ ANIf)a* — 12 (2Bbe-+ AC)d - (2Bab+ AV + 2400 )o | (BEE — (B +2(Ba + AYOdf + (Ba? +2 Aab) ) log (/2* + )

NG 2/ 2/

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a) 2/ (f*x~2+d) ,x, algorithm="maxima")

[Out] (Axa~2*xf~2 + (2*Bxb*c + A*c~2)*d"2 - (2*xBxaxb + A*b~2 + 2*A*xaxc)*d*xf)*arcta
n(f*x/sqrt(d*f))/(sqrt(d*f)*£72) + 1/12%(3*%Bkc"2xf*x"4 + 4x(2*Bxbxc + A*c~2
Yxf*x"3 - 6x(Bkc™2+%d - (B*b~2 + 2x(B*a + A*b)*c)*f)*x"2 - 12x((2*B*b*c + Ax*
c”2)*d - (2xBxaxb + A*b~2 + 2kA*axc)*f)*x)/f"2 + 1/2%x(B*c™2xd"2 - (B*b~2 +

2% (B*a + Axb)xc)*dxf + (Bxa~2 + 2kxAxaxb)*f~2)xlog(f*x~2 + d)/£f73

Fricas [A]
time = 0.33, size = 500, normalized size = 2.19

[

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a) 2/ (f*x"2+d),x, algorithm="fricas")

[Out] [1/12%(3%B*c~2%d*f~2%x~4 + 4% (2*Bxb*c + A*c~2)*d*xf 2%x~3 - 6% (Bxc~2xd"2*f -
(B*xb™2 + 2x(B*a + A*b)*c)*d*f~2)*x"2 — 6*%(A*xa~2*xf~2 + (2xBxbxc + A*c~2)*d~

2 - (2%Bxaxb + A*b~2 + 2%Akaxc)*d*f)*sqrt(-d*f)*log((f*x~2 - 2*sqrt(-d*f)*x
- d)/(f*x"2 + d)) - 12« ((2*xBxb*c + A*c~2)*d"2+f - (2*B*a*b + A*xb~2 + 2xAxa

*C)*d*f"2) *x + 6% (Bxc"2*%d"3 - (B*b~2 + 2% (Bka + Axb)*c)*d"2xf + (B*a™2 + 2%

Axaxb) *d*f~2)*log(£*x~2 + d))/(d*£73), 1/12%(3*xBxc~2xd*f~2xx"4 + 4*(2*B*b*c
+ Axc”2) *xd*xf"2xx"3 - 6% (B*c"2%d"2*%f - (Bxb~2 + 2x(B*a + Ax*b)*c)*d*xf~2)*x"2
+ 12x(Axa~2*%f"2 + (2*Bxb*c + A*c~2)*d"2 - (2*B*a*b + A*xb~2 + 2¥Axaxc)*d*f)

xsqrt (d*f)*arctan(sqrt (d*f)*x/d) - 12x((2#B*b*c + A*c~2)*d~2*f - (2*Bxaxb +
Axb~2 + 2xAxaxc)*d*f~2)*x + 6% (Bkc™2%d"3 - (B*b~2 + 2% (B*a + Axb)*c)*d~2x*f
+ (B*a"2 + 2¥Axaxb)*d*xf~2)*log(f*x~2 + d))/(d*£~3)]
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Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 933 vs.
2(209) = 418.
time = 15.74, size = 933, normalized size = 4.09

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)* (c*xx**2+b*x+a)**2/ (£xx**2+d) ,x)

[Out] Bxckx*2xx**4/(4*f) + x*x3*%(Axc**2/(3*f) + 2xBxb*c/(3*f)) + x**2x(A*bxc/f + B
xaxc/f + Bxb**2/(2*f) - Bxckx*2xd/(2%f**2)) + xx(2*Axakxc/f + Axb**2/f - Axcx
*x2%d/f**2 + 2xBkaxb/f - 2+Bxbxckd/f*x2) + ((2%A*axb*f**2 - 2kAxbkcxd*f + B*
ax*2*xf**2 — 2xBxaxckd*f — Bxb*x2xd*f + Bkcx*2kxdx*2)/(2xf*%*3) - sqrt(-d*xf*x*7
)k (Axaxx2xfx*2 — 2xAkakxckd*f — Axb*kk2kdxf + Akxcx*2xd**x2 — 2*«Bxakxbxd*f + 2%B
*xbxckd**2) / (2xd*fx*6) ) xLlog(x + (-2xAxaxbkd*fx*2 + 2xAxbkckd**2*xf - Bxa*x*2xd
*f*x%x2 + 2xBxakckd**x2xf + Bxbkx*x2kxdx*2xf — Bkc**x2kxd**x3 + 2kdxfx*3% ((2*xA*xa*xbx*f
*%x2 — 2kAxbxckd*f + Bkxax*2xfx*2 — 2%kBkakckdxf — B¥b**x2kxd*f + Bkck*x2xd*x*x2)/(
2xfx*3) — sqrt(—d*f*x7)* (Akax*2xf**2 — 2xAxakxckd*f — Axb*x2xd*f + Axcx*2xdx
*2 — 2xBkxaxbkd*f + 2%Bxbkxckxdx*2)/(2xd*f**x6)))/(A*xax*2*xfx*3 — 2kAkakckdxf*x*2
— Axb*x2xd*xf**2 + Axck*x2kd*x*2*xf — 2%Bkakxbkxdxfx*x2 + 2xBxbkxckd**x2xf)) + ((2%
Axaxbxfx*x2 — 2kAxbkckd*xf + Bka*x*2*xf*x*x2 — 2xBxakckd*f — Bxbk*x2xd*xf + Bkxckx*2x
d**2) / (2xf*%3) + sqrt(—d*f**7)* (Axax*2xfx*2 — 2xAkxakxckd*f — A*xb*k*x2*d*xf + Ax
ckx2%d*x2 — 2%Bkaxbxd*f + 2xBxbkckd**2)/(2xd*xf**6))*1log(x + (-2*A*xaxbxdxf*x*
2 + 2%kAxbkxckxdx*2%f - Bka*xx2kd*f**x2 + 2%Bxaxckd*x2kf + B¥xbx*2kxd*x*2%f — Bkckx
2xd**3 + 2kdxF*x3k ((2kAxaxbxf*xx2 — 2kAxbkckd*f + Bkax*x2xf**x2 — 2%Bxakcxd*f
— B¥b**2xd*xf + Bkck*2xd**x2)/(2xf*x3) + sqrt (—d*f**7)* (Akax*2xf*x2 — 2xAkaxc
*d*xf — Axbr*k2kd*f + AkCk*2%d**x2 — 2kBkaxbkd*f + 2xBxbkxckd**2)/(2xdxf**6)))/
(Axa*x*2xf*xx3 — 2kAxakckdkf**x2 — Axbk*x2kd*fx*x2 + Akck*2xd*k*x2%f — 2%Bkaxbkxd*f
*%x2 + 2%Bxbkxckdk*x2xf))

Giac [A]
time = 3.92, size = 263, normalized size = 1.15

2 Bbed? - a2 * ) arctan [ L2
(2Bbod + ACE — 2 Babd] — AVd] —2 Aacd] + Ad* %) arctan ( x/F) BEd — BYdf —2 Bacdf — 2 Abeds + Ba’f* 1 2 Aabf*) og (fa* +d) | 8Bef's* 1 8 Bbef's’ + 4 ACS's’ — 6 BEd’a® + 6 BY L + 12 Bucf's’ + 12 Abef*s® — 2 Bhedf*s — 12 ACdf’s + 24 Babf*s + 12 A1 f'x + 24 Aucf’s
Vi 2f T

(
T 127

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a) ~2/(f*x"2+d),x, algorithm="giac")

[Out] (2#B*b*c*d™2 + A*c™2+d"2 - 2xBxaxbxdxf - Axb~2xd*f - 2xAxaxckxd*f + Axa~2*f”

2)*arctan(f*x/sqrt(d*f))/(sqrt(d*f)*£72) + 1/2%(Bxc~2*%d"2 - Bxb~2*d*f - 2B

xaxckd*f — 2xAxbkckdxf + B*a~2*f72 + 2%Axaxbxf~2)*xlog(f*x~2 + d)/£f73 + 1/12

* (3*xB*c™2+f"3%x"4 + 8*Bxb*ckxf 3*%x"3 + 4xA*c"2+f"3%x"3 - 6*BxcT2xd*f"2xx"2 +
6*%Bxb~2*f"3%x72 + 12*Bkakxc*f 3*x"2 + 12%Axbxcxf"3%x72 - 24xBxbkckd*xf 2*x -
12%A*xCc™2xd*f"2%x + 24*Bka*xb*xf 3xx + 12%A*b~2xf " 3%x + 24xAxaxc*f 3%x)/f~4
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Mupad [B]
time = 0.25, size = 253, normalized size = 1.11

P
VE=\ (et f2— 2 Babd [ —2Aacd f— Ape ’ .

(AI)Z+28nb+2Arm 4(4r2+25br))+ 2(50’—2Arb+28/m Br’d)+J:‘(A4*Z+28br)+sz1,"+mm‘( i ><"“/ 2Babdf -2Aacd] - ARd] +2Bbed + ACE) In(fa?+d) (4Ba?df°+8Aabdf*—8Bacd® f' —4BRd f1 —8 Abed® f' +4BE B f%)

z - . i e +

7 7 2§ TP 37 if Vo 8df°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx)*(a + b*x + c*x~2)"2)/(d + f*x~2),x)

[Out] x*x((A*b~2 + 2xAxa*xc + 2xBxaxb)/f - (d*x(A*c™2 + 2xBxb*c))/f~2) + x"2*x((Bxb~2
+ 2kAxbxc + 2xBxaxc)/(2+f) - (Bkc™2*%d)/(2*xf~2)) + (x"3*%(A*c™2 + 2*Bxbx*xc))/

(3*f) + (Bxc™2*x"4)/(4xf) + (atan((£7(1/2)*x)/d~(1/2))*(A*a~2+f~2 + Axc~2*d

2 + 2*%B¥b*c*d"2 - A*b"2xdxf — 2%A*xaxckxdxf - 2*Bxaxbxdxf))/(d~(1/2)*f~(5/2)

) + (log(d + £xx72)*(4*Bxa~2%d*f~5 - 4*B*b~2*d"2xf~4 + 4*Bxc~2+%d"3*f~3 + 8%
Axaxbxd*xf~5 - 8*Axbxcxd"2*f~4 - 8xBkaxc*xd~2xf~4))/(8*xd*f~6)
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(A+Bz) (a+bz+cz?) 3 d
A+ [ z

33 [

Optimal. Leaf size=441

(b°Bdf + 3Ab°f(cd — af) — 3bB(cd — af)* — Ac(c*d® — 3acdf +3a*f?))x  (Abf(3c*d —b*f — 6acf) — |
3

[Out] -(b~3*B*d*f+3xAxb~2*f* (—axf+c*d)-3*xb*Bx (—a*f+c*xd) “2-A*xc* (3*xa~2xf~2-3*a*cxdx*
f+c™2xd"2) ) *x/£73-1/2% (A*xbxf* (—6*a*cxf-b~2xf+3*c~2xd) -B* (c~3*d~2-3*a*c 2*dx*
f+3*xaxb~2xf "2-3xcxf* (—a~2*%f+b~2%d) ) ) *x~2/f"3+1/3* (b~ 3*B*f+3*%A*xb~2kc*xf-A*c~2

* (-3*a*xf+ckd) -3kbxBxck (—2xaxf+c*xd) ) *x~3/f"2+1/4*c*x (3xAxbxcxf-B* (-3*a*ckf-3*

b 2xf+c"2%d) ) *x~4/£f"2+1/5%c” 2% (A*xc+3*B*b) *x~5/f+1/6%B*c~3*x~6/f+1/2* (Axb*f*
(3xc™2*d"2-6*axckd*f-f* (-3*a~2*%f+b~2*xd) ) -B* (—axf+c*d) * (c"2xd"2-2*a*ckxd*f—f*
(—a~2*%f+3%b~2*xd) ) ) *1n (f*x~2+d) /£ "4+ (b~ 3*B*d " 2*f+3*A*b~2*d*f* (—a*f+c*d) —-3*xb*

B*d* (—axf+c*xd) "2-Ax (—axf+c*d) “3) *arctan (x*f~(1/2) /4~ (1/2)) /£~ (7/2)/d"(1/2)

Rubi [A]
time = 0.38, antiderivative size = 441, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.148,

steps used = 5, number of rules used = 4, integrand size = 27,
Rules used = {1026, 649, 211, 266}

Antiderivative was successfully verified.
[In] Int[((A + B*x)*(a + b*x + c*x~2)"3)/(d + f*x~2),x]

[Out] -(((b~3*Bxd*f + 3*A*b~2*f*(ckd - axf) — 3*bxBx(c*d - a*f)~2 - Axcx(c™2*xd"2
- 3xaxckd*f + 3xa”2+%f72))*x)/£73) - ((A*xb*f*(3*%c™2*d - b~2*f - 6xaxc*f) - B
*(c73*d"2 - 3xaxc”2*d*f + 3*xaxb”"2+%f"2 — 3kckf*(b"2xd - a~2xf)))*x"2)/(2*xf"3

) + ((b73*Bxf + 3*%A*b~2xcxf — A*c™2x(ckd - 3*axf) — 3*b*Bxcx(ckd - 2xaxf))*
x7"3)/(3*%f~2) + (c*x(3*xAxbkxc*f - Bx(c™2*%d - 3*b~2*%f - 3xaxcxf))*x"4)/(4*xf"2)

+ (c™2%(3*%b*B + A*xc)*x75)/(5xf) + (B*c™3*x76)/(6*%f) + ((b~3*Bxd~2*f + 3*Axb
~2%dxfx(c*d - a*f) - 3*b*Bxd*(c*d - a*f)~2 - Ax(cxd - axf)~3)*ArcTan[(Sqrt([
f1*x)/Sqrt[d]])/(Sqrt [dI*£~(7/2)) + ((A*xb*f*(3*c"2*d"2 - 6*akxckd*f - f*(b~2

*d — 3*%a"2+f)) — Bk(c*d - axf)*(c™2+%d"2 — 2*a*ckxd*xf — f*(3*%b"2xd — a~2%f)))
xLog[d + f£xx~2])/(2xf~4)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Rule 266
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Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)~"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x”2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 1026

Int[((g_.) + (h_)*(x_))*((a_) + (c_)*(x_)"2)"(p_)*((d_) + (e_.)*(x_) + (£
_)*(x_)"2)"(q_), x_Symbol] :> Int[ExpandIntegrand[(a + c*x~2) px(d + exx +
f*xx"2)~q*x(g + h*x), x], x] /; FreeQl[{a, c, d, e, f, g, h}, x] && NeQ[e"2 -
4xdxf, 0] && IntegersQ[p, ql && (GtQ[p, 0] || GtQlq, 01)

Rubi steps

(A + Bz) (a + bz + cz?)’ dp — / (_b3Bdf + 3Ab%f(cd — af) — 3bB(cd — af)? — Ac(c*d® — 3acdf +

d+ fa? 3

(®Bdf + 3Ab%f(cd — af) — 3bB(cd — af)? — Ac(c*d? — 3acdf + 3a?}

f3

(b®Bdf + 3Ab%f(cd — af) — 3bB(cd — af)? — Ac(c*d? — 3acdf + 3a?}

f3

(®Bdf + 3Ab%f(cd — af) — 3bB(cd — af)? — Ac(c*d? — 3acdf + 3a?}

f3

Mathematica [A]
time = 0.33, size = 422, normalized size = 0.96

(),

Antiderivative was successfully verified.

[In] Integrate[((A + Bxx)*(a + b*x + c*xx~2)73)/(d + £*x~2),x]

[Out] ((b~3%B*xd~2*f + 3xAxb~2kxd*fx(ckd - a*xf) - 3*b*Bxdx(ckd - a*f)~2 - Ax(c*xd -

axf)~3)*ArcTan[(Sqrt [£f]*x)/Sqrt[d]])/(Sqrt[dl*£~(7/2)) + (£*x*(10*b~3*f*(-6
*Bxd + 3kAxfkxx + 2%Bxf*x"2) + 15%b~2%f*x (3kB*xxx (-2%c*xd + 2%axf + c*xfxx"2) +
AxAx (-3xckxd + 3xa*xf + cxf*xx"2)) + 3xb*k (15xAxckfxx* (-2%cxd + 4xaxf + cxf*x~2
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) + 4%Bx(15%a”2*%f"2 + 10*akxc*f*(-3*xd + f*x"2) + c”2%(15%d"2 - 5*xd*f*x"2 + 3
*f72%xx74))) + cx(5*B*x* (18*a”~2*f~2 + Oxaxckf*(-2xd + f*x"2) + c~2%(6*%d"2 -

3kd*xf*xx"2 + 2%f 2%xx"4)) + 4xAx(45%a"2+%f"2 + 15ka*ckxfx(-3*d + f*x~2) + c”2%(
15%d72 - Bkdxf*x"2 + 3*xf"2%x74)))) - 30k (Axbxf*(-3*%c™2xd"2 + b~2xd*f + G*ax
cxdxf — 3*%a”2xf~2) + Bx(cxd - a*f)*(c™2*xd"2 - 3*b~2xd*f - 2xaxckxd*f + a~2xf
~2))*Logl[d + £*x~2])/(60*f"4)

Maple [A]
time = 0.20, size = 592, normalized size = 1.34

method | result

Ab2c f2x3+ Aa czfza:?’—i-%Ab czf2w4+%Ba czf2z4+%B bchzw‘l—iB c3df a:4—%A c3df m3+%Ba2c fzmz—i-%Ba b2 f2x2+3A a’%c f2ax-

default

risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)*(c*x~2+b*x+a) "3/ (f*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/f73*%(A*b~2xcxf~2%x"3+A*axc”2*f "2%x"3+3/4*A*b*xc™2xf ~2*%x~4+3/4*Bxa*xc™2xf ~2x%
X"4+3/4xBxb" 2% c*xf "2xx"4-1/4*B*xc”3xd*f*x"4-1/3%A*c"3*d*xf*xx"3+3/2*%B*xa~2kc*xf "2
*x"2+3/2*B*xaxb~2xf " 2*%x"2+3kAxa " 2k ckf T2xx+3kA*a*xb 2% f " 2kx+3*%Bxa~2xbxf " 2*x-b~
3*Bxd*f*xx+3*B*xb*xc~2%d"2%x+3/5*Bxb*xc " 2%f ~2xx"5+1/2*Bxc”3%d"2*x " 2+A*c”"3*d " 2*x
+1/3%Bxb~3%f "2%x"3+1/2*%A*b"3*%f " 2%x"2+1/5xA*xc"3*%f "2%x"5+1/6%B*kc”3xx"6xf ~2-3*
Axb~2xcxdxfxx—3/2%B*b~ 2% ckd*f*x~2-3kAxaxc™2xd*fxx+2*%B*xaxb*cxf~2xx~3-Bxbxc~2
*d*f*x"3+3kAxaxbkcxf ~2xx"2-3/2%Axb*c”2xd*fxx"2-3/2*Bxaxc 2xd*f*x"2-6*B*axb*
cxdxf*xx)+1/f 3% (1/2% (3*%A*xa~2xb*xf ~3-6xAxaxbkxcxd*f ~2-Axb~3*d*f ~2+3*xAxb*c~2xd~
2xf+Bxa”~3*f ~3-3*Bxa”~2kc*d*f ~2-3*B*a*xb~2xd*xf ~2+3*Bxaxc”2xd " 2*f+3*Bxb~2*c*d "2
*f-Bxc~3*%d"3) /f*x1n (£*x72+d) + (A*a~3*f~3-3%A*xa~2*cxd*xf~2-3*A*axb~2xd*xf ~2+3*Ax*
axc”~2%d " 2% f+3kA*b "2k ckd " 2% f-A*c"3*d"3-3*%B*a”~ 2*¥bxd*f ~2+6*Bxaxb*ckxd"2*xf+B*b~3
*d~2xf-3*B*xb*xc~2*d"3) / (d*f) " (1/2) *arctan(f*x/ (d*f)~(1/2)))

Maxima [A]
time = 0.52, size = 471, normalized size = 1.07

e () o (3 A8 150 B (s 0 (LA 4 A (B DA (28 AP 0B 3D (B AN (VDT A3 2 A ) (BB APV (D 3 A+ DA AV 4 3(5 5 A APl (BB (P 5 (B ANIE § (LD A (5 A (B30 ) [ )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a) 3/ (f*x"2+d),x, algorithm="maxima")

[Out] (A*a~3*f~3 - (3*B*b*c™2 + A*c~3)*d~3 + (B*b~3 + 3xA*xa*xc™2 + 3x(2*B*a*xb + Ax
b~2)*xc)*d"2xf - 3% (B*a"2*%b + A*a*xb~2 + A¥a~2%c)*d*xf~2)*arctan(f*x/sqrt(d*f)
)/ (sqrt (A*f)*£~3) + 1/60% (10*%B*c™3*f"2*x"6 + 12%(3*B*b*c™2 + A*xc~3)*f~2*x"5
- 15%(Bxc™3*d*f — 3% (B*b~2xc + (B*a + Axb)*c™2)*f~2)*x"4 - 20*((3*B*b*c~2
+ A*c™3)*d*f - (Bxb~3 + 3*A*axc”2 + 3*%(2%Bxaxb + A*b~2)*c)*f"2)*x~3 + 30*(B
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*c~3*xd"2 - 3*x(Bxb"2%c + (B*a + A*b)*c”2)*xd*f + (3*Bxaxb”™2 + Axb~3 + 3*(Bxa~

2 + 2xAxaxb)*c)*f"2)*x"2 + 60*x((3*B*b*c”2 + A*c~3)*d"2 - (B*b~3 + 3*A*axc”~2
+ 3% (2xBxaxb + Axb~2)*c)*d*f + 3x(B*a~2%b + A*xa*xb”2 + Axa”~2*c)*f~2)*x)/f"3
- 1/2%(B*c~3*d"3 - 3*(B*b~2*c + (B*a + Axb)*c~2)*d"2*xf + (3*%Bxa*b™2 + A*xb~
3 + 3x(B*a~2 + 2kAxaxb)*c)*d*f~2 - (B*a~3 + 3*Axa~2%b)*f~3)*log(f*x~2 + d)/
f~4

Fricas [A]

time = 0.33, size = 1014, normalized size = 2.30

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a) "3/ (f*x"2+d),x, algorithm="fricas")

[Out] [1/60%(10%B*xc”~3*d*f~3*x"6 + 12%(3*%Bxb*c”™2 + A*c~3)*d*f~3*x~5 — 15%(B*c~3*d~
2+%f~2 — 3% (B*¥b~2xc + (B*a + Axb)*c™2)*d*f~3)*x"4 - 20%((3*B*b*xc~2 + A*c~3)*
d"2+%f72 - (B*b~3 + 3xAkxa*xc™2 + 3% (2*B*axb + Axb~2)*c)*d*xf~3)*x"3 + 30*%(B*c~
3%d"3*f - 3% (Bxb~2xc + (B*a + A*b)*c”2)*d"2*xf~2 + (3*Bxa*xb~2 + A*b~3 + 3*(B
*a"2 + 2*A*axb)*xc)*d*f~3)*x"2 - 30*%(A*a~3*f~3 - (3*Bkb*c™2 + A*xc~3)*d"3 + (
Bxb~3 + 3xAxaxc”2 + 3*%(2%Bkaxb + Axb~2)*c)*d"2xf - 3*%(B*a~2*b + Axaxb"2 + A
*a~2%c) *d*f~2) *sqrt (-d*f) *Llog ((£*x~2 - 2*ksqrt(-d*f)*x - d)/(f*x"2 + d)) + 6
0% ((3*Bxb*c™2 + Axc~3)*d"3*xf — (B*b~3 + 3*xA*xa*c™2 + 3*x(2*B*axb + A*b~2)*c)x*
d"2+%f72 + 3% (B*a~2xb + A*a*b~2 + A*a”2*c)*d*xf~3)*x - 30*x(Bkc~3*d"4 - 3*(B*b
~2xc + (B*a + Axb)*c”2)*d"3*xf + (3*%B*xaxb”2 + A*b~3 + 3*(B*a~2 + 2kA*xaxb)*c)
*d"2+%f"2 - (B*a~3 + 3%Axa”~2*b)*d*f~3)*log(f*x~2 + d))/(d*f~4), 1/60%(10*B*c
“3xd*xf"3*%x"6 + 12%(3*%B*b*xc”2 + A*c”3)*d*xf"3*x"5 - 15k (B*c”3*%d"2*f"2 - 3x(Bx*
b"2%c + (B*a + A*b)*c~2)*d*f~3)*x~4 — 20%((3*%Bxb*c”™2 + A*xc~3)*d"2+%f~2 - (Bx*
b~3 + 3xAxaxc”2 + 3% (2xBxaxb + A*b~2)*c)*d*f~3)*x"3 + 30*(Bkc"3*%d"3*xf - 3*(
Bxb~2xc + (B*a + Axb)*c”2)*d"2*f"2 + (3*Bxa*xb~2 + A*xb~3 + 3*%(B*a~2 + 2xAxax
b)*c) *d*£~3)*x"2 + 60*(A*xa~3*f~3 - (3*B*b*c~2 + A*c~3)*d"3 + (B*b~3 + 3*xAx*a
*Cc"2 + 3*%(2*Bxaxb + A*b~2)*c)*d"2+f - 3x(B*a"2%b + A*a*xb”2 + Axa”~2*c)*d*f~2
) *sqrt (d*f)*arctan(sqrt (d*f)*x/d) + 60*((3*Bxbxc™2 + A*c~3)*d"3xf - (B*b~3
+ 3*Axaxc”2 + 3*%(2xBxaxb + A*b~2)*c)*d"2*xf~2 + 3*%(B*a~2xb + A*axb~2 + A*a~2
*c)*d*f~"3) *x - 30%(Bxc~3*d"4 - 3*%(B*b~2%c + (Bka + A*b)*c~2)*d"3xf + (3*B*a
*b~™2 + A*b~3 + 3x(B*a"2 + 2kAxaxb)*c)*d"2*f72 - (B*a~3 + 3*A*a~2%b)*d*f~3)*
log(f*x~2 + d))/(d*f~4)]

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)* (c*xx**2+b*x+a)**3/ (£*x**2+d) ,x)
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[Out] Timed out

Giac [A]
time = 4.02, size = 623, normalized size = 1.41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a) 3/ (f*x"2+d),x, algorithm="giac")

[Out] -(3*B*b*c™2*%d"3 + A*c~3*d"3 - B*b~3*d~2*f - 6*Bxaxb*ckxd™2xf - 3xA*b~2%c*d”~2
*f — 3xAkaxc”~2xd"2*f + 3kBxa~2xb*xd*xf~2 + 3*Axaxb"2xd*f"2 + 3kAxa”~2xckdxf"2
- Axa~3xf"3)*arctan(f*x/sqrt(d*f))/(sqrt(d*f)*£~3) - 1/2%(Bxc~3*%d~3 - 3x*Bx*b
“2%ckd"2xf — 3xBxakxcT2%d"2*%f — 3kxAxbxcT2xd"2*%f + 3*%Bkaxb 2xd*xf~2 + A*b"3*dx*
£72 + 3xB*a~2%ckd*f"2 + 6kAxaxbkcxd*f~2 - Bxa~3*f"3 - 3*A*a~2%bxf~3)*log(fx*
Xx"2 + d)/f74 + 1/60%(10*%B*c™3*f"5*%x"6 + 36*Bxb*xc”2*xf 5*%x"5 + 12%A*xc~3*f " 5*x
~5 - 15%B*c”3*d*f~4%x~4 + 45%Bxb~2kcxf 5xx~4 + 45xBkaxc 2xf 5*x"4 + 45%Axb*
cT2x%f75%x"4 — 60%B¥b*c”2*%d*f"4*%x"3 - 20%Akc"3xd*xf 4*x"3 + 20%Bx¥b"3*f " 5%x"3
+ 120*Bkaxbxckxf~5*xx"3 + 60*%A*xb~2*c*f 5*xx"3 + 60*A*a*xc 2xf 5xx~3 + 30*Bxc™3x%
d72xf"3%x"2 - 90*B*xb"2xckxd*f"4*x"2 - 90*Bka*c”2*xd*xf "4*xx"2 - 90*%A*xbxcT2xd*xf~
4xx”2 + 90*Bxaxb~2xf ~5xx~2 + 30*xA*b~3*%f 5xx"2 + 90*Bka~2*cxf 5*xx~2 + 180%Ax
axb*xckxf~5*x"2 + 180%Bxb*xc”~2xd"2*f ~3%x + 60*%A*xc~3*d~2*f 3%x - 60*%B*b~3*d*xf~4
*x — 360*B*axbxcxd*xf~4*x — 180*%A*b~2xcxd*xf~4*x — 180*A*a*xc™2xd*xf"4*x + 180%*
Bxa~2xbxf~5xx + 180*A*a*xb~2%f "5%xx + 180*%Axa~2xcxf~5xx)/f~6

Mupad [B]
time = 3.79, size = 552, normalized size = 1.25

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x)*(a + b*x + c*x~2)"3)/(d + f*x~2),x)

[Out] x"2*x((A*b~3 + 3*B*a*b~2 + 3*B*a~2*c + 6kxA*axbxc)/(2*f) - (d*x((3*A*b*c”2 + 3
*Bxaxc”™2 + 3xBxb~2x%c)/f - (Bxc”™3%d)/£f72))/(2%f)) + x*x((3*A*axb~2 + 3*A*a~2x*
c + 3*B*a~2xb)/f - (d*((Bxb~3 + 3*Axaxc™2 + 3*A*xb~2xc + 6*Bxaxbxc)/f - (d*(
Axc”™3 + 3%Bxb*xc"2))/£f72))/f) + x"3x((B*b~3 + 3*A*a*c”2 + 3*kA*xb"2*c + 6xBxax
b*xc)/(3*f) - (dx(A*c”™3 + 3*Bxbxc™2))/(3*%£72)) + x"4x((3xA*b*c~2 + 3*B¥axc™2
+ 3*Bxb~2xc)/(4xf) - (B*c~3*d)/(4*f~2)) + (x~5x(A*c~3 + 3*Bxb*c~2))/(5%f)
+ (Bxc™3xx76)/(6%f) + (log(d + f*x72)*(4xB*a~3*d*f~7 — 4*Axb~3*xd"2*f~6 - 4%
Bxc™3*d"4xf~4 - 12*%Bxaxb™2*xd"2*f"6 + 12%A*b*c”2*d"3*xf"5 + 12*%Bkaxc 2xd"3*f~
5 - 12xB*a"2%c*xd~2*f~6 + 12xBxb~2%c*d~3*f~5 + 12%Axa”~2xb*d*f~7 - 24*A*axbxc
*d~2*xf~6) )/ (8*xd*xf~8) + (atan((£f~(1/2)*x)/d"~(1/2))*(A*xa~3*f~3 - A*xc~3*d"3 -
3*xBxb*c~2*%d~3 + Bxb"3*%d"2+f - 3*xA*a*b~2xd*f~2 + 3kAkxaxc 2xd"2+f - 3xA*xa~2*c
*d*xf~2 — 3*%Bxa~2xb*xd*f~2 + 3kA*b"2%cxd"2*f + 6*Bxaxbkckd”"2xf))/(d”(1/2)*f~(
7/2))
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A+Bx
3.4 f (a+bz+cz?) (d+fz?) dz

Optimal. Leaf size=274

Vf (bBd — Acd + aAf) tan™! (%) (Ab*f +2Ac(cd — af) — bB(cd + af)) tanh ™" (—b§+_2cz — )

Vd (2d? — 2acdf + f (b2d + a2f)) V? — dac (d? — 2acdf + f (b2d + a2f))

[Out] 1/2*%(A*xb*f-Bxaxf+B*c*d)*1n(c*x~2+b*x+a)/(c"2*%d~2-2*%a*c*d*f+f*(a~2*f+b~2*d))
-1/2x (Axbxf-Bxaxf+Bkc*d) *1n (f*xx~2+d) / (c~2xd"2-2*a*xcxdxf+f* (a~2*xf+b~2*d) ) - (A

*b 2% f+2%A*xck (—axf+cxd) —-bxBx (a*xf+c*d) ) *arctanh ((2xc*x+b) / (-4*a*c+b~2) ~(1/2)

)/ (c™2xd"2-2xa*xcxd*f+fx (a~2xf+b~2%d) ) / (—4*a*xc+b~2) " (1/2) +(Axa*xf-Axc*d+Bxb*d
Yxarctan(x*xf~(1/2)/d~(1/2))*£~(1/2) / (c™2*d"2-2*a*xcxd*f+f* (a~2xf+b~2xd) ) /d~ (

1/2)

Rubi [A]
time = 0.18, antiderivative size = 274, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.296,

steps used = 8, number of rules used = 8, integrand size = 27,
Rules used = {1037, 648, 632, 212, 642, 649, 211, 266}

Vs - -
ﬁArcTan( Vi ) (aAf — Acd + bBd) log (a+bo + ca?) (~aBf + Abf + Bed) _log (d+ fo?) (~aBJ + Abf + Bed) _tanh l(ﬁ) (2Ac(cd — af) — bB(af + cd) + Ab*f)

VA (f (a2f + b2d) — 2acdf + c2d?) 2(f (a®f + b*d) — 2acdf + c*d?) 2(f (a*f + bd) — 2acdf + c*d?) V2 —dac’ (f (a2f + b2d) — 2acdf + c2d?)

Antiderivative was successfully verified.

[In] Int[(A + Bxx)/((a + b*x + c*x~2)*(d + f*x~2)),x]

[Out] (Sqrt[f]l*(b*xBxd - A*xcxd + a*A*f)*ArcTan[(Sqrt[f]*x)/Sqrt[d]])/(Sqrt[d]l*(c~2
*d"2 - 2kaxcxd*f + f£x(b"2xd + a”2*f))) - ((Axb~2*f + 2xAxc*(cxd - a*xf) - bx*
Bx(cxd + axf))*ArcTanh[(b + 2%c*x)/Sqrt[b™2 - 4xa*c]])/(Sqrt[b~2 - 4*axc]*(
c"2xd"2 - 2%akxckxdxf + fx(b"2*%d + a”2+f))) + ((Bxcxd + Axbxf - a*B*f)x*Logla

+ bxx + c*xx”2])/(2%(c™2%d"2 - 2*akxckd*f + f*x(b"2xd + a”2xf))) - ((Bxcxd + A

*xbxf - a*xBxf)*Logld + f*x~2])/(2%x(c™2*xd"2 - 2*axcxd*xf + fx(b"2*d + a~2%f)))

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 266
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Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*x(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2*%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%xc*d - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[(-a)x*c]

Rule 1037

Int[((g_.) + (h_)*(x_))/(((a) + (b_)*(x_) + (c_.)*x(x_)"2)*((d_) + (£_.)*
(x_)"2)), x_Symbol] :> With[{q = Simplify[c~2*d~2 + b~2*d*f - 2%a*c*xd*f + a
~2x£~2]}, Dist[1/q, Int[Simp[g*c™2xd + g*b~2xf - a*bxhxf - a*xgkcxf + c*(hxc
xd + gxb*f - axh*f)*x, x]/(a + bxx + c*x72), x], x] + Dist[1/q, Int[Simp[b*
hxd*f - gxcxdxf + axgxf~2 - fx(h*c*d + gxbxf - axhxf)*x, x]/(d + £*xx72), xl]
, x] /; NeQlq, 011 /; FreeQ[{a, b, ¢, d, f, g, h}, x] && NeQ[b~2 - 4*a*c, 0
]

Rubi steps
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f —abBf+A(c?d+b? f—acf)+c(Bcd+Abf—aBf)z dr f f(bBd—Acd+aAf)—f(Bed+Abf—

A+ Bz a+bz+cx? d+fa?

(a+ bz + cx?) (d + fz?) dz = c2d? — 2acdf + f (b*d + a%f) + Ad? — 2acdf + f (b*d+
:(f(de—Acd+aAf))fﬁdz (Bcd—i—Abf—an)f%dx‘
c2d? — 2acdf + f (b%d + a?f) 2(2d? — 2acdf + f (b?d + a?f))

(VS
Vf (bBd — Acd + aAf) tan™! ( Ja ) (Bed + Abf — aBf)log (a A

Vd (c2d? — 2acdf + f (b2d + a2f)) 2 (d? — 2acdf + f (b*d -

Vf (bBd — Acd + aAf) tan™" ( %w) (Ab%f + 2Ac(cd — af) — bB

T Vd (@ — 2acdf + f (0%d + a2f)) VB2 — dac (2d? -

Mathematica [A]
time = 0.26, size = 212, normalized size = 0.77

2v/=1? + dac \/f (bBd — Acd + aAf) tan~! (%) +vd (2(Ab2f +2Ac(cd — af) — bB(cd + af)) tan™t (ﬁ) + v/—b% +4dac (Bed + Abf — aBf) (—log (d + fz?) + log(a + z(b+ Cz)))>

2vV/—1? + dac' Vd (2 — 2acdf + f (b*d + a2 f))

Antiderivative was successfully verified.

[In] Integrate[(A + B*xx)/((a + b*x + cxx"2)*(d + £*x72)),x]

[Out] (2xSqrt[-b~2 + 4*a*xc]l*Sqrt[f]*(b*Bxd - A*cxd + a*A*f)*ArcTan[(Sqrt[f]*x)/Sq
rt[d]] + Sqrt[d]*(2x(A*b~2*xf + 2%A*ck(c*d - axf) - b*B*(cxd + axf))x*ArcTan[

(b + 2%c*x)/Sqrt[-b~2 + 4xaxc]] + Sqrt[-b~2 + 4xaxc]*(Bxcxd + Axbxf - axBxf
)*(-Logld + f*x~2] + Logla + x*(b + c*x)])))/(2*Sqrt[-b~2 + 4*a*xc]*Sqrt [d]=*
(c™2%d™2 - 2*axckd*f + fx(b~2xd + a~2xf)))

Maple [A]
time = 0.31, size = 239, normalized size = 0.87

method | result
(Aaf—Acd+Bbd) arctan _fz
(~Abf+Baf—Bed)In(f2*+d) ( Vdf ) 2 —Aacf+Ab2f+Ac
2f (Abcf—Bacf+B czd) ln(c z2+bz+a)
vdf . +
default 22— 2acdf + P df 12 + @2 f2—2acd
risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+b*xx+a)/(f*x”2+d) ,x,method=_RETURNVERBOSE)

[Out] f/(a~2%f~2-2%axcxd*f+b~2xd*xf+c~2%d"2)* (1/2*% (~Axbxf+Bkaxf-Bxcxd) /f*1n(f*x~2+
d)+(Axaxf-Axcxd+Bxbxd) / (d*f) ~(1/2) *arctan(f*x/(d*x£f)~(1/2)))+1/(a"2%xf~2-2%ax*
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ckxdxf+b~2xdxf+c™2xd~2) *x (1/2% (Axbxcxf-Bxa*xcxf+Bxc™2xd) /cx1n(c*x™2+b*x+a) +2% (
—Axaxcxf+A*xb~2xf+A*c”~2xd-Bkxaxb*xf-1/2% (Axbxckxf-Bkaxckf+Bxc~2%d)*b/c)/ (4*axc-
b~2)~(1/2) *arctan ((2*%c*x+b) / (4*axc-b~2)~(1/2)))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x"2+d),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x~2+d),x, algorithm="fricas")
[Out] Timed out
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x**2+b*x+a)/(£*x**2+d) ,x)
[Out] Timed out

Giac [A]
time = 5.05, size = 266, normalized size = 0.97

Bbdf — Acdf + Aaf?) arct; /’) —2Ac _ AR 2crth
(Bed — Baf + Abf)log (cz + b +a)  (Bed — Baf + Abf)log (f2* + d) (Bbdf — Acdf + af)arc&n(ﬁ _(Bbcd 2Ac*d + Babf — Ab®f + 2 Aacf) arctan Ve

2(@@ +0df —2acdf +@2f?)  2(Pd +0df — 2acdf +a’f?) (c2d? + b2df — 2 acdf + a2f2)\/df (2d? + b2df — 2 acdf + a?f2)vV—b% + dac

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x"2+d),x, algorithm="giac")
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[Out] 1/2%(B*c*d - Bxa*f + Axbxf)*log(c*x~™2 + b*x + a)/(c™2+%d”2 + b~2xd*f - 2%axc
xd*xf + a"2xf72) - 1/2%(Bxc*d - Bxaxf + Axbxf)*log(f*x~2 + d)/(c”2*%d"2 + b~2

xdxf — 2kaxcxd*f + a"2xf72) + (Bxbxd*f - Axcxdxf + A*xaxf~2)*arctan(f*x/sqrt
(@*£))/((c™2%d™2 + b~2xd*f - 2kaxckd*xf + a~2*f~2)*sqrt(d*f)) - (Bxb*cxd - 2
*xAxc"2xd + Bxaxbxf - Axb"2*xf + 2kAkxakxckf)xarctan((2xcxx + b)/sqrt(-b"2 + 4%
axc))/((c™2%d"2 + b~2kd*f - 2%akxckxd*xf + a~2*xf72)*sqrt(-b~2 + 4xaxc))

Mupad [B]
time = 38.32, size = 2500, normalized size = 9.12

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((d + f*x~2)*(a + b*x + c*x"2)),x)

[Out] (log(B~3*c™2+f~2xx + (((B*c*d™2)/2 + (A*b*d*f)/2 - (B*a*xd*f)/2 - (Axaxfx(-d
*f)~(1/2))/2 + (Axc*dx(-d*f)~(1/2))/2 - (Bxb*d*(-d*£f)~(1/2))/2)*((((B*c*d~2
)/2 + (A*b*xdxf)/2 - (Bxa*xd*f)/2 - (Axaxf*x(-d*f)~(1/2))/2 + (Axc*xdx(-d*xf)~(1
/2))/2 — (B¥b*dx(-d*f)~(1/2))/2)*(4*A*xa~2xc"2*%f~4 + AxAxc™4*d"2*xf"2 - c*xf~2
*x% (3*A*b~3*f"2 + 4*xBxc~3%d"2 - B*a*xb"2%f"2 + 4*xBka~2xcxf~2 - 12%Axaxbkxckxf”
2 + 12xAxb*c™2xd*xf — 8*Bkxaxc~2xd*f - 3*%Bxb~2kckd*f) — 3kA*b"2*xc 2xd*f"3 - 4
*Bxbxc~3%d"2*xf "2 - A*axb~2xckxf~4 - 8xAxaxc 3*%d*f~3 + Bxb 3kxckd*xf~3 + (2xcxf
“2%((B*c*d~2)/2 + (Axbxdxf)/2 - (Bka*xd*f)/2 - (Axaxfx(-d*xf)~(1/2))/2 + (Axc
*dx (-d*f)~(1/2))/2 - (Bxbxdx(-d*f)~(1/2))/2) *(2*¥b*xc~3*d"3 + 4*xc"4*d"3*x - a
“2%b72%xf"3%xx + 4*axb”3kd*f"2 — 2%b"3kckd"2*f + 4*a " 3kckf 3kxx + 3¥%bT4kd*f 2%
X + 12%a*b*c™2xd"2*xf - 14*a”~2*xbxckxd*xf~2 — 4kakxc 3kd"2xf*xx — 4*a”2%c”2*xd*xf"2
*xX + 3*%b72%c”2xd"2xfxx — 10*axb”2*c*kd*f"2%x))/(d*x(a"2*xf"2 + c”2%d"2 + b"2%d
xf — 2%akckxd*xf)) + 4*xBxaxb*xc™2xd*f£73))/(d*(a"2*f"2 + c72xd"2 + b"2xd*xf - 2%
axcxdxf)) — c*xf 2xx*k(2%B72%c"2xd — 4*%A"2xc”2*xf - BT2xb"2*f + 2xB"2kaxc*f +
2%A*Bxbkcxf) + A~2xbxc”2%f"3 + B 2%bkc 2xd*xf~2 - 4xAxBxaxc”2%f"3 + A*Bxb~2x
cxf~3 - 4*AxBxc”3%d*f72))/(d*(a"2+%f"2 + ¢c72%d"2 + b”"2*d*f - 2*xaxckd*f)) + A
*B72%c"2%f"2) k (f*x ((B*axd) /2 - (A*b*d)/2 + (Axax(-d*xf)~(1/2))/2) - (B*c*d"2)
/2 = (Axc*xd*(-d*f)~(1/2))/2 + (Bxb*xd*(-d*£f)~(1/2))/2))/(c™2*d"3 + a~2*xd*f~2
+ b72%d"2*%f - 2xa*xckd"2xf) - (log(B~3*c~2xf~2xx + (((B*c*d~2)/2 + (Axbxdxf
)/2 - (Bxaxdxf)/2 + (Axaxfx(-d*f)~(1/2))/2 - (Axcxd*(-d*f)~(1/2))/2 + (Bxbx*
d*x(=d*f)~(1/2))/2)*((((B*c*d~2) /2 + (A*bxdxf)/2 - (Bxaxd*xf)/2 + (Axaxfx*(-d*
£)7(1/2))/2 - (Axcxd*(-d*£f)~(1/2))/2 + (Bxbxd*x(-d*f)~(1/2))/2)*(4d*xA*a~2*xc"2
*f~4 + 4xAxcTAxd"2*%f"2 - cxfT2%x* (3xAxb~3*f"2 + 4xBkc"3*%d"2 - Bkaxb"2xf"2 +
4xBxa~2*%c*f"2 — 12%Axaxbkxc*f~2 + 12%Axbkxc”2*¢d*f - 8*Bka*c™2xd*xf - 3*Bxb~2x*
ckxd*f) - 3kAxb~2kc"2xd*f~3 - 4*Bxb*c”3*%d"2*f"2 - Axaxb"2xcxf~4 - 8kA*xakxc 3%
d*f~3 + Bxb"3*c*d*f~3 + (2%c*xf " 2x((Bkc*d~2)/2 + (A*bxdxf)/2 - (Bxaxdxf)/2 +
(Axaxfx(-d*f)~(1/2))/2 - (Axcxdx(-d*£f)~(1/2))/2 + (B*b*d*(-d*£f)~(1/2))/2)*
(2*b*c™3*%d"3 + 4*c™4*d"3*x - a”~2%b"2xf"3*x + 4xaxb~3kd*f"2 - 2%xb"3kc*kd"2xf
+ 4% 3xckf"3%x + 3*kb"4*kd*f"2*%xx + 12%axb*cT2xd"2*%f - 14*a”2xbxckd*f"2 - 4xa
*CT3%dA"2%fkx — 4*ka"2xcT2xd*xfT2%x + 3*bT2%cT2kd"2xfxx — 10*axb”2kckd*f"2%x))
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/(d*x(a"2*f"2 + c”2*xd"2 + b~ 2xd*xf - 2¥axcxd*f)) + 4xBxaxbkxc ™ 2xd*f~3))/(d*(a”
2%f72 + c72%d72 + b72*d*f - 2*xakxckd*f)) — ckfT2*x*x (2xBT2%cT2%d — 4*AT2%cT2x%
f - B™2xb"2+f + 2xB"2ka*xc*xf + 2%xA*Bxbxcxf) + A"2%bxc~2%f"3 + B 2xbkc 2*d*f~
2 - 4xA*Bxaxc”2*xf"3 + A*B*b"2%c*f"3 - 4kA*Bxc~3xd*f"2))/(d*(a"2*%f"2 + c”~2*d
2 + b"2%dxf - 2kakxckd*f)) + A*B 2xc”2xf"2) % (£ ((Axb*xd) /2 - (Bxaxd)/2 + (Ax
a*x(-dxf)~(1/2))/2) + (B*c*d~2)/2 - (A*xcxdx(-d*f)~(1/2))/2 + (Bxbxd*x(-d*f)~(
1/2))/2))/(c™2%d"3 + a~2xd*f~2 + b~2xd"2+f - 2*xaxc*xd"2*f) - (log(B~3*c~2*f~
2%x + A*B"2%c”2xf"2 - ((((A*xfx(b"2 - 4xaxc)”(3/2) + 2xAxb*f*(4*xaxc - b~2) -
2%Bkaxf*(4dxaxc — b~2) + 2xBxckxd*(4*a*c - b~"2) + 4xAxc™2xd*(b~2 - 4*a*c)” (1
/2) + Axb"2xfx(b~2 - 4xaxc)”(1/2) - 2*Bxaxbxfx(b~2 - 4*a*xc)~(1/2) - 2*xBxbx*c
*dx(b"2 - 4xaxc)”(1/2))*(cxf~2*x* (3xAxb~3*f~2 + 4*Bkc~3*d"2 - Bka*b™2*xf~2 +
4xBxa~2kckxf~2 — 12k%Akxaxbkxckxf~2 + 12xAxbxc”2*d*f — 8*Bkakxc 2xd*xf - 3*Bxb™"2x*
ckxd*f) - 4xAxc 4*xd"2xf"2 — 4xA*xa”2%c”2%f"4 + 3kAxb"2xc"2xd*f~3 + 4*Bxbkc 3%
d"2+f72 + Axa*xb"2xcxf~4 + 8xAxaxc 3kd*f~3 - Bxb"3kckd*xf~3 - 4*Bxaxbkxc”2*d*f
~3 + (c*kf~2x(Axfx(b~2 - 4xaxc)~(3/2) + 2%Axbkf*x(4d*axc - b~2) - 2*Bka*xf*(4*a
*C - b72) + 2*Bkckdkx(4dxaxc — b72) + 4*xAxc”2*xdx(b"2 - 4xaxc)~(1/2) + Axb~2xf
*(b~2 - 4*axc)”(1/2) - 2xBxaxb*xf*(b~2 - 4*a*xc)”(1/2) - 2*Bxbxcxd*x (b2 - 4*a
*C) " (1/2) ) *(2xbxc”™3*%d"3 + 4*c”4*d"3*x — a"2%b"2xf"3*x + 4*xaxb~3kd*f"2 - 2*b
“3xcxd"2*f + 4xa”~3kckf3*x + 3kb4*d*xfT2xx + 12%axbxc”2xd"2xf - 14%a”2%bxcx
d*f"2 - 4dxaxc”3%d"2xf*xx - 4*a~2xc”2xd*f2xx + 3*b"2xcT2xd"2*f*x - 10*axb”2*
cxd*f~2%x)) /(2% (d*axc - b~2)*x(a~2*%f"2 + c”2%d"2 + b~ 2xd*xf - 2xaxcxd*f))))/(
4% (4xaxc — b"2)*(a"2*xf"2 + c72*%d"2 + b"2*d*xf — 2*a*xckxdxf)) - c*f 2xx*x(2*B~2
*C"2%d - 4%A”2%c”T2xf — BT2xb"2xf + 2%B"2%axcxf + 2%xAxBxbxcxf) + AT2%bkxc 2xf
3 + B"2%b*cT2xd*f"2 - 4xAxBxaxc”"2+%f~3 + A*B*b 2xcxf~3 - 4*xAxBxc”3kd*f~2) % (
Axfx(b~2 - 4xaxc)~(3/2) + 2*Axbkxf*x(4dxaxc — b~2) - 2*Bxaxf*(4d*a*xc - b~2) + 2
*Bxckd* (d*axc — b72) + 4xAxc”2xd*(b"2 - 4*axc)”~(1/2) + Axb~2xf*x(b"2 - 4*axc
)" (1/2) - 2xBxaxb*f*(b~2 — 4*a*xc)~(1/2) - 2*Bxbxckxd*(b~2 - 4x*a*xc)~(1/2)))/(
4% (4xaxc — b"2)*(a"2*xf"2 + c72*%d"2 + b"2xdxf — 2*axcxdxf)))*(Axfx(b~2 - 4*a
*c) " (3/2) + 2xAxbxf*x(4*axc — b~2) - 2xBxaxf*(4*axc — b~2) + 2xBxckd*(4*axc

- b72) + 4xAxc”2xd*(b"2 - 4*a*c)”(1/2) + Axb"2xfx(b~2 - 4*a*c)”(1/2) - 2*xBx
axbxf*(b~2 - 4xaxc)~(1/2) - 2%Bxbxc*d*(b~2 - 4*axc)~(1/2)))/ (b~ 2% (4*a~2%f"~2
+ 4%c72xd"2 + 4xb72xd*f - 24xaxckd*f) - 4xaxck(4*a”2xf"2 + 4*cT2xd"2 - 8*a
xcxd*f)) + (log(B~3*c™2*f~2xx + A*B™2xc™2xf"2 + ((((A*f*(b~2 - 4*axc)~(3/2)
- 2xAxbxf*(4*axc — b~2) + 2xBxaxf*(4*xaxc — b"2) - 2xBkckd*(4*xaxc - b~2) +
dxAxc™2xd*x (b"2 - 4*a*xc)”(1/2) + Axb~2xfx(b~2 - 4xaxc)~(1/2) - 2*Bkaxbxf*x (b~
2 - 4xaxc)”"(1/2) - 2xBxb*c*d*(b~2 - 4*axc) " (1/2))*(4*xA*a~2%c"2*%f~4 + 4xAxc”
4xd"2xf"2 - ckxf"2*x* (3*A*b"3*f"2 + 4*xBxc~3*%d"2 ...
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A+Bzx
3.9 f (a+bx+cx2)2(d+fx2) dz

Optimal. Leaf size=596

AbC(Cd + (lf) - (Ab - (lB) (2C2d + b2f _ Q(ICf) B C(Ab2f + 2AC(Cd — a/f) - bB(Cd + af)) x_f3/2(Ab2df _

(b2 — 4dac) (b2%df + (cd — af)?) (a + bz + cz?)

[Out] (Axbkc*(a*xf+cxd)-(A*b-B*a)* (—2*a*cxf+b~2xf+2+xc~2xd) —c* (A*b~2xf+2*%A*c* (—axf+
cxd) -b*B* (a*xf+c*xd) ) *x) / (-4*xa*xc+b~2) / (b~ 2*xd*f+ (—axf+c*d) ~2) / (cxx~2+b*x+a) - (b
“B*B*d*f"2-2%Axb"4xf "2 (—axf+cxd) —-4*A*c” 2% (-3*kaxf+ckxd) * (—axf+cxd) “2+b " 3*B*f
* (—a"2%f"2-4dxakckdxf+5xc 2%d"2) ~4*A*b "2k ckf*k (3ka~2xf ~2-3kaxckd*f+2*c”2*%d"2)
+2*b*Bxc* (3ka~3*f ~3+3*%a” 2k c*kd*f "2-T*a*c”2xd"2xf+c~3*d"3) ) *arctanh ( (2*c*x+b)
/ (=4xaxc+b~2)~(1/2))/(—4*axc+b~2) " (3/2) / (c"2*d"2-2xaxcxd*f+f* (a~2xf+b~2%*d) )
~2-1/2%f* (2% Axbxf* (—a*f+cxd) +B* (c™2*xd~2-2*a*ckd*xf—f* (—a~2*xf+b~2*d) ) ) *1n(c*x
~2+bxx+a) / (c”2xd"2-2*a*xckxdxf+f* (a~2xf+b~2%d) ) "2+1 /2% * (2% Axbxf* (—a*f+cxd)+B
*(c72%d"2-2*axckdxf—f* (—a~2xf+b~2*d) ) ) *In (f*x~2+d) / (c"2*xd"2-2*a*c*d*f+f*(a~
2xf+b~2xd) ) “2-f~ (3/2) * (Axb~2xd*f+2xb*Bxd* (—axf+c*d) —A* (-a*xf+c*d) ~2) *arctan (
xxf~(1/2)/d"(1/2))/ (c™2*%d"2-2*%axckd*xf+f* (a~2xf+b~2%d) ) ~2/d"(1/2)

Rubi [A]

time = 1.03, antiderivative size = 596, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.333,

steps used = 9, number of rules used = 9, integrand size = 27,
Rules used = {1032, 1088, 648, 632, 212, 642, 649, 211, 266}

Antiderivative was successfully verified.
[In] Int[(A + B*x)/((a + b*x + c*x~2)"2x(d + f*x~2)),x]

[Out] (Axbkxc*(c*xd + a*xf) - (Axb — a*B)*(2xc™2%d + b~2xf — 2%axcxf) — ckx(A*b~2xf +
2%A*ck(ckd - axf) - bxBx(cxd + a*f))*x)/((b"2 - 4*xaxc)*(b~2xd*f + (c*d - a
*f)"2)x(a + b*x + c*x72)) - (£7(3/2)*x(A*b~2*d*f + 2xb*B*dx(c*d - axf) - Ax(
ckd - axf)~2)*ArcTan[(Sqrt[f]*x)/Sqrt[d]])/(Sqrt[d]l*(c™2%d~2 - 2xaxc*d*f +
fx(b~2xd + a~2%f))~"2) - ((b~5*xBxd*f~2 - 2xAxb~4*f 2x(cxd — a*f) — 4xAxc™2x(
cxd — 3*a*xf)*x(cxd - a*f)~2 + b 3*B*xf*(5xc™2*%d"2 - 4xakxckd*f - a~2xf"2) - 4x
Axb~2xcxfx (2xc™2%d"2 - 3*akckd*f + 3*%a~2*xf"2) + 2xb*Bxc*(c"3*d"3 - T*axc 2%
d~2*f + 3*%a~2*cxd*f~2 + 3%a~3*%f73))*ArcTanh[(b + 2%c*x)/Sqrt[b™2 - 4*axc]l])
/(072 = 4*ax*xc)~(3/2)*(c™2xd"2 - 2*axcxdxf + f*(b~2xd + a~2%f))"2) - (£*x(2x*
Axbxf*(cxd - a*f) + Bx(c™2*d"2 - 2*akxcxdxf - f*x(b"2*d - a~2xf)))x*Logla + bx
X + c*xx72]) /(2% (c™2%d"2 - 2%axcxd*f + f*x(b~2xd + a~2xf))"2) + (fx(2xAxb*f*(
ckd - axf) + Bx(c"2xd"2 - 2xaxckxd*f - fx(b"2xd - a~2*f)))*Logl[d + f*x~2])/(
2% (c™2%d"2 - 2xaxcxdxf + f£*(b~2%d + a~2*f))~2)

Rule 211
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2*c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2%xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 649

Int[((d) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[(-a)x*c]

Rule 1032

Int[((g_.) + (h_)*(x_))*((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_)*((d_) + (£
_O*(x)72)7(q_), x_Symbol] :> Simp[(a + bxx + c*x"2)"(p + 1)*((d + £*x~2)~
(@ + 1)/((b72 - 4xaxc)*(b2xd*f + (cxd - a*xf)~2)*(p + 1)))*((gkc)*((-b)*(c*
d + axf)) + (gxb - axh)*(2*c™2xd + b"2+f - c*x(2xa*xf)) + cx(gx(2%c™2xd + b~2
xf — c*(2%a*f)) - hx(bxcxd + a*bxf))+*x), x] + Dist[1/((b~2 - 4*axc)*(b~2%d*
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f+ (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d + £*x~2) g*Si
mp [(b*h - 2xg*c)*((c*d - axf)~2 - (bxd)*((-b)*£))*(p + 1) + (b~2*x(g*f) - b*
(hxc*xd + axhxf) + 2x(gxcx(cxd - a*xf)))*(axf*(p + 1) - c*xdx(p + 2)) - (2xfx(
(gxc)*((-b)*(cxd + a*xf)) + (gxb - axh)*(2xc~2*d + b~2xf - c*x(2*axf)))*(p +
q + 2) - (b72x(gxf) - bx(hkcxd + axh*f) + 2kx(gkckx(ckd - axf)))*x(bxfx(p + 1)
))xx — ckfx(b™2%(g*f) - bk(h*c*d + axhxf) + 2%(gxckx(cxd - a*xf)))*(2%p + 2xq
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQlp, -1] && NeQ[b~2*d*f + (c*d - a*f)~2, 0] && !( !IntegerQlp
1 && ILtQlq, -11)

Rule 1088

Int[((A_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)
x((d_) + (£_.)*(x_)"2)), x_Symbol] :> With[{q = c"2%d"2 + b~2xd*f - 2*axcxd
xf + a”2xf72}, Dist[1/q, Int[(A*c™2*d - a*xc*Ckd + Axb~2*f - axb*B*f - axAxc
*f + a”"2*%C*f + ckx(Bkcxd - bxCxd + A*b*xf - a*Bxf)*x)/(a + b*x + c*x~2), x],

x] + Dist[1/q, Int[(c*C*d~2 + b*Bkd*f - Akxckd*f - a*Ckxd*f + a*A*f~2 - f*(Bx
ckd - bxCxd + Axbxf - a*Bxf)*x)/(d + f*x~2), x], x] /; NeQlq, 0]] /; FreeQl
{a, b, ¢, d, f, A, B, C}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

A+ Bx dr — Abc(ed + af) — (Ab — aB) (2c2d + b*f — 2acf) — c(AV?f + 2Ac(cd — a

(a+ bz +cz?)? (d+ fz2) (b2 — 4ac) (b2%df + (cd — af)?) (a + bz + cz?)
_ Abc(cd+ af) — (Ab—aB) (2¢2d + b f — 2acf) — c(Ab?f + 2Ac(cd — a

N (0% — 4ac) (b%df + (cd — af)?) (a + bx + cx?)
_ Abc(cd+ af) — (Ab— aB) (2¢2d + b f — 2acf) — c(Ab*f + 2Ac(cd — a

B (b2 — 4dac) (b2%df + (cd — af)?) (a + bx + cx?)

_ Abc(cd+ af) — (Ab— aB) (2c2d + b f — 2acf) — c(Ab*f + 2Ac(cd — a
B (b2 — 4dac) (b2%df + (cd — af)?) (a + bx + cx?)

_ Abc(cd+ af) — (Ab— aB) (2¢2d + b f — 2acf) — c(Ab*f + 2Ac(cd — a
B (b2 — 4dac) (b2%df + (cd — af)?) (a + bx + cx?)

Mathematica [A]
time = 1.21, size = 523, normalized size = 0.88

vt (L) A ke 20t )50 bl 50 (35S ) B 00 30 | )
VI B ) 4 (000t - af) + BUEE 2ol + (P42 ) o 4+ £27) + [V (o + 0f) + BU-C + aci] + [P - 1)) og(o-+ (0 +
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Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + b*x + c*xx”2)72x(d + £*x~2)),x]

[Out] ((-2%(c”2xd~2 - 2xa*xckxd*xf + £x(b~2%d + a~2*%f))*(Ax(b~3*f + bkxckx(c*d - 3*axf

) + Db72xckf*x + 2%c”2k(ckd — axf)*x) + Bx(2*a"2%ckf - bkc 2xdxx - ax(2*xc”2*
d + b”™2*f + bxc*xf*x))))/((b”"2 - 4xaxc)*(a + xx(b + c*x))) + (2*%£~(3/2)*(-(A
*b~2%d*f) + Ax(c*d - axf)~2 + 2%b*Bkd*(-(c*d) + axf))=*ArcTan[(Sqrt[f]*x)/Sq
rt[d]]1)/Sqrt[d] - (2% (b~5*B*d*f~2 - 4*xA*c”™2x(c*d - 3xa*xf)x(cxd - a*f)~2 + 2
*Axb"4*xf 2% (- (cxd) + a*xf) — b 3*B*f*(-5xc”2*%d"2 + 4xakxckd*f + a~2xf"2) - 4x
Axb"2xcxfx (2%c™2%d"2 — 3kakxckdxf + 3*%a”2%f~2) + 2%b*Bxcx(c"3*%d"3 - T*xakxc 2%
d~2xf + 3*%a~2xckd*f~2 + 3xa~3*%f~3))*ArcTan[(b + 2%c*x)/Sqrt[-b~2 + 4*a*xc]])
/(-b"2 + 4xaxc)~(3/2) + £*x(2xA*xbxf*x(cxd - axf) + Bx(c™2*d"2 - 2xakckdxf + f
*x(—(b~2xd) + a~2+f)))*Logld + f*x~2] + f*x(2*A*bxfx(-(cxd) + axf) + Bx(-(c™2
*d~2) + 2¥akxckdxf + f*(b~2+%d - a~2xf)))x*Logla + xx(b + cxx)])/(2%(c"2*d"2 -
2xaxcxdxf + f*x(b~2xd + a~2xf))~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1253 vs.

2(580) = 1160.
time = 0.95, size = 1254, normalized size = 2.10

method | result

(—2Aab f24+2Abcdf+B a2 f2—2Bacdf—B b2df + B c2d2) 1n(f z2+d)

(A 0252 _2Aacdf—Ab2df+A c2d? +2Babdf —2Bbe d2) arctan (

fx

Vdf

r 2 Jar

default T fAi—1a%cd f3+2a%62d [3+6a2C2d2 f2—a bZcd? f2—da 3 f1bAd2 21+ 262 C2d3 f+cAdP

risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+b*x+a) "2/ (f*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] £72/(a~4%xf~4-4%a~3*cxd*f~3+2%a " 2%b~2%d*xf " 3+6%a~2%c " 2xd "~ 2xf ~2-4*a*xb~2*cxd ™~ 2%

f72-4xaxc”3*%d " 3*xf+b"4*d " 2%f "2+2*b " 2% c"2xd "3k f+c4*xd"4) * (1/2* (—2xAxaxb*f~2+2
*Axbxckd*f+Bxa~2xf " 2-2*Bxaxcxd*f-Bxb~2xd*xf+B*c~2*xd~2) /f*1n (f*x~2+d) +(A*a~2x*
£72-2xAxaxckd*f-Axb~2xd*f+A*xc~2%d " 2+2*Bxaxbxd*f-2*%Bxbxc*d~2) / (d*f) ~(1/2) *ar
ctan(f*x/(d*f)~(1/2)))-1/(a~4*f~4-4*a~3*ckd*f~3+2*%a”~2xb~2xd*f ~3+6*a~2*c~2*d
“2%f"2-4%axb"2kxckxd"2*%f " 2-4*axc 3*%d"3xf+b"4xd " 2*f " 2+2%b " 2xc"2%d"3*xf+c"4*xd"4)
*((cx (2%A*a~3xcxf~3-A*a~2xb~2*f ~"3-6*A*xa”~2kc”2*d*f ~2+4*A*a*xb~2xcxd*f " 2+6*Axa
*C™3%d"2%xf-Axb"4*d*fT2-3%A*b"2kcT2xd 2% f-2%A*c"4*d " 3+B*a~3xbxf " 3-B*a~2*b*cx*
d*f~2+Bxaxb~3*d*f ~2-Bxaxb*c”~2*xd~2*xf+B*b~3*cxd " 2*f+B*xb*xc~3*d"3) / (4*xaxc-b"2) *
x+(3*%A*xa”~3xbkxc*f~3-A*a”~2%b " 3*f ~3-7*kA*a " 2xbxc”2kxd*f "2+5xAxaxb~3kckdxf " 2+5*xA*
axbxc”3xd"2*f-A*b~5xd*f " 2-2%xAxb~3*c"2xd"2*f-A*b*xc"4*d"3-2*B*a~4*c*f~3+B*a”~3
*b~2%f ~3+6*Bka~3kc " 2xd*f "2-4*B*a”~2*%b "2k ckd*f "2-6*%B*a~2*xc~3kd " 2xf+Bxaxb~4*xdx*
£72+3*Bxaxb™2*xc"2xd"2*f+2*Bxaxc"4*d"3) / (d*xa*c-b"2) ) / (c*x"2+b*x+a)+1/ (4*a*xc-
b~2) % (1/2% (—8*%A*a~2*bxc”~2%f ~3+2*Axaxb”~3*kc*f " 3+8*xAxaxb*c 3xd*xf " 2-2*%A*b~3*c”2
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*d*xf " 2+4*%B*a~3*%c”2xf " 3-B*a~2xb " 2*c*f~3-8*B*xa~2*c”3xd*xf "2-2*Bxaxb~2*c " 2xd*xf~
2+4xBxaxc”4*d " 2xf+Bxb~4*ckxd*f " 2-B*b~2*xc~3*d"2*f) /cx1n (c*x~2+b*x+a) +2* (6*%A*a
“3%cT2%xf"3-10%A*a"2*%xb 2k ckxf T3-14%Axa"2xc”3*kd*f T 2+2*%A*xa*xb"4xf"3+10*kA*xaxb"2*c
“2xdxf"2+10%Axaxc"4*d " 2xf -2k Axb "4k ckdxf " 2-4*AxD"2xc " 3*d " 2% f-2xAxc"5%d " 3+5*B
*a” 3xbxc*kxf " 3-B*xa~2*xb~3*%f"3-Bxa~2*b*c”2xd*f " 2-3*Bxaxb~3*c*d*xf"2-5*%B*a*xb*xc”3*
d~2*f+b~5xBxd*f ~2+2*B*b~3*%c”~2%d" 2% f+Bxb*xc~4*d~3-1/2% (-8*%A*a”~2kbkc~2xf ~3+2*A
*a*xb~3kckxf"3+8kxAkxaxb*c”3kd*f"2-2%xAxD 3k cT2*d*f " 2+4*%B*a~3xc"2xf " 3-B*a"2*¥b"2x*
cxf~3-8%B*a~2xc”~3kd*f "2-2xBxaxb " 2*c 2xd*xf " 2+4*Bxaxc~4*xd " 2*xf+Bxb~4*c*d*xf~2-B
*b~2%c"3*%d"2*f) *b/c) / (d*xaxc-b"2) " (1/2) *arctan ((2xc*x+b) / (d*a*xc-b"2) ~(1/2)))
)

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a) 2/ (f*x"2+d),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(c*x~2+b*x+a) 2/ (f*x"2+d),x, algorithm="fricas")
[Out] Timed out

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*xx**2+b*x+a)**2/ (£*x**2+d) ,x)
[Out] Timed out

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 1313 vs.
2(579) = 1158.
time = 4.24, size = 1313, normalized size = 2.20
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a) ~2/(f*x"2+d),x, algorithm="giac")

[Out] -1/2*(Bxc~2*%d"2*f - B*b~2*d*f~2 - 2xBxaxcxd*f~2 + 2*A*b*ckd*f~2 + Bxa~2*xf~3
- 2xAxaxb*f~3)*log(c*xx™2 + bxx + a)/(c™4*d™4 + 2xb~2%c"2xd"3*f - 4xaxc”3*d
“3%f + bT4*xd"2*xf72 - 4*axb"2xckd"2*%f72 + 6*%a"2*%cT2xd"2*%f72 + 2*%a"2%b"2xdxf”
3 - 4xa”3*kc*d*f~3 + a"4*xf74) + 1/2%(B*xc”2xd"2*%f - Bxb~2xd*f"2 - 2xBkxaxckd*f
"2 + 2xAxbxcxd*f~2 + Bxa"2*%f"3 - 2kxAxaxb*f~3)*xlog(f*x~2 + d)/(c"4xd"4 + 2*b
“2%cT2xd"3*%f - 4xakxc”3*%d"3xf + bT4*xdT2*xf72 - 4xaxb"2kckd"2*xf72 + 6*a”2xcT2x*
d"2+£72 + 2%a”2%b"2xd*xf"3 - 4*a~3*xckd*f~3 + a"4*xf"4) - (2xBkb*c*d"2*xf"2 - A
*CT2%d"2%f"2 - 2kBxaxbxd*xf~3 + Axb"2xd*f"3 + 2kAxaxcxdxf~3 - Axa~2*f"4)*arc
tan(f*x/sqrt (d*£f))/((c4*d"4 + 2%b~2%c™2xd"3*f - 4xaxc™3*%d"3*f + b 4*xd~2xf~
2 — 4%a*xb”"2kckd"2xf72 + 6*a”2%cT2kxd"2*xf72 + 2%a"2*%b72*xd*xf"3 - 4*xa~3%ckd*f"3
+ a~4xf~4)*sqrt(d*f)) + (2%Bxbxc~4*%d~3 - 4xA*c”5*d"3 + 5*B*b~3*c”2*d"2*f -
14xB*a*xb*c™3xd"2*%f - 8xAxb"2*%c”3*%d"2*xf + 20*%A*ak*c”4xd"2*f + Bxb Hkd*f~"2 -
4%Bxaxb~3*kckd*f"2 - 2%A*bT4xckxd*f"2 + 6xBka"2¥b*xcT2xd*f"2 + 12*¢AxaxbT2kc”2*
d*xf~2 - 28*A*a”"2*%c 3xd*xf"2 — B*a"2%b"3*xf"3 + 2xAxaxb"4*f"3 + 6*kBkxa~3xbkxc*xf”
3 - 12%A*a~2%b~2*kc*xf~3 + 12xA*a”3*c"2xf~3)*arctan((2*cxx + b)/sqrt(-b"2 + 4
*a*xc))/((b7™2*%c™4*d"4 - 4xaxc~5+%d"4 + 2%b"4*xc~2xd"3*f - 12*xa*xb~2*c”3*d"3*f +
16*%a~2%c~4xd"3*f + b~ 6xd"2*f"2 - 8*xaxb~4*c*xd"2xf"2 + 22%a"2xb”"2*c”2xd"2*f"~
2 - 24x%a”3*%c”3%d"2xf72 + 2*%a"2xb"4*xd*f"3 - 12%a"3*%b"2*ckd*f~3 + 16*ka”4*c”2x%
d*f~3 + a"4xb~2+xf"4 - 4xa~bkc*f~4)*sqrt(-b~2 + 4xaxc)) + (2#Bkaxc”4xd"3 - A
*¥b*c™4*%d"3 + 3xBxaxb"2*%c"2*xd"2*%f - 2xAxbT3*%c”2%d"2*%f - 6%xBxa~2x%c”3*%d"2*%f +
5xAxa*xbxc~3*%d"2*f + Bxaxb~4xd*f~2 - Axb"5*xd*f"2 - 4*B*a”2xb”"2*ckxd*f~2 + 5xA
*axb " 3kckd*f~2 + 6*%Bxa~3*%c”2xd*f"2 - TkA*a~2%bxc” 2+d*f"2 + B*a~3*b~2*f"3 -
Axa~2xb"3*xf~3 - 2*Bxa~4*c*f~3 + 3kA*a"3xbxcxf~3 + (Bxb*c"4*d"3 - 2%kAxc~5xd”
3 + B*b7"3*%c™2xd"2*%f - Bxaxbkc 3*%d"2xf - 3*%A*xb"2xc”3%d"2*f + 6kA*axc”4xd"2*f
+ B*axb~3kckxd*xf~2 — A*b"4kckd*xf~2 - Bxa"2%b*cT2*%d*f"2 + 4xAxaxbT2*cT2*xd*f”
2 - 6xA*a”2%c”3xd*xf~2 + B*a~3xbkckf~3 - A*xa~2%b"2%cxf~3 + 2%A*a~3xc"2xf"3)*
x)/((c™2*%d"2 + b™2*d*f - 2*axckd*f + a~2*xf~2) "2x(c*x"2 + b*x + a)*(b"2 - 4%
axc))
Mupad [B]
time = 7.53, size = 2500, normalized size = 4.19

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx)/((d + f*x"2)*(a + b*x + c*x72)72),x)

[Out] ((A*b~3*f + Axbkc™2%d - 2xBka*xc™2*xd — Bxa*xb™2*f + 2%Bka 2xcxf - 3*A*xaxbxcxf
)/ ((4xaxc - b~2)*(a"2*%f"2 + c™2*%d"2 + b~ 2*d*f - 2*axckd*f)) - (x*x(2xAxaxc™2
*f — 2%kA*c”3xd + Bxb*c"2xd - A*b~2*cxf + Bkaxb*cxf))/((4*a*xc - b~2)*(a~2xf~
2 + c72%d”2 + b72xd*f - 2xaxc*d*f)))/(a + b*x + c*x”2) + symsum(log((x*(4*A
“3%b"3*%c"4xf"6 + 16%B"3*%a"3%c"4*f"6 — 3*B"3%a"2xb"2*%c"3*%f"6 + B~ 3*b"2xc"5%d
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~2%f~4 - 16%xA"3*axb*xc”5xf"6 + 20%A"2*Bxa~2*%c"5*%f"6 - 3*A"2xB*¥b"4xc"3*f"6 +
4AxA"2*%Bxc”T7*d"2*xf"4 - 16#%B~3*a~2*c 5*d*f~5 + 6*B"3*a*b"2xc”4*xd*xf"5 - 24%A”2
*Bxaxc~6*xd*xf~5 + 6xA*B"2*xaxb”~3kc"3*%f"6 - 28%AxB"2*a"2xb*c"4*xf"6 + 8*A"2xB*a
*b"2xc"4*%f"6 - 4kA*B"2*bxc”6*¢d"2%f"4 — 6*%A*BT2%b"3*c"4*d*f"5 + 8*xAT2*Bxb~2*
c~5*%d*f~5 + 16*%A*xB~2xaxb*c~5xd*f~5))/(16*%a~2*c~6*d"4 + a~4*xb~4xf~4 + b~4xc”
4xd~4 + 16*a"6xc”2*f74 + b~8xd"2*f"2 - 8*axb~2*kc"5*%d"4 - 8*a~5xb"2*cxf~4 +
2*%a"2*%b"6xd*f"3 - 64*a~3*%c”5xd"3*f - 64*a"5xc”3kd*xf"3 + 2*%b"6xc"2*%d"3xf + 9
6*a~4*c”4xd"2*%f"2 + B54*xa~2+«b"4xc”2xd"2+%f72 - 112*a~3*%b"2x%c"3kd"2*f"2 - 20%*a
*b"4*xc"3*%d"3*%f - 12*a*b"6xc*d"2*xf"2 - 20*a”3*xb"4*cxd*f~3 + 64*a”2xb"2*c"4*d
“3xf + 64*a~4xb"2%c”2+%d*f~3) - root(2560*a”3*b"2xc"9*d"8*f*xz"4 - 1152%a”~2*b
“4%xc”8%d"8xf*xz"4 + 384*a”5xb"8xcxd"3*xf"6%z"4 + 384*axb”~8xc”b5*d"7Txf"2*xz"4 +
288*a~3*b~10*c*kd~4*f"5xz"4 + 288*a*xb~10*c”3*%d"6*f"3*%z"4 + 224*a~T7* b~ 6xc*d”2
*£77xz"4 - 192%a”10%b"2xc"2+¢d*f~"8%z"4 + 224*axb~6*kc”7+*d"8xf*z"4 + 80*axb~12
*ckd"5*xf"4*xz"4 + 48%a”9*b"4*ckd*xf~8*z"4 - 33920%a”6*b"2*c"6*%d"5xf"4%z"4 + 2
7936%a"5xb~4xc 5xd"5xf~4%z"4 + 26112*%a”7*b~2xc 5xd~4*xf~5%xz"4 + 26112*a”5*b~
2%c”T7*d"6*f"3xz"4 - 20352%a"6*b"4*c"4*d"4*xf"5xz"4 - 20352*a"4*b"4*c”6*xd”6*f
~3*z"4 - 13080*a"4*xb~6*c"4*d"5xf~4*%z"4 - 11520%a"8*b"2*c"4xd"3*f"6*%z"4 - 11
520*a~4*b"2*%c”8xd~T7*f"2xz"4 + 8736*a~5+¥b"6xc"3*d"4*xf"5*xz"4 + 8736*a”"3*b"6%*cC
“Bxd"6*%f"3*xz"4 + T488*a”7Txb~4*c~3*%d"3*xf"6*z"4 + 7488*a”3*b"4*c”T7Txd"T*f 2%z~
4 + 3840*%a~3%b~8*c~3*%d"5*f"4*z"4 + 2560*a~9*b"2*c"3*%d"2*f"7*z"4 - 2416*a"6%
bT6xc"2x%d"3*f£76%2z"4 - 2416*%a~2xb"6xc"6xd T+ f"2%z"4 - 2160*%a~4*xb"8xc"2xd"4*f
“b*xz"4 - 2160%a"2*xb"8*c"4xd"6*f"3%z"4 - 1152*%a~8*b"4xc”2xd"2*%f"7*xz"4 - T720%
a~2xb~10kc"2*%d"5*xf"4*z"4 - 16*xb~8*c”6xd"8*f*xz"4 - 2048*a~4*c”~10*xd"8*f*xz"4 +
256*a~11*c~3*%d*f"8%z"4 - 4%a”8xb~6*xd*xf~8*z"4 + 48*a*xb”~4*xc~9*%d"9*xz"4 - 24%b
“10*cT4*d"T*f"2%z"4 - 16*b~12*%c"2*%d"6*xf"3*%z"4 + 17920%a"7*xc~7*d~5xf~4*xz~4 -
14336*a~8*c~6+%d"4*f"5*%z"4 - 14336*a~6xc~8*xd"6*xf"3*%z"4 + 7168%a”~9*kc 5xd~3*f
“6*z74 + T7168*a"bxc”9*d"7Txf"2*%z"4 - 2048%a”10*%c”4*xd"2*f"7*xz"4 - 24*a"4xb~10
*d"3xf"6*%z"4 - 16*a~6*¥b"8xd"2*xf"7*z"4 - 16*%a~2*¥b”"12xd"4*xf"5%z"4 - 192*xa~2+*b
“2%cT10%d79%z"4 - 4%b~14xd"5*xf"4%z"4 - 4*%b"6xc"8*%d"9%z"4 + 256*a~3*c”11xd"9
*z"4 + 912*A*B*a”~6xb*c”3xd*f"6*z"2 + 192%A*Bxa~4*b 5xc*d*f~6%z"2 + 920*A*B*
a~4*b~3*c"3xd"2xf"5xz"2 - 480%A*B*a”2*b”"5kc"3*xd"3*xf"4xz"2 - 336+%A*B*a”2*b”3
*c"bxd"4*f"3%272 - 272*%A*xB*a”~3*b"3*%c"4xd"3*f"4%z"2 + 240*%A*B*a”~3*xb"5*kc"2*d"™
2%xf~5%z72 + 192%xAxB*axbxc”8*d"6*xf*z"2 - 2496xA*B*a~5*b*xc”4*xd"2*xf"5*%z"2 + 18
T2xA*B*a~4xb*c~5xd"3*f"4%z2"2 — T44*AxB*a~5xb~3*c™2*%d*f~6*xz2"2 — 720*AxB*xa~2x*
b*c”7*d"5*f"2*xz"2 + 504*A*Bxa*b”~3*xc”6*xd"5*xf"2*xz"2 + 256*A*Bxa~3*bkc"6*d"4x*xf
“3%z72 + 168*A*B*axb~7*xc 2*%d"3*xf "4*z"2 - 144xA*B*a”~2*%b”7*xc*xd"2xf"5*%z"2 + 14
4xA*B*axb~5*xc"4xd"4*f"3%z"2 — 56*BT2*a*b"2xc”7*d"6*xf*z"2 - 36*xB"2*%a"5xb"4*c
*d*f~6%272 — 16*%B"2*a*b"8xc*d"3xf"4*z"2 - 164*xA"2*%a"3*xb"6xckxd*f"6xz"2 - 16%
A"2%a*b"8%c*kd"2*xf"5*z"2 - 96xA*Bxb~5*xc 5xd"5*f 2272 — 24*A*Bxb~7*kc”3*d"4xf
~3%z"2 - B80*%B"2*%a~4*b”~2xc"4*d"3*%f"4*z"2 + 536%B”2*xa~3*b"4*xc”3*d"3*f"4*xz"2
- 348%B~2*a~4*b"4xc”2*d"2*%f"5xz"2 + 316%B”2*a"2*b"2*%c”6xd"5*f"2*xz"2 + 200%*B
“2%a"bxbT2*%c”3*%d"2xf "5%z72 - 120*%B72*%a"2*xb"4*c"4*xd"4*xf"3%z"2 - 66*%B"2*%a”2*b
T6*xcT2%d"3*xf"4%z72 - 16*%BT2%a”"3*b"2*%c"5*xd"4*xf"3%z72 + 1952%xA"2%a~4*b"2%c 4%
d™2*%£75xz72 - 1792*%A"2%a"3*b"2+%c"5xd"3*f"4%z"2 - 1272*xA"2%a”"3%b"4*kc"3*d"2xf
“B*z72 + 976%A"2%a"2+¥b"2xc"6*xd"4*xf"3*z"2 + 960*A”2*xa"~2+¥b"4xc"4*xd"3*f"4*xz"2
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+ 282%A72%a”2%b"6*c"2xd"2*%f"5%z72 - 72*A*Bxb"3%c”7*d"6*f*xz"2 - 16*A*xBxb”"O%*c
*d"3*%f74%z72 - 16%AxB*xa~3*%b"7*d*f76*%z"2 + 16%A*Bxaxb~9xd"2xf"5xz"2 - 180%B~
2%axb”4*xc"5xd"5xf72%z72 + 132*%B"2%a”6*b"2xc”2xd*f"6*%z"2 + 108*B~2%a”3*b~6*c
*d"2xf75%z72 + 20%BT2*axb"6xc”3*d"4*xf73%z72 - 736%AT2%a"5*b"2xc”3*xd*f"6%z"2
+ 624xA™2%a"4*b"4xc”2xd*f76%z272 - 416*%A72%xaxbT2*xcTT7*d"5*xf72%z72 - 276%AT2x%
axb~4xc 5xd"4*f"3%z72 - 196*A”2*%axb”"6*c”3*xd"3*f"4*z"2 + 31*B"2*b"6xc”"4*d 5%
£72%z72 + 2xB72xb"8*cT2xd"4*f73%z2"2 - 768%BT2%xa"bxc"b*xd"3*f"4*z"2 + 512xB"2
*a"6%c”4*d"2%x£75%z72 + 512%B72%a"4*cT6*%d"4*xf"3*%z"2 — 128%B72*a"3*c”7*d"5*xf"
2%z72 + 80%A"2xb"4xc"6*%d"5*f72%z72 + 31%AT2xb"6xcT4*d"4*f£73*%z72 + 14%A"2xb”
8xc™2xd"3xf"4*z72 - 1152%A72%a”3%c”7*d"4*xf"3*z"2 + 1008*A"2*a"4*xc”"6xd"3*f"4
*Z"2 + 624*A72%a”2%c”8*%d"5*f72%xz72 - 288%A”2%a"bxcT5xd"2*f"5xz72 - 10%B"2*a
T2%b78*%dA"2%f75%z72 — 48%AT2%a"6xb"2*%cT2*¢f77*z2"2 — 16%AxBxbxcT9xd"7*z"2 + 20
*B72%b74*cT6xd"6%xfxz"2 — 128*%B72*a"7*c " 3*d*fT6*%z"2 + 64*AT2x%b"2*xc"8*d"6*f*z
"2 - 112%A72%a"6%c”"4xd*xf"6%z"2 + 3*%B"2*a"4*b"6*xd*xf"6%xz"2 + 14*A"2xa"2%b"8*d
*f76%xz272 + 12%AT2%a"5*b"4xcxfT7*z72 - 160%A”2%axc”9xd"6*xf*z"2 + 3*B"2%b~10%
d"3*f74xz"2 - AT2xb710%d"2*%f75%z72 + 64*AT2%a”7xc"3*f"7*z"2 + 4*¥B"2xb"2%c”8
*d7T7*272 - AT2%a"4xbT6xf77*xz72 + 16%AT2%cT10%4d". ..
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3.6 f (A+Bz) v g_—;xg)x + cx? do

Optimal. Leaf size=331

. . BVd — AJF \/cd—b\/cT\/?Jr
BvVa + bx + cx? _(bB—|—2Ac)tanh (2\/Ex/ab:—2bm+cx2) < )
f 2\/c f

[Out] -1/2*%(2xAxc+B*b)*arctanh(1/2*(2xcxx+b)/c~(1/2)/(c*x"2+b*xx+a) ~(1/2))/f/c~(1/
2)-Bx(c*x~2+b*x+a) " (1/2) /f-1/2*arctanh (1/2*% (b*d~ (1/2) -2*a*f~ (1/2) +x* (2*c*xd~
(1/2)-b*£~(1/2))) / (c*x~2+b*xx+a) ~(1/2) / (cxd+a*f-bxd~(1/2)*f~(1/2))~(1/2))*(B
*d~(1/2)-Ax£~(1/2) ) *(c*xd+axf-bxd~(1/2)*£~(1/2))~(1/2)/£~(3/2) /d~(1/2)+1/2*a
rctanh (1/2% (bxd™ (1/2) +2xa*xf~(1/2) +x* (2xc*xd™ (1/2)+b*f~(1/2)) )/ (c*x~2+b*x+a) "~

(1/2) / (c*d+axf+bxd~ (1/2)*f~(1/2))~(1/2) ) *(B*d~ (1/2) +A*f~ (1/2) ) * (c*d+a*xf+b*xd
~(1/2)*£7(1/2))~(1/2) /£~ (3/2) /d~(1/2)

Rubi [A]
time = 0.38, antiderivative size = 331, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 9, number of rules used = 6, integrand size = 30,
Rules used = {1035, 1092, 635, 212, 1047, 738}

—/F o (2eVd /T )Vd
2va+ bz + ca? v““a/+b(—\/5) VI +ed
2Vd f312 2Vd f32

(BVT - aVT) \;“f“/*" (V@) VT +ed tanb™ ( ) (AVF + BV ) \Jof +Vd VT +cd tanh™ ( / )
+

— ’ .
watbota \Jaf +0Vd /T +ai> (24c +0B) tank (2\/?\7n+bz+n7 ) _BVatbite®
2V’ f f

Antiderivative was successfully verified.
[In] Int[((A + Bxx)*Sqrtl[a + bxx + c*x~2])/(d - £*x72),x]

[Out] -((B#Sqrt[a + b*x + c*x~2])/f) - ((b*B + 2xAxc)*ArcTanh[(b + 2*c*x)/(2*Sqrt
[c]*Sqrt[a + b*x + c*x72])]1)/(2*Sqrt[cl*f) - ((BxSqrt[d] - AxSqrt[f])=*Sqrtl[

ckd - bxSqrt[d]*Sqrt[f] + axf]*ArcTanh[(b*Sqrt[d] - 2*a*Sqrt[f] + (2%c*Sqrt

[d] - b*Sqrt[f])*x)/(2*Sqrtlc*d - b*Sqrt[d]*Sqrt[f] + axf]l*Sqrt[a + b*x + ¢
*x72])]1)/(2*%Sqrt [d]*£~(3/2)) + ((BxSqrt[d] + AxSqrt[f])#*Sqrt[c*d + bxSqrt[d
1*Sqrt [f] + axf]*ArcTanh[(b*Sqrt[d] + 2*a*Sqrt[f] + (2xc*Sqrt[d] + b*Sqrt[f
1)*x)/(2xSqrt [c*d + b*Sqrt[d]*Sqrt[f] + a*xf]*Sqrtla + b*x + c*xx~2])])/(2*Sq
rt[d]*£~(3/2))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 635
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Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*cxd”2 - 4xbxd*xe + 4*axe”2 - x~2), x], x, (2
kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bkx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1035

Int[((g_.) + (h_)*x(x_))*((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*x(x_)"2)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + f*x72)"(q +
1)/(2*xfx(p + q + 1))), x] - Dist[1/(2*f*(p + q + 1)), Int[(a + b*x + c*xx"2
) (p - Dx(d + £*x72) “q*Simp [h*p* (b*d) + a*x(-2xgxf)*(p + q + 1) + (2xhxpx*(c
xd - axf) + bx(-2xgxf)*(p + q + 1))*x + (h*p*x((-b)*f) + ckx(-2*gxf)*x(p + q +
1))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] & NeQ[b~2 - 4xa
*xc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1047

Int[((g_.) + (h_.)*(x_))/(((a.) + (c_.)*(x_)"2)*Sqrtl[(d_.) + (e_.)*x(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + c*(g/(2*q)
), Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Dist[h/2 - c*(g/(2%q)
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQl{a, c, d, e, £
, &, h}Y, x] && NeQ[e~2 - 4*d*f, 0] && PosQ[(-a)=*c]

Rule 1092

Int[((A_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_.)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + e*x + f
*x~2], x], x] + Dist[1/c, Int[(A*xc - a*C + Bxc*x)/((a + cxx~2)*Sqrt[d + e*x
+ f*x~2]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdxf
, 0]

Rubi steps
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| f 1(bBd+2aAf)+(Bcd+Abf+aBf)z+ 3 (bB+2Ac) fz? d
(A+ Bz)Va+ bz + cx? dp — _B\/a + bz + cx? n Va + bz + cx? (d-fa?)
d— fz? f f

f —2(bB+2Ac)df — § f (bBd+2aAf)— f(Bed+Abf+aBf)x dz

_ BVa + bz + cx? Va + bx + cx? (d—fa2?)
bB + 2Ac)Subst | [ 1 dz, x, bi2es
_Bva+bz+ca? _( + C)us<f4c_” HE va + bz + cx?
B f f

) |

bB + 2Ac) tanh™* ‘
Bva + bx + cx? (bB +24c) tan (2\/3\/a+bx+cx2

f 2Vc' f

bB + 2Ac) tanh ™ ‘
BvVa + bz + cx? (bB + 24c) tan (2\/3\/a+bx+cx2

f 2Vc'f

bites ) (-

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.68, size = 511, normalized size = 1.54

S e N Cun e s (VTS A N O A T Ve ]

Antiderivative was successfully verified.

[In] Integrate[((A + B*x)*Sqrtla + b*x + c*x72])/(d - £*x72),x]

[Out] -1/2%(2xB*Sqrtla + x*(b + c*xx)] - ((b*B + 2*A*xc)*Log[f*x(b + 2xc*x - 2xSqrt[
cl*Sqrtla + x*(b + c*x)])]1)/Sqrtlc] + RootSum[b~2+d - a~2xf - 4xb*Sqrt[c]l*d
*x#1 + 4dxckd*#172 + 2kaxfx#172 - f*#174 & , (b~2*BxdxLog[-(Sqrt[cl*x) + Sqrt
[a + b*x + c*x72] - #1] + Axbkxckd*Log[-(Sqrt[cl*x) + Sqrt[a + b*x + c*x"2]
- #1] - a*BkcxdxLog[-(Sqrt[cl*x) + Sqrtla + b*x + c*x~2] - #1] - a~2*BxfxLo
g[-(Sqrtlcl*x) + Sqrtla + b*x + c*x~2] - #1] - 2*bxBxSqrt[c]*d*Log[-(Sqrtl[c
1*x) + Sqrt[a + b*x + c*x72] - #1]*#1 - 2%Axc~(3/2)*d*Log[-(Sqrt[c]*x) + Sq
rt[a + bxx + c*x72] - #1]*#1 - 2*a*xA*xSqrt[c]*f*Log[-(Sqrt[c]*x) + Sqrtl[a +
b*xx + c*x~2] - #1]*#1 + Bkckd*Log[-(Sqrtlc]l*x) + Sqrtla + b*x + cxx"2] - #1
1*#17°2 + Axbxf*Log[-(Sqrt[cl*x) + Sqrtl[a + b*x + c*x"2] - #1]*#172 + a*Bxfx
Log[-(Sqrt[c]*x) + Sqrt[a + b*x + c*xx~2] - #1]*#172)/(bxSqrt[cl*d - 2*c*d*#
1 - axf*#1 + £*#173) & 1)/f
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 802 vs.
2(251) = 502.
time = 0.17, size = 803, normalized size = 2.43

method | result

—2

| <72c\/d7‘+bf> In| —

(Af_B\/CF) J (x+ﬁ>2c+ <—2c\/¢7+bf) <m+\/§7> + —b\/d—ff—l—fa-l—cd N

f f

default

risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)*(c*x~2+b*x+a)~(1/2)/(-f*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/2*%(Axf-B*(d*f)~(1/2))/(d*£)~(1/2)/£x(((x+(d*£)~(1/2)/£) ~2xc+1/f* (-2xc* (d*

£)7(1/2)+b*f) * (x+(d*£) " (1/2) /£)+1/£*x (-b*x (d*£f) " (1/2) +f*a+c*xd) )~ (1/2)+1/2/£*(
=2%cx (d*f) " (1/2) +b*f) *1n((1/2/f* (=2*c* (d*f) = (1/2) +b*f) +c* (x+(d*f) ~(1/2)/£))
/c”(1/2)+((x+(d*£) ~(1/2) /£) "2%c+1/f* (-2%c* (d*£) ~(1/2) +b*f) * (x+(d*£) ~(1/2) /£
Y+1/f%(-bx (d*f) ~(1/2)+f*a+c*d) )~ (1/2))/c~(1/2)-1/f*(~b* (d*f) ~(1/2) +f*a+c*xd)
/(1/fx(bx (d*f)~(1/2)+f*a+c*d)) " (1/2) *1n((2/f* (-b*x (d*f) ~(1/2) +f*a+c*xd)+1/f*
(=2xcx (d*f) = (1/2) +b*f) * (x+(d*£f) ~(1/2) /£) +2% (1/£* (-bx (d*£) = (1/2) +f*a+c*d) ) ~(
1/2) % ((x+(d*£) ~(1/2) /£) "2xc+1/£x (-2%c*x (d*f) = (1/2) +b*f) * (x+(d*f) ~(1/2) /£)+1/
fx(-b*x(d*f) " (1/2)+f*a+c*d) ) ~(1/2))/ (x+(d*£)~(1/2)/£)))+1/2x (-Axf-B*x (d*f) ~ (1
/2))/(d*£)~(1/2) /£x (((x=(d*£) ~(1/2) /£) ~2xc+(2xcx (d*£) = (1/2) +b*f) /£* (x-(d*£f)
~(1/2)/£)+(bx(d*£f) = (1/2) +f*a+c*xd) /£) ~(1/2) +1/2* (2xcx (d*£) = (1/2) +b*f) /£*1n ((
1/2% (2xcx (d*£) ~(1/2) +bxf) /f+cx (x—(d*x£)~(1/2) /£)) /c~(1/2)+((x-(d*£)~(1/2) /£)
“2%c+ (2%ck (d*f) " (1/2) +bxf) /fx (x-(d*f) ~(1/2) /£) +(bx (d*f) ~(1/2) +f*a+c*d) /£) ~(
1/2))/c™(1/2)-(b*x(d*£f) ~(1/2) +f*a+c*d) /£/ ((b*x (d*f) ~(1/2) +f*a+c*d) /£) ~(1/2) ¥1
n( (2% (b*x (d*f) =~ (1/2)+f*a+ckxd) /£+(2xcx (d*f) = (1/2) +b*xf) /£* (x—-(d*f) ~(1/2) /f)+2*
((bx(d*f)~(1/2)+f*a+c*xd) /£)~(1/2) * ((x-(d*£f) ~(1/2) /£) "2*c+(2*cx (d*f) ~(1/2) +b
*f) /fx (x-(d*£)~(1/2) /£)+(bx(d*£f) " (1/2)+f*a+c*d) /£)~(1/2))/ (x-(d*£)~(1/2)/£)
))

Maxima [F(-2)]
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time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)~(1/2)/(-f*x~2+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(((c*ksqrt(4*xd*f))/(2+x£72)>0)’, see ¢
assume?

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)~(1/2)/(-f*x~2+d) ,x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/A\/a—l—bx—l—cx2 dx_/Bav\/a,—l—bsc—}-cz2

—d+ fo? Cit iz @

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)* (c*xx**2+b*x+a)**(1/2)/(-f*x**2+d) ,x)

[Out] -Integral(A*sqrt(a + bxx + c*x**2)/(-d + f*xx*x*2), x) - Integral (B*x*sqrt(a
+ bxx + cxx**x2)/(-d + f*x**2), x)

Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)~(1/2)/(-f*x~2+d),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT :Error: Bad Argument Type
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/(A+Bx) Vex? +bz +a
d— fx?

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx)*(a + b*x + c*x~2)~(1/2))/(d - f*x~2),x)
[Out] int(((A + B*x)*(a + b*x + c*x~2)~(1/2))/(d - f*x~2), x)
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A+Bz d
/ va+br + cx? (d—fa2) !

Optimal. Leaf size=249

—A\/? anh™! bﬁ_za\/?+(26ﬁ_b\/?)m ) AV f an _1< "
(2= ) (2\/Cd—bﬁ\/7+afm +<B+ ) 2y/ed +

2V/F \Jed—bVa \/F +af 2 /F \/ed + by

[Out] -1/2*arctanh(1/2*(b*d~(1/2)-2*a*f~(1/2)+x*(2*c*xd~(1/2)-b*£~(1/2)))/(c*x"2+b
xx+a) " (1/2) / (c*xd+a*xf-bxd~(1/2)*£~(1/2))~(1/2))*(B-A*x£~(1/2)/d~(1/2)) /£~ (1/2

)/ (cxd+a*xf-bxd~ (1/2)*f~(1/2)) " (1/2)+1/2*arctanh (1/2* (b*d~ (1/2) +2*a*f~(1/2)+

xk (2xcxd™ (1/2)+b*xf~(1/2))) / (c*x~2+b*x+a) ~(1/2) / (c*d+a*f+b*d~ (1/2)*f~(1/2) )~
(1/2))*x(B+Ax£~(1/2)/d~(1/2)) /£~ (1/2) / (c*xd+a*f+bxd~ (1/2)*£~(1/2))~(1/2)

Rubi [A]
time = 0.13, antiderivative size = 249, normalized size of antiderivative = 1.00, number of

, umber of rules _ 10
integrand size

3.7

steps used = 5, number of rules used = 3, integrand size = 30
Rules used = {1047, 738, 212}

(A\/f +B> —_ ( 2a\/17+x<b\/7+2c\/c7)+b\/c7 ) (B _ A\/\/dj> tanh-" ( —nﬁﬂ(%ﬁ—bﬁ)%ﬁ |
vd at T T e \Jaf + VA VT +od akbad e \faf +6(~v) VT +od

m/TW 2\/7\/af+b(—\/c7)\/17+cd‘

Antiderivative was successfully verified.
[In] Int[(A + B*x)/(Sqrtl[a + b*x + c*xx"2]*(d - £*x~2)),x]

[Out] -1/2%((B - (A*Sqrt[f])/Sqrt[d])*ArcTanh[(b*Sqrt[d] - 2*axSqrt[f] + (2*cxSqr
t[d] - bxSqrt[f])#*x)/(2xSqrt[cxd - b*Sqrt[d]*Sqrt[f] + a*f]l*Sqrt[a + b*xx +
c*x"2])])/(Sqrt [f]1*Sqrt [cxd - b*Sqrt[d]*Sqrt[f] + axf]) + ((B + (AxSqrt[f])
/Sqrt[d])*ArcTanh [(b*Sqrt [d] + 2*a*Sqrt[f] + (2xc*Sqrt[d] + b*Sqrt[f])*x)/(
2xSqrt [cxd + bxSqrt[d]l*Sqrt[f] + axf]l*Sqrtl[a + b*x + c*xx~2])])/(2*%Sqrt [£f]*S
qrt[cxd + b*Sqrt[d]*Sqrt[f] + a*xf])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 1047

Int[((g_.) + (h_.)*(x_))/(((a ) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + c*(g/(2%q)
), Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Dist[h/2 - c*(g/(2*q)
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQ[{a, c, d, e, f
, g5 h}, x] && NeQ[e™2 - 4xd*f, 0] && PosQ[(-a)x*c]

Rubi steps

A+ Bx 1 A\/f 1 1 A
dr=—-| B — dr+ - B+ =
Vatbetea? (d—fo?) 2( Vi >/(_ﬁ¢7-fx)m “2( i
_(_ _A\/? 1 —b\/(?

= ( B —\/E )Subst /4cdf+4bﬁf3/2+4af2_$2 d-T,l')

(B - Aﬁ) tanh™! W e PV )
vd 2\/ed —bVA /T +af Va+bo+er?

Zﬁ\/cd—bﬁ\/?+af‘

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.39, size = 219, normalized size = 0.88

1 Ablog (7\/5‘14» Vatbrta? — #1) — aBlog (7\/F1 +Vatbr ot — #1) —24V/¢ log (*\/FI*» Vatbrta? — #1) #1+ Blog (7\/5‘14» Vatbrta? — #1) #1?
—=RootSum |b*d — a®f — 4b/c d#1 + ded#1? + 2af#1% — f#1°&, T &
2 b/ d— 20d1 — af#1 + L

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/(Sqrt[a + b*x + cxx"2]*(d - £*x72)),x]

[Out] -1/2%RootSum[b~2*d - a~2*f - 4xbxSqrt[c]xd*#1 + 4*xckd*#172 + 2xaxf*#172 - f
*#1°4 & , (AxbxLog[-(Sqrt[cl*x) + Sqrtl[a + b*x + c*x"2] - #1] - axBxLog[-(S
qrtlcl*x) + Sqrt[a + b*x + c*x~2] - #1] - 2*xAxSqrt[c]*Log[-(Sqrtlc]*x) + Sq

rt[a + bxx + c*x"2] - #1]x#1 + BxLog[-(Sqrt[cl*x) + Sqrtl[a + bxx + c*x~2] -
#1]x#172) / (b*Sqrt [c]*d - 2kcxdx#1 - axf*#l1 + f*#173) & ]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 388 vs.
2(185) = 370.
time = 0.14, size = 389, normalized size = 1.56
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method | result

S N e | a9 W e \(xﬁ)l.

(Af—B\/F) In

x@

default | —

2\/—f\/ b\/ +fa+cd

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+b*x+a)~(1/2)/(-f*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] -1/2%(Axf-Bx(d*£f)~(1/2))/(a*xf)~(1/2)/£f/(1/£*(-b*x(d*£f) "~ (1/2)+f*a+c*d))~(1/2)
*1n ((2/f* (-bx (d*f) " (1/2)+f*a+cxd) +1/fx (-2xc* (d*f) ~(1/2) +b*f) * (x+(d*f) ~(1/2)
/E)+2x (1 /£ (-bx (d*f) ~(1/2)+f*a+c*d) )~ (1/2) * ((x+(d*f)~(1/2) /f) "2xc+1/f* (-2*c
*x(d*f) = (1/2) +b*f) * (x+(d*£f) ~(1/2) /£)+1/£*x (~b*x (d*£f) ~(1/2) +f*a+cxd) ) ~(1/2))/(x
+(d*£)~(1/2)/£))-1/2% (-A*x£-Bx(d*£)~(1/2)) /(d*£)~(1/2) /£/ ((b*x (d*f) " (1/2) +f*a
+c*d) /£) " (1/2) *1n((2x (b (d*f) ~(1/2) +f*a+cxd) /f+(2*c*x (d*xf) " (1/2) +b*f) /£* (x-(
d*£)~(1/2) /£)+2*% ((bx (d*£f) " (1/2) +f*a+c*d) /£) ~(1/2) *((x-(d*£)~(1/2) /£) ~2*xc+(2
xcx (d*f) " (1/2)+bxf) /£* (x—(d*£)~(1/2) /£)+(b*x (d*f) ~(1/2)+f*a+c*d) /£)~(1/2)) /(
x-(d*£)~(1/2)/£))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)~(1/2)/(-f*x~2+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(((c*sqrt(4*xdxf))/(2+%£72)>0)’, see ¢
assume?

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 6113 vs.
2(185) = 370.

time = 30.08, size = 6113, normalized size = 24.55

Too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x+A)/(c*x~2+b*x+a)~(1/2)/(-f*x~2+d) ,x, algorithm="fricas")

[Out] 1/4*sqrt((B"2*cxd~2 + A"2*xaxf~2 + (B"2%a - 2xA*B*b + A~2xc)*d*f + (c~2%d~3*
f + a™2+d*£f73 - (b™2 - 2%a*c)*d"2*xf£72)*sqrt (((B~4%b~2 - 4xA*xB~3%bxc + 4%A~2
*B72%c"2)*d"2 - 2% (2*xA*B~3%axb - AT2+%B"2*%b"2 - 2% (2*xA"2xB"2%a - A~3*Bx*b)*c)
*dxf + (4*%A"2xB"2*%a”2 - 4xA"3*B*axb + A"4*b"2)*f~2)/(c”4*d"5xf + a~4*d*xf~5
- 2x(b"2*%c™2 - 2*xaxc”3)*d"4*xf"2 + (b~4 - 4*xa*xb”2*c + 6*%a”2%c"2)*d"3*f"3 - 2
*(a"2*b"2 - 2*xa”~3*c)*d"2xf~4)))/(c”2*%d"3*f + a~2xd*f~3 - (b~2 - 2ka*xc)*d 2%
£72))*x1log(-((B"4*b~2 - 2%A*B~3*bxc)*d~2 - 2% (A*B~3*axb — A~3*Bxbxc)*dxf + (
2%A"3*%Bkaxb — AT4xb"2)*f"2 + 2% ((2*%A"3*Bka — A~4xb)*c*xf~2 + (B~ 4*b*c - 2kAx
B73%c"2)*d"2 - 2% (A*B"3*a*c - A"3*Bkc~2)*d*f)*x + 2% ((B"3*%b"2 - 3*A*B~2*b*c
+ 2%AT2%Bxc"2)*d"2xf - (3*%A*B"2%axb - AT2xBxb~2 - (4*%A"2%B*a - A~3%b)*c)*d
*f~2 + (2%A"2xBxa”2 - A~3*xaxb)*f~3 - (Bxc"3*d"4xf - (B*b~2xc - (3*B*a - Axb
)*xc”2)*d"3*xf"2 - (B*a*b~2 - A*b~3 - (3*B*a"2 - 2xAxax*b)*c)*d"2*xf"3 + (Bxa~3
- A*a”2%b) *d*f~4) *sqrt (((B"4*b~2 - 4*A*B~3%b*c + 4*A"2*¥B~2%c”2)*d"2 - 2% (2
*A*B~3*a*b - AT2*B"2*xb"2 - 2% (2*%A"2+%B"2%a - A" 3*Bxb)*c)*dxf + (4*%A"2%B"2%a"
2 - 4xA”3%B¥axb + A~4*xb"2)*f~2)/(c”4*d"5xf + a~4*xd*f~5 - 2% (b"2%xc"2 - 2%axc
~3)*d"4*f"2 + (b™4 - 4*axb"2xc + 6*a"2xc”2)*d"3*%f"3 - 2% (a"2%b"2 - 2*a~3*c)
*d"2%£74)) ) *sqrt (c*x"2 + b*x + a)*sqrt((B"2*c*d™2 + A~2*a*xf~2 + (B"2%a - 2%
AxBxb + A"2kc)*d*xf + (c™2%d"3*f + a"2*%d*f~3 - (b~2 - 2*axc)*d~2*f~2)*sqrt ((
(B~4xb~2 - 4%A*B~3*b*c + 4*A"2x%B"2%c"2)*d"2 - 2% (2%A*B"3*axb - A~2%B"2%b"2
- 2% (2%A"2xB"2%a — A~3*Bxb)*c)*d*f + (4*xA"2xB"2%xa~2 - 4*A~3*Bkaxb + A"4xb~2
Y*¥£72) /(c™4*d"5*f + a~4xd*xf"5 - 2x(b"2%c”2 - 2*xaxc”3)*d"4xf"2 + (b~4 - 4x*ax
b"2%c + 6*xa~2%c”2)*d"3*xf"3 - 2% (a"2*b"2 - 2*xa~3*c)*d"2xf~4)))/(c"2xd"3*f +
a~2xdxf~3 - (b~2 - 2*a*xc)*d~2*xf~2)) - (2*xB"2*a*c”2xd"3*f - 2xA"2xa"3*f"4 -
2% (B"2*a*xb"2 - 2xB"2*xa~2xc + A"2%a*c”2)*d"2*xf"2 + 2x(B"2*a~3 + A"2*a*b"2 -
2%A"2%a"2%c) *d*f~3 + (B 2%b*c”2*%d"3*f - A"2xa"2xbxf~4 - (B"2%b"3 - 2*B"2x*ax
bxc + AT2xbxc”2)*d"2*f"2 + (B"2*a"2%b + AT2xb~3 - 2xA~2xaxb*c)*d*f~3)*x)*sq
rt (((B”4*b~2 - 4%A*xB~3*b*c + 4*xA"2*B"2%c"2)*d"2 - 2% (2xA*xB~3*a*b - A~2*B~2%
b"2 - 2% (2xA"2*%B"2%a — A”3*B*b)*c)*d*f + (4*xA"2*xB"2%a”2 - 4*xA"3*Bxaxb + A~4
*b"2)*£72) / (c™4*d"5*f + a~4xd*f~5 - 2% (b"2%c”2 - 2*a*xc~3)*d"4*xf"2 + (b"4 -
4%a*xb~2xc + 6*%a”2xc”2)*d"3*f"3 - 2% (a"2%b"2 - 2*a~3*c)*d"2*£74)))/x) - 1/4x%
sqrt ((B™2*c*d™2 + A™2%axf~2 + (B™2%a - 2%A*B*b + A~2*c)*d*f + (c™2%d"3*f +
a"2xd*f~3 - (b~2 - 2xaxc)*d"2+f"2)*sqrt (((B"4*b~2 - 4*A*B~3xb*c + 4xA~2%B"2
*Cc"2)*d"2 - 2% (2%xA*B"3*axb — AT2+%B"2xb"2 - 2% (2%A"2*xB"2%a - A~3*Bx*b)*c)*d*xf
+ (4%A"2*xB"2*a~2 - 4*xA"3*Bka*b + A"4*xb"2)*f~2)/(c"4*d"5*f + a~4*xd*xf"5 - 2%
(b™2%c™2 - 2%a*c”3)*d"4*xf"2 + (b~4 - 4xaxb~2%c + 6*%a”~2%c”~2)*d"3*xf~3 - 2x(a”
2%b"2 - 2*a”3*c)*d"2*f74)))/(c”2*d"3*f + a"2*%d*f~3 - (b2 - 2xaxc)*d"2*f~2)
)*log(-((B"4*b~2 - 2%A*B~3xb*c)*d~2 - 2% (A*B~3*axb — A~3*Bxbxc)*dxf + (2%A~
3*%Bxaxb — AT4xb"2)*f"2 + 2% ((2%xA"3*B*a — A”4x*b)*cxf~2 + (B~ 4xbxc — 2%A*B~3x%
c”2)*d"2 - 2x(AxB"3*a*c - A"3*Bkxc"2)*dxf)*x - 2% ((B"3*b"2 - 3*A*xB"2%b*c + 2
*A"2%B*c”2) *d"2*%f - (3*xA*xB"2xaxb - AT2%B*b~2 - (4*A"2xBxa - A~3%*b)*c)*d*f"2
+ (2%A"2xB*a”2 - A" 3*axb)*f~3 - (B*c"3*d"4xf - (B*¥b~2*xc - (3*%B*a — Axb)*c”
2)*%d"3*xf"2 - (Bxa*xb"2 - A*b~3 - (3*%B*a~2 - 2kA*a*b)*c)*d"2*f~3 + (B*a"3 - A
*a~2%b) x*d*f~4) *sqrt (((B"4*b~2 - 4*A*B~3xb*c + 4*xA~2+%B"2*%c~2)*d"2 - 2%(2xA*B
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“3xaxb - AT2x%B"2*b"2 - 2% (2%xA"2*%B"2%a — A"3%B#*b)*c)*d*f + (4xA"2*xB"2%a"2 -

4xA"3xBxaxb + A~4xb"2)*f"2)/(c”4*d"5*xf + a~4xd*f~5 - 2x(b"2%c”2 - 2*%a*xc”3)*
d~4xf~2 + (b™4 - 4xa*xb"2%c + 6*%a”~2%xc”2)*d"3*xf~3 - 2*x(a”2%b"2 - 2%a”~3*c)*d"2
x£74)) ) *sqrt (c*x~2 + b*x + a)*sqrt((B™2*c*d™2 + A"2*axf~2 + (B"2%a - 2%A*Bx
b + A”2%c)*d*f + (c™2+%d"3*f + a~2xd*f~3 - (b~2 - 2%axc)*d"2*xf~2)*sqrt(((B~4
*b"2 - 4%A*B"3%bkc + 4*xA"2x%B72xc"2)*d"2 - 2% (2%xA*B"3%axb - AT2%B"2%b"2 - 2%
(2%xA"2%B"2*a — A"3*B*b)*c)*d*f + (4*xA"2*B"2%a~2 — 4*A~3*Bxaxb + A~4*b~2)*f"~
2)/(c™4*xd"5*f + a~4*xd*f~5 - 2x(b"2%c™2 - 2*%a*xc”3)*d"4*xf"2 + (b~4 - 4*axb~2x*
C + 6%a”2%c”2)*d"3*f"3 - 2x(a"2*%b"2 - 2*a"3*c)*d"2xf~4)))/(c"2*%d"3*f + a~2%
d*xf~3 - (b™2 - 2*axc)*d"2*f"2)) - (2xB"2xaxc~2xd"3*f - 2*%A~2*%a"3*f~4 - 2x(B
“2%axb”2 - 2%B"2%a"2%c + AT2xaxc”2)*d"2*f"2 + 2% (B"2*a"3 + AT2*axb"2 - 2%A”
2%a~2xc) *d*f~3 + (B"2*b*c”2xd"3*f - A"2xa"2*xb*f~4 - (B"2%b"3 - 2*xB"2*axb*c

+ A"2%b*c”2)*d"2*£72 + (B"2*a”2*%b + AT2%b"3 - 2%A~2kaxbxc)*dxf~3)*x)*sqrt ((
(B~4%b~2 - 4%A*B~3%b*c + 4*A"2xB"2%c"2)*d"2 - 2% (2%A*B"3*axb - A~2*%B"2%b"2

- 2% (2%A"2xB"2%a — A"3*Bxb)*c)*d*f + (4*xA"2xB"2*xa~2 - 4*A~3*Bkaxb + A"4xb~2
Y*xf72) /(c™4*d"5*f + a~4*xd*f~5 - 2% (b"2*%c”2 - 2*a*xc”3)*d"4*xf"2 + (b~4 - 4xax
b~2%c + 6%a”2%c”2)*d"3*f"3 - 2%(a"2%b"2 - 2*xa~3%c)*d"2*f"4)))/x) + 1/4xsqrt
((B™2%c*d™2 + A”2*a*xf~2 + (B"2%a - 2xA*B*b + A~2xc)*d*f - (c™2%d"3*f + a”~2%*
d*f~3 - (b~2 - 2%axc)*d"2*xf"2)*sqrt (((B"4*b~2 - 4*A*B~3*bxc + 4*A"2xB~2%c~2
Y*d"2 - 2% (2%A*B"3*axb - AT2*xB"2*b"2 - 2% (2*%A"2%B"2%a - A~ 3*Bxb)x*c)*dxf + (
4xA"2xB"2%xa~2 - 4*xA"3*B*axb + AT4xb"2)*f~2)/(c”4*d"5*f + a~4*d*f"5 - 2x(b~2
*C"2 — 2%a*c”3)*d"4*f"2 + (b"4 - 4*axb"2xc + 6*a"2xc”2)*d"3*%f"3 - 2% (a”2xb”
2 - 2xa”3%c)*d"2xf"4))) /(c™2xd"3*f + a~2xd*f"3 - (b~2 - 2*axc)*d"2*xf"2))*1lo
g(-((B™4%b~2 - 2xAxB~3xbxc)*d~2 - 2%(A*xB~3*axb ...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—/ A da:—/ Bz dx
—dva+bz +cx? + fx?vVa+ bx + cx? —dva+bz +cx? + fx?Va+ bx + cx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*xx**2+b*x+a)**(1/2)/(-f*xx*x*2+d) ,x)

[Out] -Integral(A/(-d*sqrt(a + bxx + ckx**2) + fxx*x*k2*sqrt(a + bkx + c*x**2)), Xx)
- Integral (B*x/(-d*sqrt(a + b*x + ckxx**2) + fxxx*2xsqrt(a + b*x + cxx**2))
, X)

Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)~(1/2)/(-f*x~2+d),x, algorithm="giac")
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[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument ValueWarning, integration

of abs

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ A+ Bz
dx
(d— fz?) Vex?+bzx+a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((d - f*x~2)*(a + b*x + c*xx~2)~(1/2)),x)
[Out] int((A + B*x)/((d - f*x~2)*(a + b*x + c*x~2)~(1/2)), x)
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A+Bzx
3.8 ] (ot o) (a2

Optimal. Leaf size=381
(BV.

2(aB(2¢’d — V*f + 2acf) + A’ f — be(cd + 3af)) + c(AV*f + bB(cd — af) — 2Ac(cd + af)) x)
(b2 — 4ac) (b%df — (cd + af)?) Va + bx + cz?

[Out] -1/2*arctanh(1/2*(b*d~(1/2)-2*%a*xf~(1/2)+x*x(2*xc*xd~(1/2)-b*f~(1/2)))/(c*xx"2+b
xx+a) "~ (1/2) / (c*xd+a*xf-bxd~(1/2)*£~(1/2))~(1/2))*£~(1/2) *(B*d~ (1/2) -A*£~(1/2)
)/d"(1/2)/ (cxd+a*xf-b*xd~(1/2) *£~(1/2)) " (3/2)+1/2*arctanh (1/2* (b*d~ (1/2) +2*ax*
£7(1/2) +xx (2xc*xd™ (1/2)+b*x£f~(1/2))) / (c*x™2+b*x+a) ~(1/2) / (c*d+a*f+b*d~ (1/2) *f
~(1/2))7(1/2))*£7(1/2) *(Bxd~ (1/2) +A*£~(1/2)) /d~(1/2) / (c*d+axf+b*xd~ (1/2) *£~(
1/2))7(3/2) -2* (a*B* (2*xaxc*f-b~2xf+2kxc~2*d) +A* (b~ 3*f-b*cx (3*xa*f+c*d) ) +cx (A*b
~2xf+b*B* (—axf+ckxd) -2*¢A*xcx (axf+c*d) ) *x) / (-4*a*c+b~2) / (b~ 2*d*f-(axf+c*d) ~2)/
(c*x™2+b*x+a) ~(1/2)

Rubi [A]

time = 0.49, antiderivative size = 380, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.133,

steps used = 6, number of rules used = 4, integrand size = 30,
Rules used = {1032, 1047, 738, 212}

2o F a2V T /T )0V

Vd
2(ca(~2Ac(af +cd) + bB(cd — af) + AVf) = Abe(3af + cd) +aB(2acf +b(—f) +2¢d) + AVf) Watbs+el vf”f*b(’ T) VT +ed .

(82 — dac) Va + bz + ca?’ (bdf — (af + cd)2) T (a/+b(—\/j> \/7+,ﬂ)“”

\/T(B\/Z 7A\,7)mnh" (

VT (AVF +BYE) s ( Vel T V) )

—_—
watbe+ca® \Jaf + 0T /T +ed
Pz (ufﬂn/E\F +cd)m

Antiderivative was successfully verified.
[In] Int[(A + B*x)/((a + b*x + c*x"2)~(3/2)*(d - f*x~2)),x]

[Out] (-2x(A*b~3%f - Axb*c*(ckd + 3*axf) + axBx(2%c™2%d - b~2*f + 2kakc*f) + cx(A
*b"2*%f + b*Bx(cxd - axf) - 2xAxck(cxd + a*xf))*x))/((b™2 - 4*axc)*(b~2*%d*f -

(cxd + a*f)~2)*Sqrt[a + b*x + c*xx"2]) - ((B*Sqrt[d] - A*Sqrt[f])*Sqrt[f]=*A
rcTanh [(b*Sqrt [d] - 2*axSqrt[f] + (2*cxSqrt[d] - bxSqrt[f])#*x)/(2xSqrt[cx*d
- b*Sqrt[d] *Sqrt[f] + a*f]*Sqrt[a + b*x + c*x72])])/(2*Sqrt[d]*(c*d - bxSqr
t[d]*Sqrt[f] + a*xf)~(3/2)) + ((B*Sqrt[d] + AxSqrt[f])*Sqrt[f]*ArcTanh[(b*Sq
rt[d] + 2*axSqrt[f] + (2*c*Sqrt[d] + bxSqrt[f])=*x)/(2*Sqrt[c*d + b*Sqrt[d]=*
Sqrt[f] + axfl*Sqrt[a + bxx + c*x~2])])/(2xSqrt[d]*(c*d + bxSqrt[d]*Sqrt[f]

+ a*xf)~(3/2))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)



106

Rule 738

Int[1/(((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xc*xd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
*axe — bkd - (2xc*d - bke)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQl[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1032

Int[((g_.) + (h_)*(x_))*((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_)*((d_) + (£
_O*x(x_)72)"(q_), x_Symbol] :> Simp[(a + bxx + c*x"2) " (p + 1)*((d + £*x~2)~
(@ + 1D/((b72 - 4xaxc)*(b"2xd*f + (c*xd - a*xf)~2)*(p + 1)))*((g*c)*((-b)*(cx*
d + axf)) + (g*b - axh)*(2%c™2xd + b~2*f - c*(2xa*xf)) + cx(gx(2*c™2xd + b~2
*f - cx(2%a*xf)) - h*x(bxcxd + axbxf))*x), x] + Dist[1/((b"2 - 4*a*c)*(b"2*d*
f+ (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d + £*x~2) g*Si
mp [(b*h - 2xg*c)*((c*d - axf)~2 - (bxd)*((-b)*£))*(p + 1) + (b~2*%(g*f) - b*
(hxc*xd + axhxf) + 2x(gxcx(cxd - a*xf)))*(axf*(p + 1) - c*xdx(p + 2)) - (2xfx(
(gxc)*((-b)*(cxd + a*xf)) + (gxb - axh)*(2xc~2*d + b~2xf - c*x(2*axf)))*(p +

q + 2) - (b"2x(gxf) - bx(hkcxd + axh*f) + 2kx(gkck(ckd - axf)))*x(bxfx(p + 1)
))*xx — ckfx(b"2%(g*f) - bk(h*c*d + axhxf) + 2% (gxckx(cxd - a*xf)))*(2%p + 2xq
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4%
axc, 0] && LtQlp, -1] && NeQ[b~2*d*f + (c*d - a*f)~2, 0] && !( !IntegerQlp
1 && ILtQlq, -11)

Rule 1047

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + c*(g/(2%q)
), Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Dist[h/2 - c*(g/(2*q)
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQ[{a, c, d, e, £
, &, h}Y, x] && NeQ[e™2 - 4xd*f, 0] && PosQ[(-a)=*c]

Rubi steps
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A+ Bz i — _ 2(Ab°f — Abc(cd + 3af) + aB(2c*d — b f + 2acf) + c(Ab* f + bB(c
(a+ bz +ca?)*? (d— fz2) (b2 — 4ac) (b2df — (cd + af)?) Va+ bz + ¢

_2(Ab°f — Abc(cd + 3af) + aB(2c*d — b f + 2acf) + c(Ab* f + bB(c
N (0?2 — 4ac) (b%df — (cd+af)?) Va+bx +c

_ 2(Ab*f — Abc(ed + 3af) + aB(2c’d — b f + 2acf) + c(Ab* f + bB(c
a (b2 — dac) (bdf — (cd + af)?) Va+ bz + ¢

_ 2(Ab*f — Abc(ed + 3af) + aB(2c’d — b f + 2acf) + c(Ab* f + bB(c
a (b2 — 4ac) (b2df — (cd + af)?) Va + bz + ¢

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 1.15, size = 641, normalized size = 1.68

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + bxx + c*x"2)7(3/2)*(d - £*x72)),x]

[Out] (4*A*(-(b~3%f) + bkckx(ckd + 3xa*xf) - b~2kcxfxx + 2kc™2x(cxd + axf)*x) + 4xB
*(-2%a"2xcxf - bxcT2xd*x + ax(-2%c”2xd + b"2+f + bkckf*x)) - (b72 - 4xaxc)*
fxSqrt[a + x*(b + c*x)]*RootSum[b~2*d - a~2*f - 4xb*Sqrt[c]*d*#1 + 4*ckd*#1
"2 + 2kaxfx#1°2 - £x#174 & , (b~2*Bkd*Log[-(Sqrt[cl*x) + Sqrt[a + b*x + c*x
~2] - #1] - AxbxcxdxLog[-(Sqrt[cl*x) + Sqrtl[a + bxx + c*x"2] - #1] + a*B*cx*
d*xLog[-(Sqrt[c]l*x) + Sqrt[a + b*x + c*x"2] - #1] - 2xaxAxbxfxLog[-(Sqrt[c]*
x) + Sqrt[a + b*x + c*x~2] - #1] + a~2xBxfxLog[-(Sqrt[c]l*x) + Sqrt[a + bx*x
+ cxx"2] - #1] - 2xbxB*Sqrt[c]*d*Log[-(Sqrt[cl*x) + Sqrt[a + bxx + c*x~2] -
#1]x#1 + 2xA*c”(3/2)*d*Log[-(Sqrt[c]l*x) + Sqrtla + bxx + c*x~2] - #1]x*#1 +
2xaxAxSqrt [c]*fxLog[-(Sqrt[c]l*x) + Sqrtla + b*x + c*x"2] - #1]*#1 - Bxcx*d*
Log[-(Sqrtlcl*x) + Sqrtl[a + b*x + c*x"2] - #1]*#172 + Axb*fxLog[-(Sqrt[c]*x
) + Sqrtla + bxx + c*x"2] - #1]*#172 - a*Bxf*xLog[-(Sqrt[c]l*x) + Sqrtl[a + b*
X + cxx”2] - #11*#172)/(b*Sqrtlcl*d - 2kcxd*#1 - axf*x#1 + £*x#173) & 1)/(2*(
b~2 - 4xaxc)*(-(c™2xd"2) - 2xa*ckd*f + f*x(b~2+xd - a~2xf))*Sqrt[a + xx(b + c
*x)1)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 933 vs.
2(311) = 622.
time = 0.14, size = 934, normalized size = 2.45

method | result

(-8 ) f

f

default

(b\/THaﬂd)J (x N ﬁ) 2 - (—2c\/67+bf> <m+\/§7> N _b\/CTferfaJer

(-

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+b*x+a)~(3/2)/(-f*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/2%(Axf-B*(d*f)~(1/2))/(d*£)~(1/2)/£x(£/(-b*(d*£f)~(1/2)+f*at+cxd) /((x+(d*f)

~(1/2)/£) "2*%c+1/fx (=2xcx (d*xf) ~(1/2) +b*f) * (x+(d*f) ~(1/2) /£)+1/f*x (-b*x (d*f) ~ (1
/2)+fxa+c*xd) )~ (1/2) - (—2*c* (d*f) " (1/2)+b*f) / (-b* (d*f) ~(1/2) +f*a+c*xd) * (2*c* (x
+(d*£f)~(1/2) /) +1/fx (=2%c* (d*f) ~(1/2)+b*f) ) / (dxc/f* (-bx (d*f) " (1/2) +f*a+c*d)
-1/f7 2% (=2xcx (d*f) ~(1/2)+b*£f) ~2) / ((x+(d*f) ~(1/2) /£) "2*c+1/£f* (-2*ckx (d*f) ~(1/
2) +b*f) * (x+(d*£) = (1/2) /£)+1/£* (-b*x (d*f) ~(1/2) +f*a+c*d) )~ (1/2)-f/ (-b*x (d*£f) ~ (
1/2)+f*a+c*d) / (1/£* (~b*x (d*£f) ~(1/2) +f*a+c*d) ) ~(1/2) *1n((2/f* (~bx (d*f) ~(1/2) +
fra+cxd)+1/f* (—2xcx (d*f) ~(1/2) +b*f) * (x+(d*f) ~(1/2) /£)+2*% (1/£*x (-bx (d*f) ~(1/2
Y+f*xa+c*xd)) " (1/2) * ((x+(d*f) " (1/2) /f) " 2*kc+1/fx (—2xc*k (d*f) ~ (1/2) +b*f) * (x+(d*f
)= (1/2)/£)+1/£*% (~b*x (d*£f) " (1/2) +f*a+cxd) )~ (1/2) )/ (x+(d*£f)~(1/2)/£)))+1/2*(-A
*f-B* (d*£)~(1/2))/(d*f)~(1/2) /£ (1/ (bx (d*f) ~(1/2) +f*a+c*d) *f/ ((x-(d*xf) ~(1/2
)/£) “2%c+(2%c* (d*£) ~(1/2) +b*£f) /£ (x-(d*£) ~(1/2) /£) +(bx (d*£) = (1/2) +f*a+c*d) /
£)7(1/2) - (2%c*x (d*£) = (1/2) +b*£) / (b* (d*£f) ~(1/2) +f*a+c*d) * (2*xc* (x—- (d*£f) ~(1/2)/
£)+(2xcx (d*f) "~ (1/2)+b*f) /£) / (dxc*x (b* (d*f) ~(1/2) +f*a+cxd) /£-(2*xcx (d*xf) ~(1/2)
+bxf) ~2/£72) / ((x-(d*f) ~(1/2) /£) ~2xc+(2xcx (d*f) ~ (1/2) +b*f) /£* (x-(d*f)~(1/2)/
£)+(bx(d*f) = (1/2)+f*a+c*xd) /£) ~(1/2)-1/(bx(d*£f) = (1/2) +f*a+c*d) *£/ ((b* (d*f) ~ (
1/2)+fxa+cxd) /£) "~ (1/2) *1n((2*% (bx (d*f) ~(1/2) +f*a+c*d) /£+(2*xckx (d*f) ~(1/2) +b*f
)/Ex(x=(d*£)~(1/2) /£)+2x ((b*x (d*f) = (1/2) +f*a+cxd) /£) ~(1/2) * ((x-(d*£)~(1/2) /£
)" 2kc+ (2%cx (dxf) " (1/2) +bxf) /£ (x—-(d*f) ~(1/2) /£)+(bx (d*f) ~(1/2) +f*a+cxd) /f)~
(1/2))/(x-(d*f)~(1/2)/£)))

Maxima [F(-2)]
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time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)~(3/2)/(-f*x~2+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(((c*ksqrt(4*xd*f))/(2+x£72)>0)’, see ¢

assume?

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)~(3/2)/(-f*x~2+d) ,x, algorithm="fricas")
[Out] Timed out

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x**2+b*x+a)**(3/2)/(-f*x**2+d) ,x)
[Out] Timed out

Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)~(3/2)/(-f*x~2+d),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP

UT:sage2:=int (sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument ValueEvaluation time: 3.53

Done
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

A+ Bz
372 dx
(d—fz?) (cx®+bx+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((d - f*xx~2)*(a + b*x + c*x~2)~(3/2)),x)
[Out] int((A + Bxx)/((d - f*x~2)*(a + b*x + c*x~2)~(3/2)), x)
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A+Bzx
3.9 / (a+bz+cz?)Y/? (d— fz2) az

Optimal. Leaf size=797

2(aB(2¢’d — V*f + 2acf) + A’ f — be(ed + 3af)) + c(Ab*f + bB(cd — af) — 2Ac(cd + af)) z)  2(30°]
3 (b2 — dac) (B2df — (cd + af)?) (a + bz + cz?)*?

[Out] -2/3%(a*B* (2*xa*xc*xf-b~2xf+2*c”~2*d) +A* (b~ 3*f-b*c* (3kxa*f+c*xd) ) +c* (Axb~2xf+b*Bx*
(—axf+c*d) -2xAxc* (a*f+cxd) ) *x) / (—4*axc+b~2) / (b~ 2xd*f- (a*f+c*xd) ~2) / (c*xx~2+b*
x+a) ~(3/2)-1/2%£f~(3/2) *arctanh (1/2* (b*d~ (1/2) -2*a*f~ (1/2) +x* (2*c*d”~ (1/2) -b*
£7(1/2)))/ (cxx™2+b*xx+a) " (1/2) / (cxd+a*xf-b*d~(1/2)*£~(1/2))~(1/2) ) *(Bxd~ (1/2)
-Ax£~(1/2))/d"(1/2) / (c*xd+a*xf-bxd~(1/2)*£~(1/2))~(5/2)+1/2*£~(3/2) *arctanh (1
/2% (bxd~ (1/2)+2xa*xf~ (1/2) +x* (2xc*d~(1/2)+bx£~(1/2))) / (c*x~2+b*x+a) ~(1/2) /(c
*d+a*xf+b*d”~ (1/2)*f~(1/2)) " (1/2) )*(B*d~ (1/2) +A*x£f~(1/2))/d~(1/2) / (c*d+a*f+b*d
~(1/2)*£7(1/2)) " (5/2)-2/3* (3*b"6*B*d*f ~2+24*a~2*xBxc”~2*f * (a*xf+c*xd) “2-A*b~5*f
“2x (6kaxf+T7*cxd) —b"4*B*f* (-3*%a”~2*%f " 2+14*xaxckd*f+7*xc~2%d"2) +A*xb~3*kckf* (43*xa”
2%f " 2+46%a*xckd*f+15%c™2%d"2) +2xb~2*B*c* (—11*%a " 3*f ~3+4*a”~ 2k ckd*f ~2+5*%a*xc”2*d
“2%f+2%c”3%d"3) —4xAxbkxc~ 2% (17*a~3*f " 3+24*a~ 2xckd*f ~2+9*kaxc 2*xd"2xf+2*%c 3*%d"~
3) +c* (3xb~5xBxd*f ~2-2%Axb~4*f 2% (3kaxf+4*xcxd) —8xAxc™ 2% (a*xf+ckd) ~2* (5kaxf+2x%
cxd) —b " 3*B*f* (—3*%a”~2*%f "2+10*axckd*f+17xc”2%d"2) +2xAxb~ 2k ckf* (19*a~2*f ~2+22x%
axckxdxf+15%xc™2xd~2) +4*b*B*c* (-5%a”~3*f " 3+4*xa~2xcxd*xf~2+11*a*xc”2%d "2k f+2*c” 3%
d"3))*x)/ (-4*a*c+b~2) "2/ (c"2*xd~2+2*a*ckd*f-f*x (-a"2+%f+b~2*xd) ) "2/ (c*xx~2+b*x+a
)~ (1/2)

Rubi [A]
time = 1.14, antiderivative size = 796, normalized size of antiderivative = 1.00, number of

number of rules _ 147
integrand size ’

steps used = 7, number of rules used = 5, integrand size = 30,
Rules used = {1032, 1078, 1047, 738, 212}

Antiderivative was successfully verified.
[In] Int[(A + B*x)/((a + b*x + c*xx"2)~(5/2)*(d - £*x~2)),x]

[Out] (-2*(A*b~3*f — Axb*c*(cxd + 3*a*f) + a*Bx(2+%c™2xd — b~2+f + 2ka*xc*f) + cx(A
*b~2xf + b*Bx(cxd - a*f) - 2kxAxck(cxd + a*xf))*x))/(3*x(b"2 - 4xaxc)* (b~ 2xd*xf
- (cxd + a*f)"2)*x(a + b*x + c*x72)7(3/2)) - (2% (3*b"6*B*d*f~2 + 24*a~2*Bxc
~2xfx(ckd + axf)”"2 — A*b 5xf" 2% (7*cxd + 6*a*xf) - b 4*Bkxf*(7xc™2xd"2 + 14*ax
ckxd*f - 3*%a”"2*%f"2) + A*xb"3kckf*(15%c™2*%d"2 + 46*xaxckxd*xf + 43*%a~2*%f"2) + 2*b
“2%Bkc* (2%c”™3*%d"3 + Sxaxc”2xd"2xf + 4*a”2kckd*f"2 - 11%xa~3x%f~3) - 4*Axb*c”2
*(2xc™3*%d"3 + 9*xakxc”2+xd"2xf + 24*a”2xcxd*f"2 + 17xa"3*f"3) + cx(3*b”~5*xBxd*xf
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T2 - 2xAxb"4xf"2%x (4*ckd + 3xaxf) - 8kAkcT2k(cxd + axf) 2% (2xcxd + Bxaxf) -
b~3*xBxfx (17*xc™2*xd"2 + 10%a*xc*d*f - 3%a~2+f72) + 2%A*b~2*c*f*(15%c™2%d"2 + 2
2xakckd*xf + 19*%a~2*xf"2) + 4xb*Bkxcx(2+%c”3*%d"3 + 1lkxa*xc™2xd"2xf + 4*xa~2xc*d*f
"2 - 5%a”3x£73))*x))/(3*x(b"2 - 4*axc) 2x(c"2+d"2 + 2*kaxcxd*f - f*x(b"2xd - a
~2%f))"2*xSqrt[a + b*x + c*x72]) - ((B*Sqrt[d] - AxSqrt[f])=*£f~(3/2)*ArcTanh[
(bxSqrt[d] - 2xa*Sqrt[f] + (2xcxSqrt[d] - b*Sqrt([f])*x)/(2xSqrt[c*d - b*Sqr
t[d]*Sqrt [f] + axf]l*Sqrt[a + bxx + c*x~2])])/(2+Sqrt[d]*(c*d - b*Sqrt[d]*Sq
rt[f] + axf)~(5/2)) + ((B*Sqrt[d] + A*Sqrt[f])*f~(3/2)*ArcTanh[(b*Sqrt[d] +
2xaxSqrt [f] + (2*c*Sqrt[d] + b*xSqrt[f])*x)/(2*Sqrt[cxd + b*Sqrt[d]*Sqrt [f]
+ a*f]*Sqrt[a + b*x + c*x72])])/(2%Sqrt[d]*(c*d + b*Sqrt[d]*Sqrt[f] + axf)
~(5/2))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym

bol] :> Dist[-2, Subst[Int[1/(4*cxd”2 - 4xbxd*xe + 4*axe”2 - x~2), x], x, (2
*xaxe - bxd - (2%cxd - bkxe)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 1032

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_O*(x)72)"(q_), x_Symbol] :> Simp[(a + bxx + c*x"2)"(p + 1)*((d + £*x~2)~
(@ + 1)/((b72 - 4xaxc)*(b"2xd*f + (cxd - a*xf)~2)*(p + 1)))*((gkc)*((-b)*(c*
d + axf)) + (g*b - axh)*(2%c™2xd + b~2*f - c*(2xa*xf)) + cx(gx(2*c™2xd + b~2
xf — c*x(2%a*f)) - hx(bxcxd + axbxf))+*x), x] + Dist[1/((b~2 - 4*axc)*(b~2%d*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d + £*x~2) g*Si
mp [(b*h - 2xg*c)*((c*d - axf)~2 - (bxd)*((-b)*£))*(p + 1) + (b~2*%(g*f) - b*
(h*c*d + axh*xf) + 2x(gxck(ckd - axf)))*(a*xfx(p + 1) - cxd*(p + 2)) - (2%fx*(
(gxc)*((-b)*(c*d + a*xf)) + (g*b - axh)*(2xc™2*%d + b~2xf - c*x(2*axf)))*(p +

q + 2) - (b72x(gxf) - bx(hkcxd + axh*f) + 2kx(gkck(ckd - axf)))*x(bxfx(p + 1)
))*x — c*xfx(b"2%(g*f) - bk (h*c*d + axhxf) + 2%(gxc*x(cxd - a*xf)))*(2%p + 2xq
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQlp, -1] && NeQ[b~2*d*f + (c*d - a*f)~2, 0] && !( !IntegerQlp
1 && ILtQlq, -11)

Rule 1047

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + cx(g/(2*q)
), Int[1/((-q + c*x)*Sqrtl[d + exx + f*x~2]), x], x] + Dist[h/2 - c*(g/(2%q)
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), Int[1/((q + c*x)*Sqrt[d + e*x + £*x72]), x], x]] /; FreeQ[{a, c, d, e, £
, 8 h}, x] && NeQ[e™2 - 4xdxf, 0] && PosQ[(-a)=*c]

Rule 1078

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((A_.) + (B_.)*(x_) + (C_.)*(x_
)72)x((d_) + (f_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*x + c*xx"2)"(p + 1
)x((d + £xx72)7(q + 1)/((b72 - 4*axc)*(b™2xd*f + (cxd - a*f)~2)*(p + 1)))*(
(Axc - a*C)*((-b)*(cxd + axf)) + (Axb - a*B)*(2*c~2+d + b~2xf - cx(2xax*f))
+ ck(Ax(2%c™2*d + b™2xf - c*x(2%a*xf)) - Bx(b*ckxd + axb*xf) + Cx(b~2kd - 2xax(
cxd - axf)))*x), x] + Dist[1/((b"2 - 4*axc)*(b~2*d*f + (cxd - axf)~2)x(p +
1)), Int[(a + bxx + c*xx"2)"(p + 1)*(d + £*x~2)"g*Simp[(b*B - 2%Axc - 2*a*C)
*((cxd - axf)”2 - (bxd)*((-b)*£))*(p + 1) + (b~2*(Cxd + A*f) - bx(B*kcxd + a
*Bxf) + 2% (Axcx(cxd - a*f) - ax(c*Ckd - axC*f)))*(axf*x(p + 1) - c*dx(p + 2)
) = (2xf*x((Axc - a*C)*((-b)*(cxd + axf)) + (Axb - a*B)*(2*c"2+d + b™2xf - ¢
x(2xaxf)))*x(p + q + 2) - (b72x(Cxd + A*f) - b*(Bkckd + axBxf) + 2% (Axc*(cxd
- axf) - ax(cxCxd - a*xCxf)))*(b*xfx(p + 1)))*x - c*fx(b"2x(C*d + A*f) - bx*(
Bxcxd + a*Bxf) + 2x(Axcx(cxd - a*f) - a*(c*xCkd - axCxf)))*(2%p + 2%q + 5)*x
~2, x1, x], x] /; FreeQ[{a, b, c, d, £, A, B, C, q}, x] && NeQ[b~2 - 4xaxc,
0] && LtQlp, -1] && NeQ[b~2xd*f + (c*d - axf)~2, 0] && !'( !'IntegerQlp]l &&
ILtQlq, -1]1) && 'IGtQ[q, 0]

Rubi steps
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/ A+ Bz i — _2(Ab’f — Abc(cd + 3af) + aB(2c?d — b f + 2acf) + c(Ab* f + bB(ca
(a + bz + cx?)*? (d — fz2) 3 (% — 4ac) (b%df — (cd + af)?) (a + bz + cz?

_ 2(AV*f — Abc(cd + 3af) 4 aB(2¢*d — b f + 2acf) + c(Ab*f + bB(cd
a 3 (b2 — 4ac) (b2df — (cd + af)?) (a + bz + cz?

_2(Ab’f — Abc(cd + 3af) + aB(2c?d — b f + 2acf) + c(Ab* f + bB(cd
a 3 (b2 — dac) (B2df — (cd + af)?) (a + bz + cz?

__2(Ab’f — Abc(cd + 3af) + aB(2c¢*d — b*f + 2acf) + c(Ab*f + bB(cd
N 3 (b2 — 4ac) (b2df — (cd + af)?) (a + bz + 22

_2(Ab°f — Abc(cd + 3af) + aB(2c*d — b f + 2acf) + c(Ab* f + bB(ca
- 3 (% — 4ac) (b%df — (cd+ af)?) (a + bx + cz?

Mathematica [A]
time = 12.76, size = 674, normalized size = 0.85

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + b¥x + c*x~2)~(5/2)*(d - £*x72)),x]

[Out] (2*x((4*cx(-(A*b~2*f) + b*B*(-(c*kd) + axf) + 2xAxc*x(c*d + a*f))*(b + 2*c*x))
/((b™2 - 4xaxc)*Sqrtla + x*(b + cxx)]) - (3*xfx(b~4*Bkd*f + 2kck(ckd + axf)~

2% (-(axB) + Axcxx) + b 3*fx(-(Ax(c*d + 2*xaxf)) + Bxckxd*x) + bxcx(ckd + axf)
*(Axckd + BxaxAxf — 3*Bxcxd*x + a*Bxfxx) — b ™2%(Bx(c™2*d"2 + 2xaxckd*f - a~
2x£72) + 2xaxA*xcxf72xx)))/((c™2*%d"2 + 2¥a*ckd*f + f*x(-(b~2*d) + a~2*f))*Sqr

tla + xx(b + c*x)]) + (A*(b"3*%f - bkck(c*xd + 3*a*xf) + b 2kckf*x - 2xc™2*(c*

d + axf)*x) + Bx(2xa~2xckxf + b*c™2xd*x + ax(2xc”2xd - b~2+f - b*xcxfxx)))/(a

+ xx(b + c*x))~(3/2) + (3*x(b~2 - 4*axc)*f~(3/2)*(((-(B*Sqrt[d]) + AxSqrt[f
1)*(cxd + b*Sqrt[d]l*Sqrt[f] + a*f) 2*ArcTanh[(-2*a*Sqrt[f] + 2xcxSqrt[d]*x

+ bx(Sqrt[d] - Sqrt[fl#*x))/(2*Sqrtlc*d - b*Sqrt[d]*Sqrt[f] + axf]*Sqrtl[a +
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xx(b + c*xx)])])/Sqrtlc*d - bxSqrt[d]*Sqrt[f] + axf] - ((BxSqrt[d] + AxSqrt[
f1)*x(cxd - b*Sqrt[d]*Sqrt[f] + axf) " 2xArcTanh[(-2*(axSqrt[f] + c*Sqrt[d]*x)
- b*(Sqrt[d] + Sqrt[fl*x))/(2+Sqrt[c*d + b*Sqrt([d]*Sqrt[f] + a*xf]xSqrt[a +
xx(b + c*xx)])])/Sqrtc*d + bxSqrt[d]*Sqrt[f] + axf]))/(4*Sqrt[d]*(-(b~2*dx*
) + (cxd + a*£)72))))/(3*(b72 - 4*a*xc)*(-(b™2xd*f) + (c*xd + a*f)~2))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1767 vs.

2(721) = 1442.
time = 0.14, size = 1768, normalized size = 2.22

method | result size

default | Expression too large to display | 1768

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+b*xx+a)~(5/2)/(-f*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/2%(Axf-Bx(d*f)~(1/2))/(d*f)~(1/2)/£x(1/3xf/(~b*(d*f) ~(1/2)+f*a+c*d) / ((x+(
d*£)~(1/2)/f) "2%c+1/fx (=2%c* (d*f) " (1/2) +b*f) *x (x+(d*£f) ~(1/2) /£)+1/fx(-b* (d*f
)~ (1/2)+f*a+cxd)) ~(3/2)-1/2*% (—2*c*x (d*f) ~(1/2) +b*f) / (-b* (d*f) ~ (1/2) +f*a+c*d)
*(2/3% (2xcx (x+(d*f) ~(1/2) /£)+1/£x (-2%c* (d*£) ~(1/2) +b*£f) ) / (4xc/Ef* (~b* (d*f) ~(
1/2) +fxa+cxd)—-1/£72% (-2%c* (d*f) ~(1/2) +b*f) ~2) / ((x+(d*£f) ~(1/2) /£) " 2*c+1/f*x (-
2xck (d*f) = (1/2) +b*f) * (x+(d*f) ~(1/2) /£)+1/£x(-b*x (d*f) ~(1/2) +f*a+c*xd) ) ~(3/2)+
16/3*c/ (4xc/f* (~b*x (d*f) " (1/2)+f*a+c*xd) -1/f72x (=2*c* (d*f) ~(1/2) +bxf) ~2) "2% (2
xcx (x+(dx£) ~(1/2) /£)+1/£x (-2%cx (d*£) = (1/2) +b*£) ) / ((x+(d*£) ~(1/2) /) "2xc+1/f
* (=2xck (d*f) ~(1/2) +b*f) * (x+(d*f) ~(1/2) /£)+1/£* (-bx (d*f) ~(1/2) +f*a+c*d) )~ (1/
2))+£f/(-b*x(d*f) ~(1/2) +f*a+c*d) *(£/(-b*x (d*f) = (1/2) +f*a+c*xd) / ((x+(d*f)~(1/2)/
) "2%c+1/fx (-2xcx (d*f) ~(1/2) +b*f) * (x+(d*f) ~(1/2) /£)+1/E* (-b* (d*f) ~(1/2) +f*a
+c*d) ) ~(1/2) - (-2%c*x (d*£) ~(1/2) +b*£) / (-b* (d*£) ~ (1/2) +f*a+c*d) * (2*c* (x+(d*f) ~
(1/2)/£)+1/fx(=2%c* (d*f) ~(1/2)+b*f) ) / (d*xc/f* (~bx (d*f) " (1/2) +f*a+c*d)-1/f"2*
(=2%c* (d*f) " (1/2)+b*£f)~2) / ((x+(d*£f) ~(1/2) /£) "2xc+1/f* (—2*cx (d*f) = (1/2) +b*f)
*(x+(d*f) ~(1/2) /£)+1/£x(~b*x (d*£) ~(1/2) +f*a+cxd) ) ~(1/2)-£f/(-b*x(d*£f) ~(1/2) +f*
atcxd)/(1/£x(-bx(d*£f) ~(1/2)+f*a+c*xd)) ~(1/2) *1n((2/f* (-b* (d*f) ~(1/2) +f*a+c*d
)+1/£% (—2xcx (d*f) = (1/2) +b*xf) * (x+(d*f) ~(1/2) /£)+2x (1/£* (-bx (d*f) ~ (1/2) +f*a+c
*d)) " (1/2)* ((x+(d*£f)~(1/2) /£) "2%c+1/E* (—2*c* (d*£f) ~(1/2) +b*f) * (x+(d*£f) ~(1/2)
/E£)+1/Ex (b (d*£) " (1/2)+f*a+c*d) ) ~(1/2)) / (x+(d*£) ~(1/2) /£))) ) +1/2% (~A*x£-B*(
d*£)~(1/2))/(a*x£f)~(1/2) /£x(1/3/ (bx (d*x£f) ~(1/2) +f*a+c*d) *£/ ((x-(d*£f) ~(1/2) /)
“2xc+(2xck (d*f) " (1/2) +b*f) /£ (x-(d*£) = (1/2) /£) +(bx (d*f) ~(1/2) +f*a+c*d) /) ~(
3/2)-1/2%(2xcx (d*xf) ~(1/2)+b*f) / (b* (d*f) ~(1/2) +f*xa+cxd) * (2/3* (2*c* (x—(d*f) ~(
1/2) /£)+(2xcx (d*f) ~(1/2)+b*f) /£) / (d*xc* (b*x (d*f) " (1/2) +f*a+c*d) /£-(2xcx (d*f) ™
(1/2)+b*x£)~2/£72) / ((x=(d*£) " (1/2) /£) " 2*c+(2*cx (d*£f) " (1/2) +b*f) /£* (x—(d*f) ~ (
1/2)/£)+(bx(d*f) =~ (1/2)+f*a+c*xd) /f) ~(3/2)+16/3*c/ (d*c* (b* (d*f) " (1/2) +f*a+cxd
)/£-(2xc* (d*f) ~(1/2)+b*£) ~2/£72) 2% (2*kc* (x—(d*£f) ~(1/2) /£) +(2*cx (d*£f) " (1/2)+
b*f)/£) / ((x=(d*f)~(1/2) /£) "2*c+(2*cx (d*f) " (1/2) +bxf) /£x (x-(d*£) ~(1/2) /£)+(b
*(dxf) " (1/2)+f*a+c*xd) /£)~(1/2))+1/(bx (d*f) " (1/2) +f*a+c*xd) *£* (1/(bx (d*£f)~(1/
2)+fxa+ckxd) *f/ ((x—(d*f) ~(1/2) /) "2%c+(2xcx (d*f) = (1/2) +b*f) /£* (x—(d*f) ~(1/2)
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/£)+(bx(d*f) ~(1/2) +f*at+cxd) /£) ~(1/2) - (2%c* (d*£) ~(1/2) +b*f) / (b*x (d*£f) ~(1/2) +f
*xat+cxd) * (2xcx (x—(d*£) ~(1/2) /£)+(2*c*x (d*£) ~(1/2) +bxf) /£) / (4*c* (bx (d*f) ~(1/2)
+f*a+cxd) /f-(2%c*x (d*xf) " (1/2)+bxf)~2/£72) / ((x—(d*f) ~(1/2) /f) "2%c+(2xcx (d*f) ™
(1/2)+b*f) /f*x (x—(d*£) = (1/2) /£)+(b*x (d*f) ~(1/2) +f*a+cxd) /£) ~(1/2) -1/ (b* (d*f)~
(1/2)+f*a+cxd) *f/ ((b*x (d*f) ~(1/2)+f*xa+c*xd) /£) ~(1/2) *1n((2* (b*x (d*xf) ~(1/2) +f*a
+c*d) /f+(2xc*k (d*f) ~(1/2) +b*f) /fx (x-(d*£) ~(1/2) /£) +2*x ((bx (d*f) ~(1/2) +f*a+c*d
)/£)"(1/2)*((x=(d*£)~(1/2) /f) "2%c+(2xckx (d*f) ~(1/2) +b*f) /fx (x—(d*f) ~(1/2) /f)
+(bx (d*£)~(1/2)+f*a+cxd) /£)~(1/2)) / (x-(d*£)~(1/2)/£))))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)~(5/2)/(-f*x~2+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(((c*ksqrt(4*xdxf))/(2+%£72)>0)’, see ¢
assume?

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x"~2+b*x+a)~(5/2)/(-f*x~2+d),x, algorithm="fricas")
[Out] Timed out
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x**2+b*x+a)**(5/2)/(-f*x**2+d) ,x)
[Out] Timed out
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)~(5/2)/(-f*x~2+d),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument ValueEvaluation time: 2.96

Done

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

A+ Bzx
572 dx
(d—fz?) (cx®2+bx+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((d - f*x~2)*(a + b*x + c*xx~2)~(5/2)),x)
[Out] int((A + Bxx)/((d - f*x"2)*(a + b*x + c*x~2)~(5/2)), x)
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3.10 1+2z dz
/ (—1422)V =1 + = + x2

Optimal. Leaf size=47

1 _
__tan_l( 3+ )+§tanh_1< 1-3z )
2 2vV—1+z+ 22 2 2vV—1+z + z2

[Out] -1/2*arctan(1/2*(3+x)/(x"2+x-1)"(1/2))+3/2*arctanh(1/2*(1-3*x)/(x"2+x-1)"(1
/2))

Rubi [A]
time = 0.02, antiderivative size = 47, normalized size of antiderivative = 1.00, number of

number of rules _ 174
’ integrand size ’

steps used = 5, number of rules used = 4, integrand size = 23
Rules used = {1047, 738, 212, 210}

§1:anh_1 ( 1-3z ) — lArcTan( z+3 )
2 2Vl 4+ —1 2 2V 4+ —1

Antiderivative was successfully verified.
[In] Int[(1 + 2*x)/((-1 + x~2)*Sqrt[-1 + x + x72]),x]

[Out] -1/2%ArcTan[(3 + x)/(2%Sqrt[-1 + x + x72])] + (3*xArcTanh[(1 - 3*x)/(2*Sqrt[
-1+ x +x72])1)/2

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symboll :> Simp[(-(Rt[-a, 21*Rt[-b, 21)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
xaxe — bkd - (2xcxd - b*e)*x)/Sqrt[a + b*x + c*x"2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1047

Int[((g_.) + (h_)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol]l :> With[{q = Rt[(-a)*c, 2]}, Dist[h/2 + c*(g/(2%q)
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), Int[1/((-q + c*x)*Sqrtl[d + exx + f*x~2]), x], x] + Dist[h/2 - c*x(g/(2%q)
), Int[1/((q + c*x)*Sqrt[d + exx + f*x~2]), x], x]] /; FreeQ[{a, c, d, e, £
, €5 h}Y, x] && NeQ[e~2 - 4xd*f, 0] && PosQ[(-a)=*c]

Rubi steps

1+ 2z 1 1 3 1
de = - dr + - dr
(-1+22)V-1+z+2? 2) l+2)V-1+x+ 22 2) (-1+2)V-1+2z+ 22
1 -1+ 3z 1
—(3Subst(/4_—2dz,x,\/m>)—Subst(/_4_m2d.

1 _ -3—z 3 1-3z
= —tan~! tanh
2 2vV -1+ + 2 2vV—14z + x2

Mathematica [A]
time = 0.11, size = 37, normalized size = 0.79

_tan~! <1—|—x—\/—1+x+x2 ) _ 3tanh <1—m+\/—1+m+x2>

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*x)/((-1 + x"2)*Sqrt[-1 + x + x~2]),x]
[Out] -ArcTan[1 + x - Sqrt[-1 + x + x72]] - 3*ArcTanh[1 - x + Sqrt[-1 + x + x~2]]

Maple [A]
time = 0.17, size = 46, normalized size = 0.98

method | result

3arctanh =148 ‘ arctan e ‘
2\/(—1+x)2—2+3x z\/(1+x)2—2—z
default 3 5
:vRootOf(_ZZ+1)+2\/ 2+z—1 +3Root0f<_ZZ+1)
31n<—2‘ I a— _1+3z> RootOf (__Z"+1) In a—
—14z
trager — 5 + .

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*x+1)/(x"2-1)/(x"2+x-1)"(1/2) ,x,method=_RETURNVERBOSE)

[Out] -3/2*arctanh(1/2*(-1+3%x)/((-1+x)"2-2+3*x)~(1/2))+1/2*arctan(1/2*x(-3-x)/((1
+x)72-2-x)"(1/2))
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Maxima [A]
time = 0.55, size = 65, normalized size = 1.38

1 (2\/§x 65 )_3lg<2\/732—|—x—1 2 3)

TS Fosyo TBpet2) 20 22 — 2| 2z—2] 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+2*x)/(x~2-1)/(x"2+x-1)"(1/2),x, algorithm="maxima")

[Out] -1/2%arcsin(2/5*sqrt(5)*x/abs(2*x + 2) + 6/5*sqrt(5)/abs(2*x + 2)) - 3/2*lo
g(2*sqrt(x~"2 + x - 1)/abs(2*x - 2) + 2/abs(2*x - 2) + 3/2)

Fricas [A]

time = 0.36, size = 46, normalized size = 0.98

3 3
arctan(—x—i— Vz+zx—1 —1) ~3 log(—x+\/a:2+:c—1 +2> +§ log(—:c+ \/x2+x—1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+2*x)/(x"2-1)/(x"2+x-1)~(1/2),x, algorithm="fricas")

[Out] arctan(-x + sqrt(x”™2 + x - 1) - 1) - 3/2xlog(-x + sqrt(x”2 + x - 1) + 2) +
3/2*%log(-x + sqrt(x”2 + x - 1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 2z +1 de
(z—1)(z+1)Va2+z -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+2*x)/(x**2-1)/(x**2+x-1)**(1/2),x)
[Out] Integral((2*x + 1)/((x - 1)*(x + 1)*sqrt(x**2 + x - 1)), x)
Giac [A]

time = 4.31, size = 48, normalized size = 1.02

arctan (—x+\/m —1) —%log (‘—JH-\/m +2D+g log (‘—x—l-\/m‘)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+2*x)/(x~2-1)/(x"2+x-1)~(1/2),x, algorithm="giac")

[Out] arctan(-x + sqrt(x”™2 + x - 1) - 1) - 3/2xlog(abs(-x + sqrt(x”2 + x - 1) + 2
)) + 3/2%log(abs(-x + sqrt(x”2 + x - 1)))



Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ 2z +1 Iz
(22 -1) Vz?4+z—1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%x + 1)/((x"2 - 1)*(x + x™2 - 1)7(1/2)),%)
[Out] int((2*x + 1)/((x"2 - D*(x + x~2 - 1)°(1/2)), x)
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3.11 142z dz
/ (1+22) V=1 + z + 22

Optimal. Leaf size=117

%<2+ﬁ> tan™" 5+2v5 — 5z +\/%<—2+V§) tanh ™ 5-2v
m(z+¢§)¢—1+x+x2 w(—z+¢5
[Out] 1/2xarctanh((5-2%5~(1/2)+x*5~(1/2))/(x~2+x-1)"(1/2)/(-20+10%5~(1/2))~(1/2))

* (-4+2x57(1/2) )~ (1/2)-1/2*arctan((5+2+5~(1/2)-x*5~(1/2) )/ (x~2+x-1)~(1/2) /(2
0+10%57(1/2))~(1/2) ) *(4+2%57(1/2))~(1/2)

Rubi [A]

time = 0.11, antiderivative size = 117, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.174,

steps used = 5, number of rules used = 4, integrand size = 23
Rules used = {1050, 1044, 213, 209}

%(\/g —2) tanh™! ( Vo —2v5 +5 ) - mArcTan( —V5 o +2v5 +5 )

10<\/57—2>\/m 10(2+¢§)¢m

Antiderivative was successfully verified.
[In] Int[(1 + 2*x)/((1 + x~2)*Sqrt[-1 + x + x~2]),x]

[Out] -(Sqrt[(2 + Sqrt[5])/2]1*ArcTan[(5 + 2*Sqrt[5] - Sqrt[5]#*x)/(Sqrt[10*(2 + Sq
rt[5])]1*Sqrt[-1 + x + x72])]) + Sqrt[(-2 + Sqrt([5])/2]*ArcTanh[(5 - 2*Sqrt[
5] + Sqrt[5]*x)/(Sqrt[10*(-2 + Sqrt[5])]1*Sqrt[-1 + x + x72])]

Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] Il GtQl[b, 01)

Rule 1044

Int[((g_) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_.)*(x_)"2]), x_Symbol] :> Dist[-2*a*gxh, Subst[Int[1/Simp[2*a~2*g*h*c + a*
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exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (hx(cxd - a*f + q) - gkcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2xq), Int[Si

mp[(-a)*h*xe - g*(c*xd - axf + q) + (hx(cxd - a*xf - q) - gxcxe)*x, x]/((a + ¢
*x~2)*Sqrt[d + e*x + f*xx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e~2 - 4*d*f, 0] && NegQ[(-a)=*c]

Rubi steps
—ﬁ+(—5—2¢§)z ﬁ+(—5+2¢§)z
- dz - dx
/ 142z dr — — (1+2)V—1+z +2? n (1+s)V =1+ z + 22
(1+22)vV-1+z+2? 2v/5 2v/5
1 54+ 2v5 —
=— (—5+2\/g)Subst / dz, x, 5+2v5 V5
10(2—x/57>+x2 V-1+z+a?
1 5+2V5 —V5x 1/ .
5(2+\/ﬂ> tan! + 5(—‘

0(2+V5) V=T+z+a”

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.12, size = 106, normalized size = 0.91

310g(71+\/71+z+12 7#1)7210g(7z+\/71+z+12 7#1)#1+210g(7z+\/71+z+z2 7#1>#12
&
—1 43414+ #1°

1
5RootSum | 2 — 471 + 6#1% + #1'&,

Antiderivative was successfully verified.

[In] Integrate[(1 + 2*x)/((1 + x~2)*Sqrt[-1 + x + x~2]),x]

[Out] RootSum[2 - 4*#1 + 6*#1°2 + #1°4 & , (3xLogl[-x + Sqrt[-1 + x + x72] - #1] -
2xLog[-x + Sqrt[-1 + x + x72] - #1]*#1 + 2xLog[-x + Sqrt[-1 + x + x72] - #
11*#172) /(-1 + 3*#1 + #173) & 1/2

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 636 vs.
2(86) = 172.
time = 0.55, size = 637, normalized size = 5.44
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method | result

4RootOf (Root0f<16_Z4 16 7 +5)2+_Z

trager | —RootOf (RootOf (16_2* +16_2 +5)"+_7+1)In

2

10(—\/5—24—00) B 5\/57 (_ﬁ-}l—x) + 10+5\/§ \/ET arctan

\ V5 \ C—2-+ VQT) (“

(

75

(

-5
BV

<—ﬁ+2—m)2 (—ﬁ+2—w)2

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*x+1)/(x"2+1)/(x"2+x-1)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] (10%(-57(1/2)-2+x)"2/(-5"(1/2)+2-x)"2-5%5"(1/2)*(-57(1/2)-2+x)~2/(-56"(1/2)+

2-x) "2+10+5%5~(1/2))~(1/2)*5~(1/2) * (arctan(1/5%5~ (1/2) * ((-2+5~(1/2) ) (- (-5~
(1/2)-2+x)"2/ (-5~ (1/2)+2-x) ~2+4x57~(1/2)+9) )~ (1/2) *(20+10%5~(1/2) )~ (1/2) * (5~
(1/2)*(-57(1/2)-2+x) "2/ (-5 (1/2)+2-x) "2+2*% (-5~ (1/2) -2+x) "2/ (-5 (1/2)+2-x) "2
-57(1/2)+2)*(-57(1/2)-2+x) / (-5~ (1/2) +2-x) * (-2+5~(1/2) ) / ((-5~(1/2) -2+x) "4/ (-
57(1/2)+2-x)~4-18*(-5"(1/2)-2+x) "2/ (-5"(1/2)+2-x) "2+1) ) *6~(1/2) +arctanh ( (10
*(-5"(1/2)-2+x)"2/(-5"(1/2)+2-x) "2-5%5"(1/2) * (-5~ (1/2) -2+x) "2/ (-5~ (1/2)+2-x
) "2+10+5*%57(1/2))~(1/2) /(20+10%57(1/2)) " (1/2) )+2*arctan(1/5*57 (1/2) * ((-2+5~
(1/2))*%(-(-5"(1/2)-2+x) "2/ (-5 (1/2) +2-x) "2+4x5~(1/2)+9) ) ~(1/2) * (20+10*x5~(1/
2))"(1/2)* (57 (1/2)* (-5~ (1/2)-2+x) "2/ (-5~ (1/2) +2-x) ~2+2* (-5~ (1/2) -2+x) "2/ (-5
~(1/2)+2-x)"2-5"(1/2)+2) % (=57 (1/2) -2+x) / (-5~ (1/2) +2-x) * (-2+5~(1/2) ) / ((-5~ (1
/2)-2+x)"4/(-5"(1/2)+2-x) ~4-18* (-5~ (1/2) -2+x) "2/ (-5~ (1/2) +2-x) ~2+1) ) ) / (-5%(
57(1/2)* (-5~ (1/2)-2+x) "2/ (-5~ (1/2) +2-x) ~2-2% (-5~ (1/2) -2+x) ~2/ (-5~ (1/2) +2-x)
~2-57(1/2)-2)/(1+(-5"(1/2)-2+x) / (-5~ (1/2)+2-x) ) ~2)~(1/2) / (1+ (-5~ (1/2) -2+x) /
(-5~(1/2)+2-x)) /(20+10%5~(1/2))~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+2*x)/(x~2+1)/(x"2+x-1)"(1/2),x, algorithm="maxima")
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[Out] integrate((2*x + 1)/(sqrt(x”2 + x - D)*(x"2 + 1)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 758 vs.
2(86) = 172.
time = 0.37, size = 758, normalized size = 6.48

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+2*x)/(x~2+1)/(x"2+x-1)"(1/2),x, algorithm="fricas")

[Out] 1/20%57(1/4)*sqrt(4*sqrt(5) + 10)*(2*sqrt(5) - 5)*log(2*x~2 - 2*sqrt(x~2 +
x - Dxx + 1/5%(57(1/4)*sqrt(x”2 + x - 1)*(2*sqrt(5) - 5) - 57(1/4)*(sqrt(5
)*(2xx + 1) - 5*x))*sqrt(4*sqrt(5) + 10) + x + sqrt(5)) - 1/20%57(1/4)*sqrt
(4xsqrt(5) + 10)*(2xsqrt(5) - 5)*log(2*x”2 - 2*sqrt(x”2 + x - 1)*x - 1/5%(5
“(1/4)*sqrt(x”2 + x - 1)*(2%sqrt(5) - 5) - 57(1/4)*(sqrt(5)*(2*x + 1) - 5x*x
))*sqrt (4*xsqrt(5) + 10) + x + sqrt(5)) - 1/5%57(3/4)*sqrt(4*xsqrt(5) + 10)*a
rctan(2/55*sqrt (5) *(sqrt(5) *(2*xx - 1) + 3*x + 4) + 1/275%sqrt(10%x~2 - 10%*s
qrt(x~2 + x - 1)*x + (57(1/4)*sqrt(x”2 + x - 1)*x(2xsqrt(5) - 5) - 57(1/4)*(
sqrt (5)*(2xx + 1) - 5#*x))*sqrt(4*xsqrt(5) + 10) + 5*x + 5xsqrt(5))*((57(3/4)
*x(2xsqrt(5) + 3) + 2x57(1/4)*(4*sqrt(5) - 5))*sqrt(4*sqrt(5) + 10) + 2*sqrt
(56)*(3*xsqrt(5) + 10) - 20*sqrt(5) + 80) - 2/55*sqrt(x"2 + x - 1)*(sqrt(5)*(
2xsqrt(5) + 3) + 8*sqrt(5) - 10) + 1/55*sqrt(5)*(16*x + 3) + 1/275%(57(3/4)
*(sqrt(5)*(3*xx + 4) + 10*x - 5) - sqrt(x"2 + x - 1)*(57(3/4)*(3*sqrt(5) + 1
0) - 10%57(1/4)*(sqrt(5) - 4)) - 10%x5~(1/4)*(sqrt(5)*(x - 6) - 4xx + 13))*s
qrt(4*sqrt(5) + 10) - 4/11xx + 2/11) - 1/5%57(3/4)*sqrt(4*sqrt(5) + 10)*arc
tan(-2/55*%sqrt (5) *(sqrt(5)*(2*x - 1) + 3*x + 4) + 1/275*%sqrt(10*x~2 - 10%*sq
rt(x™2 + x - 1)*x - (57(1/4)*sqrt(x™2 + x - 1)*(2*sqrt(5) - 5) - 57(1/4)*(s
qrt(5)*(2*x + 1) - 5xx))*sqrt(4*sqrt(5) + 10) + 5%x + 5xsqrt(5))*((57(3/4)*
(2xsqrt(5) + 3) + 2x57(1/4)*(4*sqrt(5) - 5))*sqrt(4xsqrt(5) + 10) - 2*sqrt(
5)*(3xsqrt(5) + 10) + 20*sqrt(5) - 80) + 2/55xsqrt(x~2 + x - 1)*(sqrt(5)*(2
xsqrt (5) + 3) + 8*sqrt(5) - 10) - 1/55*sqrt(5)*(16*x + 3) + 1/275%x(57(3/4)*
(sqrt(5)*(3*x + 4) + 10*x - 5) - sqrt(x”2 + x - 1)*(57(3/4)*(3*sqrt(5) + 10
) - 10%57(1/4)*(sqrt(5) - 4)) - 10%567(1/4)*(sqrt(5)*(x - 6) - 4*x + 13))*sq
rt(4*xsqrt(5) + 10) + 4/11xx - 2/11)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 2z +1 i
(2+1)Va24+z—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+2*x)/(x**2+1)/(x**2+x-1)**(1/2) ,x)
[Out] Integral((2*x + 1)/((x**2 + 1)*sqrt(x**2 + x - 1)), x)
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 457 vs. 2(86) =
172.
time = 5.18, size = 457, normalized size = 3.91

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+2*x)/(x~2+1)/(x"2+x-1)"(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(2*sqrt(5) - 4)*log(16*(15*xsqrt(5)*(x - sqrt(x™2 + x - 1)) + 33*x +
Bxsqrt(5) - 33*sqrt(x™2 + x - 1) + 2xsqrt(5xsqrt(5) + 11) + 11)72 + 16% (5%
sqrt(5)*(x - sqrt(x™2 + x - 1)) + 11xx - bB*sqrt(5)*sqrt(5*sqrt(5) + 11) - 1
Bxsqrt(5) - 1l*sqrt(x™2 + x - 1) - 11xsqrt(5*sqrt(5) + 11) - 33)72) - 1/4x*s
qrt(2*sqrt(5) - 4)*log(16*(15*sqrt(5)*(x - sqrt(x”2 + x - 1)) + 33*x + b*sq
rt(5) - 33*sqrt(x”2 + x - 1) - 2*sqrt(5*sqrt(5) + 11) + 11)72 + 16%(5*sqrt(
B)*x(x - sqrt(x”2 + x - 1)) + 11*x + 5*sqrt(5)*sqrt(5xsqrt(5) + 11) - 15%sqr
t(5) - 1l*xsqrt(x™2 + x - 1) + 11*sqrt(5*sqrt(5) + 11) - 33)72) + 1/2*sqrt(2
*xsqrt(5) - 4)*(arctan(3) + arctan(1/10*%(x - sqrt(x"2 + x - 1))*(sqrt(5)*sqr
t(6xsqrt(5) + 11) + 4xsqrt(5) - 5xsqrt(5*sqrt(5) + 11)) - 7/10*sqrt(5)*sqrt
(6*%sqrt(5) + 11) + 1/5*sqrt(5) + 3/2xsqrt(5*sqrt(5) + 11)))/(sqrt(5) - 2) -
1/2xsqrt (2*sqrt(5) - 4)*(arctan(3) + arctan(-1/10*(x - sqrt(x”2 + x - 1))*
(sqrt (5)*sqrt (5*sqrt(5) + 11) - 4xsqrt(5) - bxsqrt(b*sqrt(5) + 11)) + 7/10%
sqrt (5) *sqrt (5*sqrt(5) + 11) + 1/6xsqrt(5) - 3/2*sqrt(5*sqrt(5) + 11)))/(sq
rt(5) - 2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ 2z +1 d
x
(x24+1) Va2 +z—1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*x + 1)/((x"2 + 1)*(x + x~2 - 1)°(1/2)),x)
[Out] int((2*x + 1)/((x"2 + D*(x + x°2 - 1)°(1/2)), %)
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3.12 a—ctba dz
/ (1+22) vV a + bx + cx?

Optimal. Leaf size=484

\/a2—|—b2+c<c— \/a2+b2—2ac—|—c2‘) —a<2c— Va2 + b2 —2ac—|—c2‘) tan—!

V2 Va2 + b2 — 2ac
V2 Va2 + b2 -

[Out] -1/2*arctan(1/2*(b*(a~2-2*a*xc+b~2+c~2) " (1/2)-x*x(b~2+(a-c)*(a-c+(a~2-2*a*xc+b
~2+c”2)7(1/2))))/ (@ 2-2%xaxc+b”2+c"2) ~(1/4) %27 (1/2) / (c*x"2+b*x+a) ~(1/2) /(a2
+b"2+c*x (c-(a"2-2*axc+b”2+c"2) ~(1/2)) —a* (2xc-(a~2-2*a*c+b~2+c~2)~(1/2))) "~ (1/
2))*x(a”~2+b"2+c*x (c-(a~2-2*a*xc+b”~2+c"2) ~(1/2)) —a* (2*xc-(a"2-2*a*xc+b~2+c~2) ~(1/
2)))"(1/2)/(a"2-2xa*xc+b~2+c"2) " (1/4) %2~ (1/2)-1/2*arctanh (1/2* (x* (b~ 2+(a-c) *
(a-c-(a~2-2%a*c+b~2+c~2) ~(1/2)))+b*x(a~2-2%a*xc+b~2+c~2) ~(1/2) )/ (a~2-2%a*c+b™
2+¢c”2) " (1/4)*2~(1/2) / (c*x~2+b*x+a) ~(1/2) / (a~2+b~2+c* (c+(a~2-2*a*xc+b~2+c~2)~
(1/2))-a*(2xc+(a"2-2*a*xc+b”"2+c"2)~(1/2))) " (1/2) ) *(a"2+b"2+c* (c+(a"~2-2*a*xc+b
~2+c”2) " (1/2) ) —ax(2*c+(a~2-2*xa*xc+b™2+c~2) " (1/2)))~(1/2) / (a~2-2*a*xc+b~2+c~2)
~(1/4)%2~(1/2)

Rubi [A]
time = 22.90, antiderivative size = 484, normalized size of antiderivative = 1.00, number

number of rules _ (133
integrand size ’

of steps used = 5, number of rules used = 4, integrand size = 30,
Rules used = {1050, 1044, 214, 211}

Antiderivative was successfully verified.
[In] Int[(a - c + b*x)/((1 + x"2)*Sqrt[a + b*x + c*x~2]),x]

[Out] -((Sgrt[a”2 + b"2 + c*(c - Sqrt[a™2 + b™2 - 2%a*c + c~2]) - a*(2*c - Sqrt[a
"2 + b™2 - 2%axc + c~2])]*ArcTan[(b*Sqrt[a~2 + b™2 - 2*axc + c~2] - (b™2 +
(a - c)x(a - c + Sqgrt[a™2 + b2 - 2*%axc + c~2]))*x)/(Sqrt[2]*(a”2 + b"2 - 2
xaxc + ¢~2)7(1/4)*Sqrt[a”2 + b™2 + c*(c - Sqrt[a™2 + b~2 - 2*a*xc + c~2]) -
ax(2%c - Sqrt[a”2 + b™2 - 2xa*c + c~2])]*Sqrtla + b*x + c*xx~2])])/(Sqrt[2]*
("2 + b™2 - 2%axc + ¢72)7(1/4))) - (Sqrt[a”2 + b2 + c*x(c + Sqrt[a”™2 + b~2
- 2%axc + c¢72]) - a*x(2%c + Sqrt[a”2 + b2 - 2%axc + c~2])]*ArcTanh[(b*Sqrt
[a”2 + b2 - 2%a*c + c¢™2] + (b2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2*axc
+ ¢c72]))*x)/(Sqrt[2]*(a”2 + b™2 - 2xaxc + c~2)7(1/4)*Sqrt[a~2 + b~2 + c*(c
+ Sqrt[a™2 + b™2 - 2%a*c + c”2]) - ax(2*%c + Sqrt[a”2 + b™2 - 2xaxc + c~2])]
*Sqrt[a + bxx + c*xx72])])/(Sart[2]1*(a”2 + b™2 - 2*a*xc + c~2)7(1/4))

Rule 211
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 1044

Int[((g_ ) + (_D*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_.)*(x_)"2]), x_Symbol] :> Dist[-2*a*gxh, Subst[Int[1/Simp[2*a~2*g*h*c + ax*
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, c, d, e, f, g, h}, x] && EqQ[a*h™2xe + 2*g*hx(c*d - a*f) - g~2*cxe, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrt(d_.) + (e_.)*x(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gk(c*d - a*xf - q) + (hx(cxd - a*f + q) - gkcx
e)*x, x]/((a + cxx~2)*Sqrt[d + exx + f*xx~2]), x], x] - Dist[1/(2*q), Int[Si
mp[(-a)*h*xe - g*x(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x"2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e~2 - 4*d*f, 0] && NegQ[(-a)*c]

Rubi steps
—b2—(a—c) (a—c+\/a2 + b2 — 2ac + cz‘>—b\/a2 + b2 —2ac+c?
a—c+bz dac:—f 1+e2)Va + bz + cx?
(14 2?) Va+ bx + cx? 2va2 4+ b2 —2ac+ 2

_ <b<b2+(a—c) (a_c_\/a2+b2—2ac+02>)>Subst(/T\/aQ_+b

\/a2+b2+c<c—\/a2+b2—2ac+02) —a<2c—\/a2+b2—2ac+cf

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
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time = 0.38, size = 210, normalized size = 0.43

f belog (— Ve o+ Vatbot et — 1) +2aVC log (~Vea+ VaTbotca® — #1) #1 - 26/ log (~vea+ Vatbote? — #1) #1 - blog (—vEo+ VaFbat et — 1) #1°
~RootSum | a? + b — 4by/C #1 — 2a#1% + de#1? + #1°&, &
2 by/E + a#l — 21 — #1°

Antiderivative was successfully verified.

[In] Integrate[(a - c + b*x)/((1 + x"2)*Sqrt[a + b*x + c*x~2]),x]

[Out] RootSum[a™2 + b~2 - 4xb*Sqrt[c]*#1 - 2xa*#172 + 4*xcx#172 + #174 & , (b*c*Lo
g[-(Sqrtlcl*x) + Sqrtla + b*x + c*x~2] - #1] + 2*axSqrt[c]*Log[-(Sqrt[c]*x)

+ Sqrtla + b*x + cxx"2] - #1]*#1 - 2*c~(3/2)*Log[-(Sqrt[c]l*x) + Sqrt[a + b

*x + c*x”2] - #1]x#1 - bxLog[-(Sqrt[cl#*x) + Sqrtla + bxx + c*x"2] - #1]*#1~
2)/(b*Sqrtc] + a*#l - 2xcx#1 - #17°3) & 1/2

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 4.34, size = 6871419, normalized size = 14197.15

method | result size
default | Expression too large to display | 6871419

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a-c)/(x~2+1)/(c*x~2+b*xx+a) (1/2) ,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a-c)/(x"2+1)/(c*x"2+b*x+a)”~(1/2),x, algorithm="maxima")
[Out] integrate((b*x + a - c)/(sqrt(c*x”2 + bxx + a)*(x"2 + 1)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a-c)/(x"2+1)/(c*xx~2+b*x+a)~(1/2),x, algorithm="fricas")

[Out] Timed out
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ a+bxr—c dx
(z2 4+ 1) Va+ bz + cz?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a-c)/(x**2+1)/(cxx**2+bxx+a)**(1/2),x)
[Out] Integral((a + b*x - c)/((x**2 + 1)*sqrt(a + bxx + c*x**2)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a-c)/(x"2+1)/(c*x~2+b*x+a)~(1/2),x, algorithm="giac")

[Out] integrate((b*x + a - c)/(sqrt(c*x™2 + bxx + a)*(x"2 + 1)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ a—c+bzx dx
(2 +1) Vea?+bzx+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a - c + b*x)/((x"2 + 1)*(a + b*x + c*x~2)~(1/2)),x)
[Out] int((a - ¢ + b*x)/((x"2 + 1)*x(a + bxx + c*x"2)"(1/2)), x)
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f (A+Bz) (a+bz+cz?) da

3.13 d+ex+fr?

Optimal. Leaf size=184

(Bee — bBf — Acf)s Begz \Af(€" = 20df —bef +2af*) + B(f(be* — 20df — aef) — (¢ — 3def))
- f? o T ENEErn

[Out] -(-Axc*xf-Bxb*xf+Bkc*e)*x/f~2+1/2*Bxcxx~2/f-1/2% (A*f* (~b*f+cke)-Bx (axf~2-bxex
f-ckdxf+cxe™2) ) *1n (fxx"2+e*x+d) /£~ 3- (Axf* (2xaxf~2-bkxexf-2*c*d*f+cxe”2) +Bx (f

* (—axexf-2+bxdxf+b*e”2) —cx (-3*d*e*f+e~3))) *arctanh ((2*xf*x+e) / (-4*xd*f+e~2) ~(
1/2))/£73/ (-4xd*xf+e~2)~(1/2)

Rubi [A]
time = 0.22, antiderivative size = 182, normalized size of antiderivative = 0.99, number of

number of rules __
integrand size 0.179,

steps used = 6, number of rules used = 5, integrand size = 28,
Rules used = {1642, 648, 632, 212, 642}

e+2fs Cbef — —aef — _ 3_
B \/e;—Tdf) (Af(2af? —bef — 2cdf + ce®) + Bf(—aef — 2bdf + be?) — Be(e® — 3def))  a(~Acf - bBf + Beo) . Bex?
2

2f* f3\/e2 —adf f 2f

tanh™! (
log (d+ ex + fz?) (Bf(be — af) + Af(ce — bf) — Be(e? — df))

Antiderivative was successfully verified.

[In] Int[((A + Bxx)*(a + b*x + c*x~2))/(d + e*xx + f*x~2),x]

[Out] -(((Bxcxe — b*Bxf - Axc*f)*x)/f~2) + (Bxcxx~2)/(2*f) - ((Bxf*x(b*e™2 - 2xbxd
*f - akxexf) - Bkxckx(e™3 - 3xdxexf) + Axfx(ckxe™2 - 2xcxd*xf - bxexf + 2%axf~2)
)*xArcTanh[(e + 2*f*x)/Sqrt[e”™2 - 4*d*f]])/(£73*Sqrt[e”2 - 4*xd*f]) - ((B*fx*(

bxe - axf) + Axfx(cxe - b*f) - Bkckx(e™2 - dxf))*Logld + e*x + f*xx72])/(2%f"

3)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x72, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,



e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648
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Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ

[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] &&

Rule 1642

INiceSqrtQ[b~2 - 4xaxc]

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + ex*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

—Af(cd —af)+ Bd(ce —bf) — (Bf(

2 _ _
(A+Bx)(a+bx+cx)dx:/(_Bce bBf Acf+ch+

d+ex + fx?

f? f f2(d+

(Bce — bBf — Acf)z  Bea? I —-A f(cd—af)+Bd(ce—bf)—(dBfe(zi—fZJ;)-l-Af(ce_
f? 2f 72

(Bce — bBf — Acf)z  Beaz? (=Bf(be —af) — Af(ce —bf) + Be(e
f? 2f 2f3

(Bce —bBf — Acf)r  Bcx® (Bf(be —af) + Af(ce — bf) — Be(e?-
f? 2f B 213

(Bee —bBf — Acf)e  Beg?  \(DI(b¢" —2bdf —aef) = Be(e? —3de
f? of

Mathematica [A]
time = 0.15, size = 175, normalized size = 0.95

2(Bf(—be?+2bdf+aef)+Be(e3—3def) +Af (—ce?+2cdf +bef—2af?)) tan—! (

2f(—Bce + bBf + Acf)z + Bef?z? — NaEEwY

ciofe >
Ve Adf ] | (Bf(—be+af) + Af(—ce +bf) + Be(e? — df)) log(d + z(e + fz))

2f3

Antiderivative was successfully verified.

[In] Integrate[((A + B*x)*(a + b*x + c*xx72))/(d + e*xx + f*x72),x]

[Out] (2%xf*(-(Bxc*xe) + b*Bxf + Axckxf)*xx + Bxckxf~2xx"2 - (2% (Bxfx(-(b*xe~2) + 2xbx*d
*f + axexf) + Bxcx(e™3 - 3xdxexf) + Axfx(-(c*xe”2) + 2kckxdxf + bkxexf - 2xaxf
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~2))*ArcTan[(e + 2*f*x)/Sqrt[-e~2 + 4xdxf]])/Sqrt[-e~2 + 4*d*xf] + (B*xf*(-(b
xe) + axf) + Axf*(-(c*e) + b*f) + Bkcx(e™2 - dxf))*Logld + x*(e + £*x)])/(2
*£~3)

Maple [A]

time = 0.21, size = 190, normalized size = 1.03

method | result

) (Ab F2— Ace
2| Aa f“—Acdf —Bbdf+Bcde— ~———

(Ab f2—Acef+Ba f2—Bbef—Bedf+Be e2) ln(f m2+em+d) N

1Bea? f+A bfz— 2
default 5Bcz*f+ cffa:Q—i—B fz—Bcex + -

risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)*(c*x~2+b*x+a)/(f*x"2+e*xx+d) ,x,method=_RETURNVERBOSE)

[Out] 1/f72%(1/2*Bxc*xx~2*f+A*ckf*x+Bxbkfxx-Bkxckxexx)+1/f72% (1/2% (Axb*f~2-Axcxexf+B
xaxf~2-Bxb*exf-Bxckd*f+Bxcxe”2) /f*1ln(f*x~2+e*x+d) +2x (Axa*xf~2-Axcxd*f-B*b*dx*
f+Bxcxdxe—1/2% (Axbxf~2-A*xckxexf+Bxa*xf " 2-Bxbxexf-Bxckxd*xf+Bxckxe™2)*xe/f)/ (4*d*f

-e72) " (1/2)*arctan ((2*xf*xx+e) / (4xdxf-e~2)~(1/2)))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)/(f*x"2+exx+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*d*f-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [A]

time = 0.43, size = 584, normalized size = 3.17

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)/(f*x"2+exx+d) ,x, algorithm="fricas")

[Out] [1/2%(4*B*c*d*f~3*x~2 - 8*Bxcxd*f 2kx*e + 8% (Bxb + Axc)*d*f~3xx + 2%Bkcxf*x
xe”3 + (2xA*a*xf~3 - 2%(Bxb + A*c)*d*f~2 - Bkc*e”3 + (Bxb + Axc)*f*e”2 + (3%
Bxcxd*f - (B*a + Axb)*f~2)*e)*sqrt(-4*d*f + e~2)*log((2*f~2%x"2 + 2xfxx*e -
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2xd*f + sqrt(-4xd*xf + e"2)*(2*f*x + e) + e72)/(f*x"2 + x*e + d)) - (Bxcxf~
2%x72 + 2% (B*b + Axc)*f"2*x)*e”2 — (4*Bxcxd"2*%f"2 - 4x(B*a + Axb)*d*f~3 + 4
*(Bxb + A*c)*dxf~2%e + Bxcxe"4 - (Bxb + Axc)*f*e~3 - (5*Bkckxdxf - (B*a + Ax
b)*£72)*e"2)*xlog(f*x~2 + x*e + d))/(4*d*f~4 - £~3%e”2), 1/2%(4*Bkckd*f~3*x"
2 - 8xBkckd*f 2xx*e + 8% (Bxb + A*xc)*d*f~3*xx + 2*Bxcxfxxke™3 - 2x(2xA*xa*f~3
- 2x(Bxb + A*c)*d*xf~2 - Bxcxe”3 + (B*b + Axc)*f*e”2 + (3*Bkckdxf - (B*a + A
*xb) *£~2) *e) *sqrt (4xd*f - e~2)*arctan(-(2xf*x + e)/sqrt(4xd*f - e~2)) - (Bxc
*f2xx"2 + 2% (Bxb + A*c)*f~2%x)*e”2 — (4*Bkxc*d~2xf~2 - 4% (Bxa + A*b)*d*f~3
+ 4% (Bxb + Axc)*d*f~2%e + Bkc*e"4 - (Bxb + Axc)*f*xe”3 - (5*kBkckdxf - (B*xa +
Axb) *£72) xe~2) *1log (£*x~2 + x*e + d))/(4*d*f~4 - £~3%e"2)]

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 1260 vs.
2(175) = 350.
time = 7.62, size = 1260, normalized size = 6.85

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*xx**2+b*x+a)/(£*xx**2+exx+d) ,x)

[Out] Bxcxx**2/(2%f) + x*x(A*c/f + B*b/f - Bkcke/f*x2) + (-sqrt(-4*d*f + e**x2)*(-2
xAxaxfxk3 + Axbkexf*xx2 + 2xAxckdxfx%2 — Akcke*xx2xf + Bxakxexfx%x2 + 2%Bxbkxd*f
**%2 — Bxbke*xx2+f — 3kBkckdkexf + Bxckxe*x3)/(2xf**3* (4*xd*f - ex*2)) + (Axbxf
*x*%2 — Axckxexf + Bxaxf#x2 — Bxbkexf — Bkckd*f + Bkckex*2)/(2xfx*3))x*log(x +
(“Axa*xe*xf*x2 + 2kA*xb*xd*xf*x*x2 — Axckxdxexf + 2*Bxaxdxf**2 — Bxbkxdkexf - 2xBkxcx*
dx*2%f + Bxckdxex*2 — 4xd*f*x3x(-sqrt(-4xd*f + ex*2)*(-2xAxaxf**3 + Axbxexf
*x%2 + 2%kAkckd*kf*xx2 — Axckxex*k2%xf + Bkakexf*x2 + 2xBxbxdxfx*2 — Bxbke*xx2xf -
3xBxckxdkexf + Bxckxe*xx3)/(2xf**3% (4*xd*f - ex*2)) + (Axb*xf*x2 — Axckexf + Bxa
xfx%2 — Bxbkexf — Bxckd*f + Bxckxe*xx2)/(2xf**3)) + ex*2xf**x2x(-sqrt(-4*xd*f +
e**2)*(—2*A*a*f**3 + Axbxexf*x*2 + 2%kAxckd*xf**x2 — Axcke*x*x2xf + Bxgkekxf*xx2 +
2%Bxbxdxf**2 — Bxbke*x*2+f — 3xBkckd*exf + Bkcke*x*3)/(2xf**3* (4xd*xf - e*x*2)
) + (Axb*f**2 — Axckexf + Bxaxfxx2 — Bxbkexf — Bkckdxf + Bxckxex*x2)/(2*xf*%*3)
))/ (—2%A*xa*xf*x*3 + Axbkexfx*2 + 2kAkckdxfx*2 — Akxckex*2xf + Bkakexfx*x2 + 2%B
*xbxd*f*x2 — Bkbkex*2xf — 3*Bkckdxexf + Bkckex*3)) + (sqrt(-4*d*f + ex*2)*(-
2xAkakxf*k3 + Axbkekxfx*x2 + 2xAkckdxf*x*2 — Axckexk2xf + Bxakexf*x2 + 2%Bxbxdx*
fx*%2 — Bxbkexx2xf — 3%Bkckdkexf + Bkckxe*x*3)/(2%f*x3%(4xd*xf — ex*2)) + (Axbx*
fx*2 - Axcxexf + Bkaxfx*2 — Bxbkexf - Bxckd*f + Bxcke*x2)/(2xf**3))*log(x +
(Axaxe*xfx*x2 + 2kA*xbxd*f*x*x2 — Akckdxe*xf + 2+Bxakxd*xf**2 — Bxbkxdkexf - 2xBx*c
xd*¥x2%f + Bkckdkex*2 — Lkdxf**3*(sqrt(-4*xd*f + e**2)*(-2xA*axf*x3 + Axbkexf
*%2 + 2%xAxckdxf*x*x2 — Axckex*k2xf + Bxakexf**x2 + 2%Bkxbkxd*f**2 — Bxbkxe*xx2*xf -
3*%Bxcxdxexf + Bxckxex*3)/(2xfxx3* (4*d*f — e**2)) + (Axbkxf**2 - Axckexf + Bxa
*xfx*2 — Bxbkexf — Bxckxdxf + Bxcxex*2)/(2*%f*%x3)) + ex*2*f*x2x (sqrt(-4*d*f +
e**2)*(—2*A*a*f**3 + Axbxexfx%2 + 2%kAkckd*xf*xx2 — Axckex*2%f + Bkakexf*xx2 +
2%Bxb*d*f**2 — Bkbkex*2xf — 3*Bkckdxexf + Bkckex*3)/(2%f*x3%(4xd*xf - e**2))
+ (Axbxf*x*2 — Axcxexf + Bkaxfxx2 — Bxbkexf — Bkckd*f + Bkckxe**2)/(2xf**3))
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)/ (-2%Axaxf*x*x3 + Axbkexfx*2 + 2xAxckd*f*x*2 — Axcke*xx2xf + Bkxakxexf*x*x2 + 2%Bx*
bxdxf*x*x2 — Bxbke*x*2%f - 3*kBkckxdxexf + Bxckxex*3))

Giac [A]
time = 2.48, size = 191, normalized size = 1.04
(2 Bbdf? + 2 Acdf? — 2 Aaf?® — 3 Bedfe + Baf?e + Abf%e — Bbfe? — Acfe? + Bee®) arctan <%)

Befa® +2Bbfx +2Acfz —2Beve  (Bedf — Baf? — Abf? + Bbfe + Acfe — Bee?) log (fa* + ze +d)
2f? 2f3 4df — e f3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)/(f*x"2+exx+d),x, algorithm="giac")

[Out] 1/2%(Bkcxf*xx~2 + 2%Bxbxf*xx + 2kAxcxf*x - 2xBxc*x*e)/f~2 - 1/2%(Bxc*xd*f - Bx
axf~2 - A*b*f~2 + Bxbkxfkxe + Axckfkxe - Bxc*e”2)*log(f*x~2 + x*e + d)/£f73 - (
2%B¥b*d*f~2 + 2kA*ckd*f~2 - 2%A*xa*xf~3 - 3*Bxckdxfxe + Bxaxf~2xe + Axbxf~2xe

- Bxbxfxe”2 - Axcxfxe”~2 + Bxcke~3)*arctan((2xf*x + e)/sqrt(4*xd*f - e~2))/(

sqrt (4xd*f - e~2)*f~3)

Mupad [B]
time = 3.85, size = 273, normalized size = 1.48

Bea?

tan | ——o——r + 2 ) Bed® ~2Aaf'+ Abef? +2Acd f* + Bae f* +2Bbd f* — Ace’ f —~ Bbe? f —3Bed
J(A(\Hhiﬂct)iln[fﬁ\m\d) (Hcc‘frlAbd/‘*dHndf‘*Acc‘fbec’/\/\hﬁ]’4Haﬁj“1Hrd2/’-1Ardr/’41Hbdc/’*5[itdc7f)iam(\/«lff»‘ Haa =) B af ef* +2Acd f 4+ Bae ' + J?—Ace?f - Bbe*f -3Bedef) Ber
o (—F— 2@df - il 27

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx)*(a + b*x + c*x"2))/(d + exx + f*x72),x)

[Out] x*((Axc + B*b)/f - (B*c*e)/f"2) - (log(d + exx + f*x~2)*(B*c*e™4 - 4*A*xbxdx
£°3 - 4xBka*d*f~3 - Axc*e”3xf — Bxb*e 3*f + Axb*e 2xf~2 + Bkaxe~2*xf~2 + 4xB
*ckd"2+%f72 + 4dkAkckdxexf~2 + 4xBxbxd*e*f~2 - BkBkckdxe~2xf))/(2x (4*xd*f~4 -

e~ 2*f~3)) - (atan(e/(4xd*f - e72)7(1/2) + (2*fx*x)/(4xd*f - e72)~(1/2))*(B*xc

*¥e”3 - 2k%A*a*f~3 + Axb*exf~2 + 2kA*xcxd*xf~2 + B¥xaxexf~2 + 2%Bxbkxd*f~"2 - Axcx*
e”2xf — Bxb*e 2xf — 3*Bkckdxexf))/(£f73x(4xd*xf - e72)7(1/2)) + (Bxc*x"2)/(2*

f)
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@4+Bx)a+bx+cx22
3.14 f d+£x+fx2 : dz

Optimal. Leaf size=542

(B(ce — bf) (f(be — 2af) — c(e® — 2df)) + Af(b*f* — 2cf(be — af) + *(e* —df)))x  (Acf(ce —2bf) — B
Iz

[Out] (Bx(-b*f+cxe)*(f*(-2*axf+bkxe)—c* (-2xd*xf+e~2))+Axf* (b~ 2*f " 2-2xc*xf* (—axf+b*e)
+c7 2% (—dxf+e”2) ) ) *x/f~4-1/2% (Axcxf* (-2%b*xf+cxe) -B* (b~ 2xf ~2-2*c*f* (—axf+b*e)
+c"2x (-d*xf+e~2) ) ) *x"2/£f7"3-1/3*c*k (mAxcxf-2xBxb*xf+B*c*e) *x~3/f"2+1/4*Bxc”~2*x~
4/f+1 /2% (Axf* (-bxf+cke) * (£ (-2kaxf+bxe)—cx (-2*xd*f+e~2) ) +B* (¢~ 2% (d~2*xf~2-3*d
xe " 2xf+e”4) —-f " 2% (2xaxbxexf-a~2xf ~2-b" 2% (-~d*f+e”2) ) +2xcxf* (axf* (-d*f+e~2) -b*
(-2*xd*e*xf+e~3))) ) *In(f*x"2+e*xx+d) /75— (Axf* (c™ 2% (2*xd"2*f~2-4*xd*xe” 2*xf+e~4) -f
2% (2kaxb*exf-2xa”~2%f "2-b" 2% (-2*xd*f+e~2) ) +2*kc*kf* (axf* (-2*¢d*f+e~2) -b* (-3*d*e
*f+e73)) ) -B*x (c~ 2% (5%d " 2*xexf " 2-5*xd*e~3xf+e”5) +f "2x (a~2ke*f ~2-2xaxb*f * (-2xd*f
+e72) +b" 2% (-3*d*exf+e”3) ) +2*kckf* (axexf* (-3xd*xf+e~2) -b* (2%d~2*f ~2-4*xd*xe~2xf+
e~4))))*arctanh ((2xf*x+e)/ (-4*xdxf+e~2)~(1/2))/£°5/(-4xdxf+e~2)~(1/2)

Rubi [A]

time = 0.68, antiderivative size = 542, normalized size of antiderivative = 1.00, number of

number of rules _ ( 167
integrand size ’

steps used = 6, number of rules used = 5, integrand size = 30,
Rules used = {1025, 648, 632, 212, 642}

Antiderivative was successfully verified.
[In] Int[((A + Bxx)*(a + b*x + c*x72)"2)/(d + exx + f*x~2),x]

[Out] ((Bx(c*e - bxf)*x(f*(bxe — 2%a*f) - cx(e”2 - 2*d*f)) + A*f*x(b~2*xf~2 - 2xcxfx*
(bxe - a*xf) + c™2*%(e”2 - dxf)))*x)/f~4 - ((A*c*f*(cke — 2%bxf) - Bx(b~2xf~2
- 2xcxfx(b*e - axf) + c™2x(e”2 - d*f)))*x72)/(2+%£73) - (c*(B*cxe — 2*b*Bx*f
- Axcxf)*x73)/(3*xf~2) + (Bxc™2*x"4)/(4xf) - ((A*xfx(c"2*(e”4 - 4xd*xe”2*f +
2%d"2xf"2) - f£72x(2xaxbkexf - 2%xa”"2+%f"2 - b"2*%(e”2 - 2xd*f)) + 2xcxf*(a*xf*(
e”2 - 2xd*f) - bx(e”3 - 3*dxexf))) - Bx(c"2*(e”5 - 5xdxe”3*f + 5xd"2%e*f~2)
+ f72%(a"2xexf"2 - 2xaxb*f*(e”2 - 2kd*f) + b"2x(e”3 - 3*d*e*xf)) + 2kcxf*x(a
xexf*(e”2 - 3*kd*f) - bx(e”4 - 4xd*e”2*f + 2xd"2xf~2))))*ArcTanh[(e + 2%f*x)
/Sqrt[e”2 - 4xdxf]])/(£°5xSqrt[e”2 - 4*xdxf]) + ((Axfx(cxe - b*f)x*x(fx(b*xe -
2%axf) — c*(e”2 - 2xd*f)) + Bx(c™2*(e”4 - 3*xd*e™2xf + d"2*%f72) - f~2*(2*axb
xexf — a”2+%f72 - b"2%(e”2 - d*f)) + 2xcxfx(a*xf*x(e”2 - d*f) - bx(e”3 - 2xd*e
*x£))))*Logld + e*xx + f*x~2])/(2%£75)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
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Qla, 0] Il LtQ[b, 0])

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2*xc*d - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 1025

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_)*x(x_)"2)"(p_)*((d_) + (e
_Ox(x) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Int[ExpandIntegrand[(a + b*x +

c*xx~2)"p*(d + exx + f*x~2)"q*(g + h*x), x], x] /; FreeQl[{a, b, c, d, e, f,

g, h}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[e™2 - 4xdxf, 0] && IGtQ[p, 0] && In
tegerQ[q]

Rubi steps

(A + Bz) (a + bz + cz?)’ e — / <B(ce —bf) (f(be — 2af) — c(e? — 2df)) + Af(b2f% — 2cf (be — af)

d+ex + fx? f4
_ (B(ce—bf) (f(be —2af) — c(e® — 2df)) + Af(b*f? — 2cf (be — af) +
= 7
_ (B(ce —bf) (f(be —2af) — c(e® — 2df)) + Af(b*f* — 2cf(be — af) + c
— 7
_ (B(ce —bf) (f(be —2af) — c(e® — 2df)) + Af(b* % — 2cf (be — af) +
= 7

(B(ce — bf) (f(be — 2af) — c(e* — 2df)) + Af(b?f2 — 2cf(be — af) + c
Iz
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Mathematica [A]
time = 0.41, size = 535, normalized size = 0.99

Antiderivative was successfully verified.

[In] Integrate[((A + B*x)*(a + b*x + c*x72)72)/(d + e*xx + f*x72),x]

[Out] (12xfx(-(Bx(c*xe - b*f)*(fx(-(bkxe) + 2xaxf) + cx(e”2 - 2*d*f))) + Axfx(b~2xf
2 + 2kckf*x(—(bxe) + a*xf) + c™2*%(e”2 - d*xf)))*x + 6xf 2k (A*xcxfx(-(c*xe) + 2%
bxf) + Bx(b"2*f"2 + 2xcxfx(—(b*e) + a*xf) + c™2x(e”2 - d*f)))*x"2 + 4xcxf~ 3%
(-(Bxc*e) + 2xb*Bxf + Axcxf)*x~3 + 3*Bkc™2+%f~4*x"4 - (12*%(-(A*f*(c™2x(e”4 -
dxdxe”2xf + 2xd"2xf72) + £72%(-2*axbkexf + 2*xa~2xf~2 + b"2%(e”2 - 2*dx*f))
+ 2xckfx(a*xf*x(e”2 - 2xd*f) - bx(e”3 - 3kdkexf)))) + Bx(c™2x(e”5 - 5xd*e”3*f
+ 5xd"2xexf"2) + f72x(a"2%exf"2 + 2*axbxfx(-e”2 + 2xdxf) + b"2*(e”3 - 3*d*
exf)) — 2kckf*x(-(axexf*(e”2 — 3*d*f)) + bx(e™4 - 4xdxe”2*f + 2xd"2*f~2))))x*
ArcTan[(e + 2%fx*x)/Sqrt[-e”2 + 4xd*f]])/Sqrt[-e~2 + 4xdxf] + 6% (Axf*x(-(c*e)
+ b*f)*x(fx(-(bxe) + 2*a*xf) + c*(e”2 - 2xd*xf)) + Bx(c"2*(e”4 - 3*d*e”2*xf +
d"2xf~2) + f72x(-2*axbkexf + a~2%xf"2 + b™2x(e”2 - d*f)) - 2kckf*x(axfx(-e~2
+ d*f) + bx(e”3 - 2*d*exf))))*Logld + x*(e + f*x)])/(12%x£75)

Maple [A]
time = 0.27, size = 800, normalized size = 1.48

method | result

%B czm4f3+%A c2f3w3+§Bbcf3z3—%B c2e f2a:3+Abcf3w2—%A e f2a:2+Bacf3:c2+%Bb2f3:c2—Bbce f2z2—%B czdf2m2+%B1

default

risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((B*x+A)*(c*x~2+b*x+a) "2/ (£*x~2+exx+d) ,x,method=_RETURNVERBOSE)

[Out] 1/f74%(1/4*Bxc”2%x"4*f~3+1/3%A*c™2%f ~3%x"3+2/3*Bxbxc*f ~3*%x~3-1/3*B*c 2*exf~
2%x"3+Axbxckxf"3%x"2-1/2%xA*c” 2xexf " 2xx " 2+Bxaxckf " 3xx"2+1/2xB*xb~2xf ~3*x"2-B*b
kckexf T 2%x"2-1/2%Bkc " 2%d*f "2xx"2+1/2%Bxc " 2%e " 24 fxx "2+ 2k Akakxckf T 3kx+Axb 2% f
3*x-2*%A*bkckexf " 2xx—-A*xCcT2*xd*f T 2*kx+A*cT2xe " 2xfxx+2*%B*a*xb*kf " 3*xx-2xBxaxcke*xf "2
*x-B*b"2%exf "2xx—2%B¥b*ckd*f " 2*kx+2*xBxbkcke 2% f*x+2*%Bkc 2xd*xexf*x—B*c"2%e" 3%
x)+1/£74% (1/2% (2*%Axaxbxf~4-2*xAxaxcke*xf ~3-Axb~2ke*xf ~3-2xAxbkxc*xd*f ~3+2xAxb*c*
e 2xf " 2+2kA*xcT2xdxexf " 2-A*xc"2xe " 3k f+Bxa~2xf "4-2*Bxaxbxexf ~3-2xBxaxcxd*f~3+2
*Bxaxcke 2%f ~2-Bxb~2*d*f ~3+Bxb~2%e " 2xf ~2+4*B*b*ckxdxexf ~2-2%Bxbxcxe~3*f+Bxc”
2*%d"2*%f~2-3%Bxc"2xd*xe " 2*xf+B*xc"2%e"4) /fx1n (f*xx"2+exx+d) +2* (A*a~2*f~4-2xA*xa*xc
*d*f " 3-Axb"2xd*xf " 3+2*kA*kbkckdkexf "2+AxcT2%d 2% T 2-A*c"2kd*xe " 2xf-2%B*a*b*kd*xf”
3+2*B*a*xckd*ke*xf~2+Bxb"2*d*e*f " 2+2*%Bxbxcxd~2xf "2-2*B*b*ckdke~2xf-2%Bxc”2*d "2
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xe*xf+B*c~2xd*e"3-1/2% (2xAxaxbxf~4-2¢A*a*xckexf~3-Axb~2xexf ~3-2%Axb*ckd*f~3+2
*Axbkcke 2xf"2+2kxAkxc”2*kd*e*xf "2-AxcT2xe " 3xf+B*a " 2*%f "4-2*%Bxaxbxexf~3-2*B*a*xcx*
d*f~3+2xBxaxcke 2xf ~2-Bxb~2*d*f ~3+Bxb~2%e " 2xf ~2+4*B*b*cxd*xe*xf ~2-2*%Bxbxcxe”3
*f+B*c 244" 2*%f " 2-3*Bxc"2xd*e "~ 2xf+B*xc"2*%e"4) *e/f) / (dxd*xf-e~2) ~(1/2) *arctan ((
2kxf*x+e) / (4xd*xf-e72)~(1/2)))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a) "2/ (f*x"2+e*x+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*d*f-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [A]
time = 0.51, size = 1921, normalized size = 3.54

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a) 2/ (f*x"2+e*x+d) ,x, algorithm="fricas")

[Out] [1/12%(12*Bxc~2*d*f"5*%x"4 + 16%(2*xBxb*c + A*c™2)*d*f~5*x~3 + 12xBxc~2xfxx*e
5 - 24%(B*c”2xd"2*f"4 - (Bxb”"2 + 2% (B*a + A*b)*c)*d*f"5)*x"2 + 6k (2%A*a~2x*
£75 + 2% (2%B*b*c + A*c™2)*d"2*xf"3 - 2% (2xBxaxb + A*b~2 + 2%Axaxc)*d*f"4 - B
xc~2xe”5 + (2xBxbkc + Axc”2)*f*e"4 + (5xBkxc”2*d*xf - (B*b~2 + 2x(Bka + AxDb)x*
c)*f"2)*e"3 - (4x(2xBxbxc + A*c™2)*d*f~2 - (2*%B*xaxb + A*b~2 + 2*A*a*c)*f~3)
*e72 - (B*Bkxc™2xd"2*xf"2 - 3% (Bxb~2 + 2% (Bka + Axb)*c)*d*f~3 + (B*a~2 + 2%Ax*
axb) *f~4) *e) *sqrt (-4xd*f + e~2)*log((2*f72xx"2 + 2xfxx*e - 2xd*f + sqrt(-4*
d*f + e”2)*x(2*f*x + e) + e72)/(f*x"2 + x*xe + d)) - 48x((2*B*b*c + Axc~2)*d~
2+%f~4 - (2%B*axb + A*b~2 + 2xAxaxc)*d*f~5)*x — 6% (Bxc™2xf"2%x"2 + 2% (2*Bxbx*
Cc + A*c”2)*f"2%x)*e”4 + 2% (2xBxc"2*%f"3*%x"3 + 3% (2*Bkxbkc + A*c"2)*f " 3*%x"2 -
6% (6%Bxc~2xd*xf~2 - (B*b~2 + 2% (B*a + A*xb)*c)*f~3)*x)*e”3 - (3*%B*c™2*%f"4*x"4
+ 4% (2xBxbkc + Axc”2)*f"4%x"3 - 6% (5%B*xc”2xd*f"3 - (B*b"2 + 2% (B*a + A*b)*
c)*f~4)*x"2 - 12%x (5% (2*Bxb*c + A*c™2)*d*xf~3 - (2xBxaxb + A*b~2 + 2%A*axc)x*f
“4)xx)*ke”2 - 8x(2%Bkxc 2xd*xf"4*x"3 + 3% (2%Bxb*c + Axc”2)*d*f~4*x"2 - 6% (2xBx
c"2%d"2%f"3 - (B*b~"2 + 2x(B*a + Axb)*c)*d*f~4)*x)*e + 6x(4*Bxc~2x%d"3*%f~3 -
4% (B*¥b~2 + 2% (B*a + Axb)*c)*d"2xf~4 + 4x(Bxa~2 + 2*Axaxb)*d*f~5 - Bxc~2*e”6
+ (2%Bxbxc + Axc”2)*f*xe”5 + (7*Bkxc~2xd*xf - (Bxb~2 + 2% (B*a + Axb)*c)*f~2)x*
e”4 - (6%(2%Bxbxc + A*c™2)*d*xf~2 — (2+Bxaxb + A*b~2 + 2kA*xa*c)*f~3)*e”3 - (
13*%B*c™2xd"2*f"2 - 5x(B*b~2 + 2x(B*a + A*b)*c)*d*f~3 + (B*a~2 + 2xAxaxb)*f~
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4)*e”2 + 4x (2% (2+Bxbxc + A*c™2)*d"2*f"3 - (2*xBkxa*b + A*b~2 + 2%Axaxc)*d*xf~4
)*xe)xlog(f*x~2 + x*e + d))/(4xd*xf~6 - £75xe”2), 1/12%(12*Bxc~2*d*f 5xx~4 +

16% (2%Bxbxc + A*c™2)*d*xf~5*xx"3 + 12%Bkc 2*fxx*e”5 - 24*(Bxc~2*d"2*xf~4 - (B*
b~2 + 2% (Bxa + A*b)*c)*d*f~5)*x"2 - 12%(2xA*xa~2+%f"5 + 2% (2*Bkb*c + A*c~2)*d
~2%f73 - 2% (2*Bkaxb + A*b~2 + 2kA*axc)*d*f~4 - Bxc"2xe”5 + (2%Bxb*c + A*c”2
Yxfxe~4 + (5xBkc”2+d*f - (B*b~2 + 2x(Bka + Axb)*c)*f~2)*e”3 - (4*(2%Bxbxc +
A*xc™2)*d*xf~2 - (2xBxaxb + A*b~2 + 2kA*axc)*f~3)*e”2 - (5xBxc”2+%d"2*xf"2 - 3
*(B¥b~2 + 2% (B*a + Axb)*c)*d*f~3 + (Bxa~2 + 2xAxaxb)*f~4)xe)*sqrt(4xd*f - e
~2)*arctan(-(2*f*x + e)/sqrt(4*xd*f - e72)) - 48%((2xBxb*c + Axc~2)*d~2*f"4

- (2%B*axb + A*b~2 + 2xAxaxc)*d*f~5)*x — 6x(Bxc 2xf 2%x"2 + 2% (2%Bxb*c + Ax
cT2)*xf72%x)*e"4 + 2% (2*Bxc”2*f"3%x"3 + 3% (2%Bxbxc + A*c"2)*f"3*x"2 - 6*(6*B
*Cc"2xd*f"2 - (Bxb~"2 + 2% (B*a + A*b)*c)*f~3)*x)*e”3 — (3*B*c™2xf"4*x"4 + 4x*(
2%Bxbxc + A*c"2)*f"4*x"3 - 6% (5*Bxc”2*%d*f~3 - (B*b~2 + 2% (B*a + Axb)*c)*f~4
)*x72 - 12% (5% (2%Bxb*c + Axc~2)*d*f~3 - (2*B*a*b + A*b~2 + 2xAxaxc)*f~4)*x)
*e72 - 8% (2*Bkxc~2xd*xf~4*x~3 + 3% (2*Bxb*c + A*xc”2)*d*xf~4xx"2 - 6% (2*B*c”2*d”
2%f~3 - (B*¥b~2 + 2x(B*a + Axb)*c)*d*f~4)*x)*e + 6x(4*xBxc~2*%d"3*f~3 - 4% (B*b
2 + 2% (B*a + Axb)*c)*d"2xf"4 + 4% (Bxa~2 + 2%A*axb)*d*f"5 - Bxc"2*e”6 + (2%
Bxb*c + Axc”2)*f*xe”5 + (7*B*xc™2xd*xf - (B*b~2 + 2% (B*a + Axb)*c)*f~2)*xe"4 -

(6% (2%Bxb*c + A*c™2)*d*f~2 - (2xBxaxb + A*b~2 + 2%A*axc)*f~3)*e”3 - (13*B*c
“2%d"2+%f"2 - Bk (B*b"2 + 2x(Bxa + A*b)*c)*d*f~3 + (Bxa"2 + 2xAxaxb)*f~4)*e”2
+ 4% (2% (2xBxbxc + A*c”2)*d"2*%f"3 - (2%Bxaxb + A*b~2 + 2*A*axc)*d*xf~4)x*e)x*1
og(f*x~2 + x*e + d))/(4xd*xf~6 - £~5xe~2)]

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 4663 vs.
2(520) = 1040.
time = 91.26, size = 4663, normalized size = 8.60

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)* (c*x**2+b*x+a)**2/ (f*x**2+exx+d) ,x)

[Out] Bxcx*2*x**4/(4*f) + xk*x3x(Axc*kx2/(3*%f) + 2xBxbxc/(3*f) - Bxcx*2xe/(3*f*%2))
+ xxk2% (Axb*xc/f - Axc*x2ke/(2xf*x2) + Bkaxc/f + Bxb*x2/(2xf) - Bxb*cxe/f*x
2 - Bkcx*2xd/ (2xfx*2) + Bkckk2xe*xx2/(2xfx*3)) + x*(2*Axaxc/f + Axbxx2/f - 2
kAxbxcke/f*x2 — Akxck*2kxd/f**2 + Axck*2kxe*x*2/fx*3 + 2%xBkaxb/f - 2%Bkxakcxe/fx*
*2 — Bxbk**2ke/f**2 — 2%Bxbkckxd/f*x*2 + 2%Bkbkxckxex*2/f**3 + 2%Bkckx*2kd*e/f**3
— Bxck*2kex*3/f**4) + (-sqrt(-4*xd*f + e*x2)*(-2xA*xa*x*2xf*x5 + 2xAkaxbkexfx
*4 + 4dkAkakckdkfkxkk4d — 2kAkakckek*kQkf**k3 + 2kAkbk*k2kd*f*%4 — Axbkk2kexk2xf*k*x
3 - 6xAxbxcxdxexf*x*x3 + 2kAxbkckekk3kfkk2 — 2kAkckkQkdkkQkf*k*3 + 4kAkckkQkd*
exx2xfx*k2 — Akckx*kQkexx4*xf + BkaxxQkxexf*x4 + 4xBxaxbkd*f*xx4 — 2*Bkakxbkex*x2*f
*x3 — B6*Bkakckdkexf*x*3 + 2*kBkxakxckxex*3kf*x*2 — 3*kBkb*x*2kdke*xf**3 + Bkxbk*x2kxe*x
3%xf*x2 — 4xBxb*ckd**x2xf**x3 + SkxBkbkckdke*kx2kxf**x2 — 2xBkbkckekxx4dxf + S5xBkxckx
2xdx*k2kexf*x*2 — BkBkckk2kdkex*3*f + Bkck*x2xe*x*5)/(2kxf*kx5kx (4xd*xf - ex*2)) +
(2%Axaxbkxfx*x4d — 2xAkaxckexf*xx3 — Axb*x*2xexf**3 — 2xAxbxckd*f*x*3 + 2xAxbxcke
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*kkfkk2 + kAkckk2kdkexfkk2 — Akckk2kekxk3kf + Bkax*k2xfxk4d — 2xBkakxbkexfx*3
— 2xBkakckdxfx*3 + 2kBkakckex*2xfx*2 — Bxbkx2xdxf**x3 + Bkb**2kex*x2kxf**x2 +
AxBxbxckxdke*xf**x2 — 2*Bxbkckekx*x3kxf + Bkckx*2kd*x*2*xfx*2 — 3xBkck*x2kdkekx*x2xf +
Bxcx*2kxex*x4) / (2%f*x5) ) ¥log(x + (—Akxax*2kexfx*4 + 4xAkxaxbkdxfx*4 - 2xAkxakxckxd
kexf*x3 — Axbk*2kdxe*xf**3 — 4kAxbkckd**k2xf**3 + 2*kAxbkxckdrxex*x2*xf**2 + 3*kAxc
*kkdxk2kekfxk2 — Akckk2kxdkex*k3xf + 2xBkax*k2xd*f*x*4 — 2%«Bxaxbkdxe*xf*x*3 - 4%
Bkaxcxdx*x2xfx*x3 + 2kBkakxckdkxex*x2xfx*x2 — 2%xBkxb**x2kxd**x2%xf*%3 + Bxbk*2kxd*ke*x*2%
fx*%2 + 6xBxbkckd**x2kexf*x*x2 — 2%xBkxbkckd*ex*3*f + 2%kBkckkx2kxd**x3kxf**x2 — 4*Bxcx*
*x2kd*k*k2ke*xx2*xf + Bkckk2xdkex*k4d — 4kdxf**x5k (—sqrt (—4*d*f + ex*2)*x (—2kAxa**2x*
fxk5 + 2xAxaxbkexfxk4d + 4xAxakckdxfxkd — 2xAkakckex*k2kf**x3 + 2xAxbkkxd*f*x*
4 - Axbx*2xe**x2*%f**3 — GkAxbkckdkxe*f*x*3 + 2%kAxbkckexk3kf*x*2 — 2kAkck*kkd**2
*f*xk3 + AxAxckk2kdkexk2xfkk2 — Akckk2kekkdkf + Bkaxk2xexfxx4d + 4xBkaxbxdxfx*
*4 — 2xBkxaxbkex*2*xf*%*3 — 6xBxakckdkexfx*3 + 2kBkakckex*3*xfx*2 — 3xBxbkxx2xd*
exf**3 + B¥bx*x2ke*x*x3xf*xx2 — 4*xBxbkckdx*x2xf*%x3 + 8*Bxbkckdkex*2xf*x*x2 - 2%Bxb
kcxexkd*xf + BkBkckx*2xd*xk2kexf**x2 — B*xBxckk2kxdke*x*x3*%f + Bxckx*x2xe*x*x5) /(2xf**5
*(4xd*f - ex*2)) + (2xAxaxbkf**x4 — 2kxAxakckekxf**x3 — Axbkx*2kexf*x*3 - 2kxAxb*c
*d*xfx*k3 + 2xAkbkckexk2kf**x2 + 2kAxckk2kdkexf**x2 — Akxckkkex*k3*xf + Bkakk2xfx*
*4 - 2xBkxaxbkexfx*3 — 2xBkakckd*xfx*3 + 2kxBkakckex*2xfx*2 — Bxbkx*x2xd*xf**x3 +
Bxb**2%e*x*2*xf*x*x2 + 4xBikbkckxdkex*f*x*x2 — 2%Bkxbkxcke**3xf + Bxc**2xd*x*2*%f*x*x2 - 3
*xBkck*k2kdkex*2xf + Brckx2kex*4)/(2xfx*5)) + exx2kf*x*dx (—sqrt(-4*xd*xf + e*x2)
* (—2xAxa*x*x2xf*x*x5 + 2kAkaxbkexfxkx4d + 4kAkakxckdxfxk4d — 2kAkakckex*2kxfx*k3 + 2%
Axbxx2kd*xfx*k4 — Axbkx2kex*x2xf*x*x3 — GkAxbkckdkxexf*x3 + 2kAxbkckexkx3kf*xx2 — 2
*AkCkkkd*kkkF*%3 + 4xkAxckk2kdkek*k2kf*xkx2 — Akckkkexkdkxf + Bxakxk2Qkxexfkxx4d +
4xBxaxbxdxf*x4 — 2%Bxaxbkexx2xf*x*x3 — GkBkakxckdkexf**x3 + 2xBkxakxckekxkx3xf*x*x2 -
3*%Bxbx*2xdxexf**x3 + Bkb**k2ke*k3kf**x2 — 4xBxbkckd**x2xf**x3 + 8*xBxbkxckdkekx*x2*
fx%2 — 2%Bkxbxcke*x*4*xf + 5*xBkck*x2kd**2xexf**x2 — BxBkck*2xd*ke**x3%xf + Bkck*2xe
*%5) / (2% fxx5% (4%d*f — e*x*x2)) + (2kxAxaxbxfxx4 — 2kAxakckexf*x*x3 — Axbxx2kexfx*
*3 — 2xAxbkckd*xfx*3 + 2xAxbkckex*2kxfx*2 + 2kxAkckk2kdkexf**x2 — Axckx*2kxex*3xf
+ Bxax*2xfx*x4 — 2%xBkaxbkxexfx*3 — 2kBkakckdxfx*3 + 2kBkakckex*2*xfx*2 — Bxbx*
*2xdxfx*3 + Bkbkx2kex*x2xf**x2 + 4*Bxbkxckxdkexf**x2 — 2xBxbkxcke*x*x3kf + Bkcx*2xd
*xkf*kxD — 3*kBkckkkdkex*2xf + Bkckk2kex*x4)/(2*%f*%5)) )/ (-2*%Axa*x*2xf*x*5 + 2%
Axaxbkexf*x4d + 4xAxaxckdxfxkd — 2kAxakckxex*x2*xf*x*3 + 2%kAxb**x2kd*kf*x*k4d — Axb*kx
2xex*2xfx*3 — GkAxbkckdkxexf*x*x3 + 2%kAxbkckexk3kfx*x2 — kAkckk2kd**x2xf**x3 + 4
kAkckkkdkexk2kfx*k2 — Axckk2kxexk4dxf + Bkakxk2kexfx*k4d + 4xBkxakxbkd*fx*x4 — 2xBxk
axbxex*x2xf*x*x3 — GkBkakckdxexf**x3 + 2%kBkakxckxexx3xf*x*x2 — 3*kBkb**x2kd*exf*x*3 +
B*b**2ke*x*3kf**2 — 4xBxbkckd**x2xf**x3 + 8*Bxbkxckdke*x*x2kxf*x2 — 2%Bxbxckxekxx4xf
+ BxBkck*2xd**x2xe*f**x2 — BkBkcx*k2kdxe*x*3xf + Bkckx*2kex*5)) + (sqrt(-4*d*f
+ e*xx2)x (—2xAkax*2xf*x*x5 + 2kAxakxbkexfx*k4d + 4AdxAkaxckd*fx*x4 — 2xAkakckex*xf*
*3 + 2xAxbkx2kdxf*k4 — Axbx*k2kex*k2kxf**3 — GxAxbkckdkexfx*3 + 2kAxbkckex*3xf
*%2 — 2kAkxckkkd*x*x2kf*x%x3 + 4xAkck*k2kdkex*2kf*k*2 — Akcx*kQkex*xdkf + Bkakx2kex
fxk4d + 4xBkxaxbkdxfx*k4 - 2xBkxakxbkxex*2*xf**3 - 6xBxakckdkxexfx*3 + 2*%Bkakckxex*3
*xfxk2 — 3*kBxbk*2kdxe*xf**3 + Bkb*x*k2xe**x3*kxf*x*2 — 4*Bxbkckd**x2*xf**3 + 8*Bxb*c*
d*xex*x2kxf*x%x2 — 2xBxbkckexk4dxf + B5xBkxck*x2xdxx2xexf*xx2 — B*xBkcx*2xdxex*3xf + B
kcxk2ke*x*5) / (2*f kx5 (4xd*xf — e*x*x2)) + (2kAxaxbxfkxx4d — 2kAxakckexf**x3 - Axbxk
*2kexfx*3 — 2kAxbkckd*fx*3 + 2kAxbkckex*2kxfx*2 + 2xAkckk2kdkexf**x2 — Akxcx*2
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kex*x3%f + Bkax*2kf*xkx4d — 2%Bkakxbkxexfx*3 — 2xBkxakxckd*f*x*x3 + 2%kBxakckex*x2kxf*x%2
— B¥bx*2%d*f*x*3 + Bxb¥x2kexx2xf**2 + 4*Bxb¥ckdkxexf**x2 — 2%Bxbkcxe*xx3*xf + B
*kCHkkAxk 2k Exk2 — 3kBkckx2kdkex*2*%f + Bxck*2xex*x4)/(2+f*x5))*log(x + (-A*xax
*2xexfx*x4d + 4dxAxaxbkd*xfxx4 — 2kAkxakxckdkexfx*3 — Axbkx2kdxexfx*3 — 4xAxbxckd
*k2kxfkk3 + 2kAkbkckdkex*x2kf**x2 + 3IkAkck*k2xd*k*k2kxexf**2 — Akckx*k2Qkd*xe*x*k3*xf + 2
*Bxa*xk2kxdxf*xk4d — 2%Bxakxbkxdkexf*xx3 — 4kxBxakckxdx*x2xf**3 + 2%Bkaxckdkxex*x2xf*x%2
— 2%Bxb**x2kd*x*2xf*%*3 + Bxbkx2kdkex*x2xf*x*2 + GxBxb*ckd**2kxexf**2 — 2%Bxb*cx*
dxexx3%f + 2%Bkck*2kQkk3kf**2 — 4AxBkck*2kd*kQkex*k2xf + Bkck*2kdkex*4 — 4xd*
fxk5% (sqrt (—4*d*f + e**2)x(-2kAxax*2xf**x5 + 2xA. ..

Giac [A]
time = 3.08, size = 738, normalized size = 1.36

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x™~2+b*x+a) "2/ (f*x"2+e*x+d) ,x, algorithm="giac")

[Out] 1/12*%(3*B*c~2*xf"3*x"4 + 8*Bkb*c*f~3*x"3 + 4*A*xc™2*xf"3*%x"3 - 4*xBkc 2+f 2*x"3
*@ — G6*B*cT2xd*xf"2%x"2 + 6xBkb"2+f "3%x"2 + 124Bxaxckxf"3*x"2 + 12kAxbkckxf 3%
X"2 - 12*Bxb*ckxf2*xx"2%e — 6xA*cT2xf"2xx"2%e - 24*B¥bxckd*f"2*x — 12%xA*kcT2x*
d*f~2%x + 24xBkaxbxf"3%x + 12%xA*b~2%f 3%x + 24*Axaxckf~3*x + 6*%Bkc T 2xf*kx 2%
e”2 + 24xBxc”2*¢d*fxxxe — 12*B*b”2*%f 2xx*ke - 24*Bkaxcxf " 2kx*e — 24*Axbxcxf”2
xxke + 24*Bxbxcxfirx*ke 2 + 12xAxc ™ 2*fxx*xe”2 — 12%Bxc™2*x*e”3)/f~4 + 1/2%(B*c
“2xd"2*%f"2 - Bxb"2xd*f"3 - 2xBkakxck*d*f~3 - 2%Axbxckxd*f~3 + Bxa~2xf"4 + 2xAx
axbxf~4 + 4*Bxbxcxdxf~2%e + 2xAxc”2*d*xf 2%e - 2*Bxaxbxf~3*xe - Axb"2*f " 3xe -
2xAxaxc*f"3xe - 3*B*cT2xd*xf*xe”2 + Bxb 2*f"2xe”2 + 2*Bkxaxcxf"2%e”2 + 2kAxb*
cxf"2%xe”2 - 2*%Bxbxcxf*e~3 - Axc”2*f*e”3 + B*c"2%e"4)*log(f*x"2 + x*e + d)/f
5 + (4%Bxb*xckd"2*xf~3 + 2xAxc”2%d"2*%f"3 - 4*xBkxaxbxd*xf~4 - 2xAxb"2*d*f"4 - 4
xAxaxckd*f~4 + 2xA*a”2+%f~5 — B*kB*xcT2xd"2*f"2%e + 3*Bkb~2*d*f~3*%e + 6*Bxaxcxk
d*f~3%e + 6kA*xb*ckxd*xf~3ke - Bxa~2xf 4*e - 2xAxaxb*f~4xe — 8*Bxbkxckxdxf 2%e”2
- AxA*xc”2%d*xf"2%e”2 + 2kBkaxb*f~3*%e”2 + A*xb"2*%f 3%e”2 + 2xAxakxcxf"3xe”"2 +
B5xBxc"2*¢d*fxe”3 - B*b"2xf"2%e”3 - 2xBkakxc*f"2xe”3 - 2xAxbxckxf"2%e”3 + 2*B#*b
xcxf*xe"4 + Axc”2+f*e"4 - Bxc~2%e”5)*arctan((2*xf*x + e)/sqrt(4xd*xf - e72))/(
sqrt (4*d*xf - e~2)*f~5)

Mupad [B]
time = 4.85, size = 893, normalized size = 1.65

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x)*(a + b*x + c*xx~2)"2)/(d + exx + f*x~2),x)

[Out] x~3*x((A*c™2 + 2%Bxb*c)/(3*f) - (Bxc™2xe)/(3*%f"2)) + x*((A*b~2 + 2xAxaxc + 2
*Bxaxb) /f - (d*x((A*xc™2 + 2xBxbxc)/f - (Bxc™2%e)/f"2))/f + (ex((ex((A*c™2 +
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2%Bxbxc) /f - (Bxc™2*e)/£f72))/f - (B*¥b~2 + 2%A*b*c + 2*Bka*c)/f + (B*c™2xd)/
£72))/f) - x"2x((ex((A*c™2 + 2xBxb*c)/f - (Bxc™2xe)/f~2))/(2+f) - (B*b~2 +

2xAxbxc + 2*%Bxaxc)/(2*f) + (B*c™2xd)/(2+%£72)) - (log(d + e*x + f*xx~2)*(Bxc~
2%e”6 - 4*B*xa~2xdxf"5 - A*c"2*%e b*f - Axb"2xe"3*%f"3 + B*a"2xe"2xf~4 + 4*Bx*b
“2x%d"2xf"4 + Bxb"2%e " 4*%f72 - 4*%B¥cT2x%d"3*%f"3 + 6xAxcT2*d*e"3*xf"2 — 8kxAxcT2x*
d"2xexf~3 - B*Bxb~2*kd*e”2xf"3 - 8*Axaxbxd*f~5 - 2xBkbkc*e”bxf + 13*Bkxc"2*d”
2%e"2%f72 + 2kxAxaxbxe”2%f74 - 2kAxakcke 3xf~3 + 8*Axbkckd"2xf~4 - 2xB*xa*b*e
“3%f~3 + 8*Bxaxckxd"2*%f"4 + 2xAxbkckxe”4xf"2 + 2*Bxaxckxe 4*f"2 + 4xAxb 2*d*ex
f~4 - 7*Bxc " 2*d*xe~4*xf - 10%Axbxckd*e ™ 2%f~3 - 10*Bxaxcxdxe 2*f~3 + 12%Bxb*c*
dxe~3*f~2 - 16*Bxb*c*d"2%e*f~3 + 8xAxaxckdxexf~4 + 8*Bkaxbkdxexf~4))/(2x(4x
d*f~6 - e"2+%f~5)) + (Bxc~2%x"4)/(4xf) + (atan(e/(4*xd*xf - e~2)"(1/2) + (2%fx
x)/ (4xdxf - e72)7(1/2))*(2*%A*a~2*xf~5 — B*xc~2*e”5 - 2*xAxb~2xd*f~4 - B*xa~2*e*
f74 + Axc™2*%e"4xf + Axb"2%e"2*%f"3 + 2%xAxcT2xd"2*%f"3 - B*b"2%e"3*xf"2 - 4x*A*c
“2xdxe " 2%f "2 - BkBkcT2*%d"2xexf"2 - 2xAxaxbkxe*xf~4 - 4dkAkxakxckxdxf~4 - 4*Bxaxbx
d*f~4 + 2xB¥bxcke 4*xf + 2kAxaxck*e 2%xf"3 + 2xBkaxbxe"2xf~3 - 2kAxbkcke 3*f"2
- 2%Bxaxcke 3*f"2 + 4xBxb*xcxd"2*xf~3 + 3*Bxb~2*d*e*xf~3 + 5xBkc 2xd*e”3*f -

8*Bxbxcxd*e 2+xf~2 + 6kAxbxckxdxexf~3 + 6xBxakxckd*exf~3)) /(£ 5x(4xdxf - e72)~
(1/2))
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A+Bzx
3.15 f (a+bz+cz?) (d+ex+fz?) dz

Optimal. Leaf size=406

Vb2 — 4ac

(AL f 4 2¢(Acd + aBe — aAf) — b(Bcd + Ace + aBf)) tanh™* (&) (B(cde — 2bdf + aef) —
Vb2 —dac (Ad? + f (b%d — abe + a?f) — c (bde — a (€2 — 2df))) " Ve2 —4df (2d?-

[Out] 1/2*%(Axb*f-Axcxe-Bka*xf+Bxckxd)*1ln(c*xx~2+b*x+a)/(c”2xd"2+f* (a~2xf-a*b*e+b~2*d
)—cx (bxd*e-a* (-2*%d*f+e~2)) ) -1/2* (Axbxf-A*xckxe-B*a*f+B*c*d) *1n (f*xx~2+e*xx+d) / (
c"2%d"2+f* (a~2%f-axbxe+b~2xd) —c* (b*d*e-a* (-2xd*f+e~2) ) ) - (Axb ™2+ f+2*c* (—A*xax
f+Axcxd+B*a*e) -bx (Axckxe+B*axf+Bkxc*d) ) *arctanh ((2*c*x+b) / (-4*a*xc+b~2)~(1/2))

/ (c™2xd"2+f* (a~2xf-a*b*e+b~2*d) —c* (b*d*xe—a* (-2*d*f+e~2))) / (-4*axc+b~2) ~(1/2

)+ (B* (a*xexf-2xbxd*f+ckxdxe) —A* (2*xaxf~2-bke*xf-2xcxd*xf+c*xe”2) ) *arctanh ( (2*f*x+
e)/(—4xdxf+e~2)~(1/2))/(c"2*%d"2+f* (a~2xf-axb*xe+b~2*d) —c* (b*d*e—-a* (-2xd*xf+e”

2)))/ (-4xdxf+e~2)~(1/2)

Rubi [A]
time = 0.29, antiderivative size = 398, normalized size of antiderivative = 0.98, number of

number of r1_11es — 0.167
integrand size ’

steps used = 9, number of rules used = 5, integrand size = 30,
Rules used = {1036, 648, 632, 212, 642}

tanh™! e42fz Bj — 2bdf + cde) — A(2af* — bef — 2cdf + ce? 5 anh™! il — e e e~ e + Acc AV,
au (%\ T ) (Blaef = 2bdf + cde) — A(20f? —bef = 2edf +ce?)) o 10g(atbo+ ) (<aBf + Abf ~ Aco+ Bod) _log(dtex + f2%) (~aBj + Abf — Acc+ Bad) tanh (ﬁ,z e ) (~b(aBJf + Ace + Bed) + 2c(~aAf + aBe + Acd) + AVf)
Ve2 —4df (f (a?f — abe + b2d) + ac (¢? — 2df) — bede + c2d?) 2(f (a*f — abe + b2d) + ac (€ — 2df) — bede + *d?)  2(f (a2f — abe + b*d) + ac(e? — 2df) — bede + c*d?) Vb2 —dac’ (f (a2f — abe + b%d) + ac (€2 — 2df) — bede + c2d?)

Antiderivative was successfully verified.
[In] Int[(A + Bxx)/((a + b*x + c*x~2)*(d + exx + f*x~2)),x]

[Out] -(((A*b~2*f + 2kck(A*cxd + a*Bke - axA*xf) - bx(Bxckd + Axcxe + a*Bx*f))*ArcT
anh[(b + 2xc*x)/Sqrt[b~2 - 4xaxc]])/(Sqrt[b~2 - 4*axc]*(c™2*%d™2 - b*c*dxe +
f*(b~2xd - a*b*e + a~2*f) + axcx(e”2 - 2xdxf)))) + ((Bx(ckd*e - 2xbxd*xf +

axexf) - Ax(cxe”2 - 2kcxdxf - bkexf + 2%a*f~2))xArcTanh[(e + 2xfxx)/Sqrt[e”

2 - 4xd*£f]])/(Sqrtl[e”2 - 4*d*f]*(c™2*d"2 - b*c*d*e + f*(b~2xd - axbxe + a~2

xf) + axcx(e”2 - 2%dxf))) + ((B*c*d - Axc*e + Axbxf - a*Bxf)*Logl[a + b*x +
c*x72]) /(2% (c"2%d"2 - b*cxdxe + f*(b"2*%d - axbke + a~2xf) + axc*x(e”™2 - 2*dx*

£))) - ((Bxc*d - Axcxe + Axb*xf - a*xBxf)*Logld + exx + f*x72])/(2%(c™2*d™2 -
bxc*d*e + fx(b"2+%d - axbkxe + a~2xf) + a*cx(e”2 - 2%dxf)))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2*c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 1036

Int [((g_.) + (h_.)*(x_))/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)*((d_) + (e_.)*
(x_) + (£_.)*(x_)"2)), x_Symbol] :> With[{q = Simplify[c~2*d"2 - bxckxd*e +

axcxe”2 + b~2xdxf - 2kaxcxdxf - axbxexf + a~2xf72]}, Dist[1/q, Int[Simp[g*c
~2xd - gkbxcxe + axhxcxe + gxb~2xf - axbkxhxf - akxgkcxf + c*(hxc*d - gxcxe +
gxbxf - axhxf)*x, x]/(a + b*x + c*x~2), x], x] + Dist[1/q, Int[Simp[(-h)*c
xd¥e + gkcxe”2 + bxhxd*f - gkcxd*f - gxbkexf + a*xgxf~2 - fx(h*kcxd - gxcke +
gxb*xf - axh*f)*x, x]/(d + e*xx + f*x~2), x], x] /; NeQlq, 011 /; FreeQ[{a,
b, c, d, e, f, g, h}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[e™2 - 4x*dxf, 0]

Rubi steps

aB(ce—bf)+A(c2d+b? f—c(betaf))+c(Bed—Ace+Abf—aBf)x
A+ Bz f a+bz+cx? dx

—Af(be—af)
f ( ,

(a+ bz + cz?) (d + ex + fx?) do = c2d? — bede + f (b?d — abe + a2 f) + ac (e — 2df)

(Bed — Ace + Abf — aBf) [ B2 dx

(Bed — Ace + Abf — aBf)log (a + bx + cx?)

2 (c2d? — bede + f (b2d — abe + a2f) + ac (€2 — 2df)) 2 (c2d? — b

"~ 2(c2d? — bede + f (b2d — abe + a2f) + ac(e® — 2df)) 2 (c®d? — b

(AV? f + 2¢(Acd + aBe — aAf) — b(Bcd + Ace + aBf)) tanh ™" (

Vb2 —4dac (c*d? — bede + f (b%d — abe + a2 f) + ac(e? —
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Mathematica [A]
time = 0.31, size = 267, normalized size = 0.66

2(B(cde—2bdf +acf)+A(—ce?+2cdf +bef~2af?)) tan~! (

2(Ab? f+2¢(Acd+aBe—aAf)—b(Bed+Ace+aBf)) mrl( ';2 = )
V=€ +4d ] | (Beq— Ace + Abf — aBf)log(a + z(b+ cx)) + (— Bed + Ace — Abf + aBJf) log(d + (e + fz))

biter )
—b2 +4dac ) _
—b? + 4ac —e2 +4df
2(c2d? — bede + f (b2d — abe + a2 f) + ac (e? — 2df))

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + b*x + c*xx”2)*(d + e*x + f*x72)),x]

[Out] ((2*%(Axb~2%f + 2*xc*k(A*xckd + axBkxe — a*Axf) - bx(Bxckxd + A*c*e + a*xB*f))=*Arc
Tan[(b + 2%c*x)/Sqrt[-b~2 + 4*a*xc]])/Sqrt[-b~2 + 4xaxc] - (2x(Bx(c*d*e - 2x

bxd*xf + axexf) + A*(-(c*e”2) + 2xcxd*xf + bxexf - 2*a*xf~2))*ArcTan[(e + 2*f*
x)/Sqrt[-e~2 + 4xdxf]])/Sqrt[-e”~2 + 4*d*f] + (B*c*d - Axcxe + Axbxf - a*Bxf
)*Logl[a + x*(b + c*x)] + (-(B*cxd) + Axc*e - Axbxf + a*Bxf)*Logl[d + x*(e +
f*x)])/(2%(c™2%d"2 — b*c*d*e + f*x(b"2+%d - axbk*e + a~2xf) + a*cx(e”2 - 2*d*f

)))

Maple [A]
time = 0.84, size = 384, normalized size = 0.95

method | result
( 2 2 (—Abf2+Acef+Baf2—Bcdf)e>
2| Aa f“—Abef—Acdf+Ace“+Bbdf —Bcde— oF arctan
(—Ab f2+Acef+Ba f2—Bcdf) ln(f $2+ew+d) "
default ” vadf —e*
a? f2—abef—2acdf +ac e?+b2df —bcde+c2d?
risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+b*x+a)/(f*x"2+e*xx+d) ,x,method=_RETURNVERBOSE)

[Out] 1/(a"2*xf~2-axbxe*xf-2*a*ckdxf+akxcke™2+b~2xd*f-b*ckd*e+c™2xd"2) % (1/2* (—Axb*f~
2+Axckexf+Bxaxf~2-Bxckxd*f) /f*1n (f*x~2+e*xx+d) +2% (Axa*xf~2-A*xb*e*xf-Axckdxf+A*xc
*@~2+B*xb*d*f-Bxcxd*e—1/2% (—Axb*f " 2+Axckxexf+B*a*xf ~2-Bxcxd*f)*e/f)/(4*d*f-e~2

)~ (1/2) *arctan ((2*%f*x+e) / (4*xd*f-e72) " (1/2)))+1/(a"2*%f"2-axbxexf-2*a*xcxd*xf+a
*xcxe”2+b " 2*d*f-bxckd*e+c 2xd"2) * (1/2* (Axbkc*f-Axc~2xe-B*a*xcxf+Bxc~2+d) /cx1n
(c*xx"2+b*x+a) +2% (mA*axckxf+Axb~2xf —Axb*ckxe+A*c”2*%d-Bxaxbkf+Bxaxckxe—1/2* (Axb*
cxf-Axc~2%e-Bkaxcxf+Bxc~2xd) *b/c) / (4*a*xc-b~2) ~(1/2) *arctan ((2*c*x+b) / (4*a*c
-b~2)~(1/2)))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x"2+exx+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x"2+exx+d) ,x, algorithm="fricas")
[Out] Timed out
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(ckxx**2+b*x+a)/(f*x**2+exx+d) ,x)
[Out] Timed out

Giac [A]
time = 2.06, size = 416, normalized size = 1.02

-2 — AV 42 -2 Zerth 2 Bbdf — 2 Acdf +2 Aaf® — Bede — Bafe — Abfe + Ace?) arctan | —222e—
(Bed — Baf + Abf — Ace)log (ca? + bx + a) (Bed — Baf + Abf — Ace)log (fz* + ze + d) (Bbed — 2 Ac*d + Babf — Ab*f +2 Aacf — 2 Bace + Abce) arctan (%%u«m)ﬁ if cdf +2 Aaf’ cde — Bafe fe + Ace?) arc m(y‘wﬂ?

2(O + 0df — 2acdf + a?f? — bede — abfe +ace?)  2( + bdf — 2acdf + a2f? — bede — abfe +ace?) (¢A? + b2df — 2acdf + a2 — bede — abfe + ace?) VP + dac (d? + df — 2acdf + a*f? — bede — abfe + ace?) \/Ad] — &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x"2+exx+d),x, algorithm="giac")

[Out] 1/2%(B*c*d - Bxa*f + Axbxf - Axckxe)*log(c*x~2 + bxx + a)/(c”2xd"2 + b~ 2xdxf
- 2xaxcxd*f + a”2xf"2 - bxcxd*e - axbxfxe + akcxe”2) - 1/2%(Bxc*d - Bxaxf

+ Axbxf - Axcke)*log(f*x~2 + x*e + d)/(c”2%d"2 + b~2kd*f - 2%akcxd*f + a~2x

£72 - bxc*d*e - axb*fxe + axc*e”2) - (B¥bkcxd - 2%A*c~2*d + Bkaxb*f - A*b~2

xf + 2kAxaxcxf — 2*%Bkakxcxe + Axbxcxe)*arctan((2xcxx + b)/sqrt(-b~2 + 4*a*c)

)/ ((c™2%d"2 + b~2xd*f - 2*akxcxdxf + a~2*xf72 - b*ckd*e — a*bkxfxe + axc*e™2)*
sqrt(-b~2 + 4*axc)) + (2*B*bkd*f - 2%A*xckd*f + 2%A*axf~2 - Bkckdxe - Bkaxfx

e - Axbxfxe + Axcxe”2)*arctan((2xf*x + e)/sqrt(4*xdxf - e72))/((c”2%d"2 + b~
2xd*f - 2%axckd*f + a~2+%f"2 - bkxcxdke - axbxfkxe + akcxe”2)*sqrt(4*d*xf - e~2

))
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Mupad [F(-1)]
time = 0.00, size = -1, normalized size = -0.00

Hanged

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx)/((a + b*x + c*x~2)*(d + exx + f*x72)),x)
[Out] \text{Hanged}
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A+ Bz
3.16 f (a+bx+cw2)2(d+ew+fx2) dz

Optimal. Leaf size=1075

Ac(2ace — b(cd + af)) + (Ab — aB) (2¢2d + b*f — c(be + 2af)) + c(Ab%f + 2c(Acd + aBe — aAf) — b(!
(b2 — 4ac) ((cd — af)? — (bd — ae)(ce — bf)) (a + bz + cz?)

[Out] (-Axc*(2*axcxe-b*(a*f+cxd))—-(A*b-B*a)*(2*xc”2*d+b~2xf—c* (2*axf+b*xe))—-c* (Axb~
2%f+2xck (—A*a*xf+Axckd+B*axe) —bx (Axcke+Bxaxf+Bkxc*d) ) *x) / (-4*a*xc+b~2) / ((—axf+
c*d) "2-(—a*e+b*d) * (-bxf+c*xe) ) / (c*x"2+b*x+a) - (b~ 5% (—A*xe+B*d) *f ~2-2*%b~4*f* (B*
cxdxe—-Ax (axf~2-cxd*f+c*e”2) ) -4*xc™ 2% (Ax (c"3*%d"3-3*a”~3*f~3-a " 2kcxf* (-7T*d*xf+e”
2)+axc”2kd*x (-5xdxf+3*%e~2) ) —a*Bke* (c~2xd"2-3*%a~2xf ~2-a*c* (-2*d*f+e~2)) ) -4*xb~
2%cx (Bxc™2*%d " 2%e+Axf* (2%c™2xd"2+3*a " 2*xf ~2+3*%a*c* (—~dxf+e”2) ) ) +2xbxc* (B* (¢~ 3%
d"3+3*a~3*xf " 3+a*xc 2xd*x (-7T*d*f+e~2) +3*a " 2*xcxf*x (d*xf+e”2) ) +Axcke* (3xc™2xd"2+3*
a~2xf " 2+axc* (2xd*xf+3*%e”2) ) ) -b~ 3k (A*ckxex (—4*xa*xf~2-2xcxdxf+c*xe™2) +B* (4*a*cxdx*
f~2+a"2%f"3-c"2xd* (5xd*f+e~2)) ) ) *arctanh ((2*c*x+b) / (-4*a*c+b~2) ~(1/2) )/ (-4x*
axc+b”2) " (3/2)/ (c™2*d"2+f* (a~2xf-axb*e+b~2*d) —c* (bxd*e—a* (-2xd*f+e~2))) ~2+1
/2% (Ax (-bxf+cxe) * (f* (-2*a*xf+b*xe) —c* (-2xd*xf+e”2) ) -Bx (2xcxd*f* (—axf+b*e)-f 2%
(—a"2*%f+b"2xd) —c~2*d* (-d*f+e~2) ) ) *1n(c*x"2+b*x+a) / (c"2*%d"2+f* (a~2*f-a*xb*e+b
~2xd) —c* (b*xd*xe—a* (-2*d*f+e~2))) "2-1/2x (Ax (-b*f+cxe) *x (f* (-2*xaxf+b*e) —c* (-2*xd
*f+e72) ) Bk (2kckxdxf* (—axf+bxe) -~ 2% (—a~2*%f+b~2%d) —c"2*d* (-d*f+e~2) ) ) *In(f*x
~2+e*x+d) / (c™2+d"2+f* (a~2xf-axb*e+b~2*d) —c* (bxd*e—a* (-2*d*f+e~2))) ~2+(Bx(c~
2*dxex (-3*d*f+e~2) -2kc*kd*f* (—axexf-2+xbxdxf+b*e”2) +f 2% (a~2*exf-4*xaxb*d*f+b~
2xdxe) ) —A* (c™2% (2xd~2*f "2-4xd*xe” 2xf+e~4) —f " 2% (2*a*xbxexf-2%a " 2+%f ~2-b~2* (-2*d
*f+e”2) ) +2*cxf*x (axf* (-2*xd*xf+e”2) -b* (-3xd*xexf+e~3))) ) *arctanh ((2xf*x+e) / (-4x*
dxf+e~2)~(1/2))/(c™2*%d"2+f* (a~2*f-a*bxe+b~2*d) —c* (b*d*e-a* (-2*xd*xf+e~2))) "2/
(-4xd*xf+e~2)~(1/2)

Rubi [A]

time = 2.53, antiderivative size = 1067, normalized size of antiderivative = 0.99, number of

number of rules _
integrand size 0.200,

steps used = 10, number of rules used = 6, integrand size = 30,
Rules used = {1030, 1086, 648, 632, 212, 642}

Antiderivative was successfully verified.
[In] Int[(A + Bxx)/((a + b*x + c*xx"2)72%(d + e*x + £*x72)),x]

[Out] -((Axc*(2*xaxcxe — b*(cxd + a*xf)) + (Axb - a*B)*(2xc”2*d + b~2xf - c*(bxe +
2%ax*xf)) + cx(Axb~2xf + 2xckx(A*c*d + a*Bke - axAxf) — bx(Bxckxd + A*c*e + ax*B
*f))*x) /(072 - 4*a*c)*((cxd - a*f)~2 - (b*d - axe)*(c*e - bxf))*(a + bxx +
cxx72))) - ((b"5%(B*d - Axe)*f~2 - 2xb~4*xf*(Bkxcxd*xe — a*A*f~2 — Axc*(e”2 -
d*f)) - 4xc”2*%(A*x(c”3*d"3 - 3*a~3*f"3 - a~2xckxf*(e”2 - 7*xd*f) + axc”2xd*(3
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*@~2 — 5*dx*f)) - a*Bkex(c™2xd"2 - 3*a"2*xf"2 - axcx(e”2 - 2*dxf))) - 4*b"2%(
B*c™3*%d"2xe + A*xcxfx(2%xc”™2+%d"2 + 3*%a"2+%f"2 + 3kaxc*(e”2 - d*xf))) + 2xbkxc*x(B
*(c73%d"3 + 3*%a~3*f"3 + axc”2xd*(e”2 - T*xd*xf) + 3xa~2kckf*(e”2 + dxf)) + Ax
ckxe* (3*%c™2*%d"2 + 3*a"2*xf"2 + axckx(3*%e”2 + 2%d*f))) - b~ 3x(Axckxex(c*xe”2 - 2%
ckxd*f - 4*a*xf~2) + Bx(4dxaxcxd*f~2 + a~2*%f"3 - c~2xd*(e”2 + 5xd*f))))*ArcTan
h[(b + 2%c*x)/Sqrt[b~2 - 4xaxc]])/((b"2 - 4xa*xc)~(3/2)*(c"2*d"2 - b*ckd*xe +
f*(b~2xd - a*b*e + a~2*f) + axcx(e”2 - 2xd*xf))"2) + ((Bx(c"2*d*ex(e”2 - 3%
d*f) - 2xckdxf*(bxe~2 — 2%b*d*xf - akxe*xf) + f~2x(b"2*d*e — 4*axbxdxf + a"2%e
*f)) - A*(c™2*%(e”4 - 4xdxe”2xf + 2x%d"2*%f"2) - £~ 2% (2*kaxbxexf - 2%a~2*xf~2 -
b~2%x(e~2 - 2xd*f)) + 2xckfx(axf*x(e™2 - 2%d*f) - bx(e~3 - 3*dkexf))))*ArcTan
h[(e + 2%f*x)/Sqrt[e”2 - 4xd*f]])/(Sqrt[e”2 - 4*d*f]l*(c”2%d"2 - bxcxd*e + f
*(b~2*d - axbxe + a”2+f) + axckx(e”2 - 2xd*f))"2) + ((A*x(c*e - bxf)*(f*(bxe
- 2xaxf) - c*x(e”2 — 2%d*f)) - Bx(2*ckdxfx(bxe - axf) - £ 2%(b"2xd - a"2xf)
- c"2%d*x(e”2 - d*f)))*Logla + b*x + c*xx"2])/(2%(c"2*d"2 - b*ckdxe + f*x(b~2%
d - axbxe + a”2+f) + akc*(e”2 - 2xd*f))"2) - ((A*(c*xe - b*f)*(f*x(bxe - 2*a*
f) - cx(e™2 - 2xdxf)) - B*(2*ckd*f*x(bke - axf) - f72*%(b"2+%d - a~2*f) - c™2x%
dx(e”2 - dxf)))*Logld + exx + £*x72])/(2%x(c"2%d"2 - b*cxdxe + f*x(b"2*d - ax
bxe + a”2xf) + a*c*x(e”2 - 2%dx*f))~2)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2xc*d - bxe)/(2xc), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 1030

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (e
_Ox(x) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*x + c*x”2)"(p + 1)*
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((d + exx + £xx72)7(q + 1)/((0"2 - 4xa*c)*((c*d - axf)~2 - (bxd - a*e)*(cxe
- bxf))*(p + 1)))*(gxcx(2xaxcxe — bx(ckd + axf)) + (g*b - axh)*(2*c™2xd +
b~2+f - cx(bxe + 2%a*f)) + c*x(gx(2xc™2xd + b"2xf - c*(bxe + 2*xaxf)) - h*(b*
ckd - 2*axcxe + axbxf))*x), x] + Dist[1/((b"2 - 4xaxc)*((cxd - axf)~2 - (b*
d - axe)x(cxe - b*xf))x(p + 1)), Int[(a + b*x + c*xx"2) " (p + 1)*x(d + exx + fx
x72)"g*Simp [(b*h - 2*g*c)*((c*kd - a*xf)~2 - (bxd - a*e)*(cxe — b*f))*x(p + 1)
+ (b"2x(g*f) - bx(h*ckd + gxc*e + axhxf) + 2%(gxc*x(cxd - a*xf) - ax((-h)*c*
e)))*(axf*x(p + 1) - cxdx(p + 2)) - ex((gxc)*(2*axcxe — b*(cxd + axf)) + (gx
b - a*xh)*(2*c™2*d + b~2+f - ckx(bxe + 2*axf)))*(p + q + 2) - (2xf*((gkc)* (2%
axcxe - bx(cxd + a*f)) + (gxb - axh)*(2*xc™2xd + b~2*f - c*(bxe + 2xa*xf)))*(
pt+q+ 2) - (b™2xgxf - b*(h*xc*d + gxcxe + axhxf) + 2x(gxcx(cxd - axf) - ax
((-h)*cxe)))*x(bxfx(p + 1) - cxex(2xp + q + 4)))*x - c*xf*(b"2*(g*xf) - b*(hx*c
xd + gkcke + axh*xf) + 2x(g*ck(c*d - axf) + axhxc*e))*(2*p + 2xq + 5)*x72, x
1, x1, x]1 /; FreeQ[{a, b, c, d, e, £, g, h, g}, x] && NeQ[b~2 - 4*axc, 0] &
& NeQ[e™2 - 4xdxf, 0] && LtQ[p, -1] && NeQ[(cxd - a*f)~2 - (b*d - axe)*(c*e

- bxf), 0] && !'( !'IntegerQ[p] && ILtQlq, -11)

Rule 1086

Int[((A_.) + (B_.)*(x_) + (C_)*x(x_)"2)/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)
¥((d_) + (e_.)*(x_) + (£_.)*(x_)"2)), x_Symbol] :> With[{q = c"2*d"2 - b*cx*
dxe + axcxe™2 + b~2kdxf - 2kakckd*f - axbkexf + a~2*%f~2}, Dist[1/q, Int[(Ax
c~2xd - axcxCkd — Axbxckxe + a*Bxcxe + A*b"2xf - a*b*Bxf - a*xA*xcxf + a~2*%Cxf
+ cx(Bxcxd — bxCxd - Axc*e + a*Cke + Axbxf - axBxf)xx)/(a + b*x + c*x~2),
x], x] + Dist[1/q, Int[(c*C*d~2 - Bxc*d*e + Axcxe”2 + b*Bxd*f - Axcxd*xf - a
*Cxd*f - Axbkxexf + axAxf~2 - fx(Bkckxd - bxCxd - Axcxe + axCxe + Axbxf - ax*B
*f)xx)/(d + exx + f*x~2), x], x] /; NeQlq, 01] /; FreeQl{a, b, c, d, e, f,
A, B, C}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[e™2 - 4xdx*f, 0]

Rubi steps
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(a + bz + cx?)® (d + ex + fz?) d (2 — 4ac) ((cd — af)? — (bd — ac
Ac(2ace — b(cd + af)) + (Ab — aB) (2¢*d + b*f — c(be + 2af)) +
(0% — 4ac) ((cd — af)? — (bd — ac
Ac(2ace — b(cd + af)) + (Ab — aB) (2c%d + b f — c(be + 2af)) +
(b2 — 4ac) ((cd — af)? — (bd — ac

/ A+ Bx Ac(2ace — b(cd + af)) + (Ab — aB) (2c%d + b2 f — c(be + 2af)) +

Ac(2ace — b(cd + af)) + (Ab — aB) (2¢*d + b f — c(be + 2af)) +
(2 — 4ac) ((cd — af)? — (bd — ac

Ac(2ace — b(cd + af)) + (Ab — aB) (2c*d + b f — c(be + 2af)) +
(b2 — 4ac) ((cd — af)? — (bd — ae

Mathematica [A]
time = 4.41, size = 952, normalized size = 0.89

Antiderivative was successfully verified.

[In] Integrate[(A + B*xx)/((a + b*x + c*x"2)72x(d + exx + f*x72)),x]

[Out] ((-2*(c™2%d"2 - b*c*d*e + f*x(b"2+%d - ax*bk*e + a~2xf) + a*cx(e”2 - 2*d*f))*(A
*(b~3*f + b 2xcx(-e + f*x) + bkck(-3*xaxf + c*(d - exx)) + 2*xc™2x(ckd*x + ax
(e = £*x))) + Bx(2*a~2xcxf — b*c™2xd*x — a*x(b™2xf + 2%c™2%(d - e*x) + bxcx(
-e + f*x)))))/((b"2 - 4xaxc)*(a + x*(b + c*x))) - (2*x(b"5x(B*d - A*e)*f~2 +
2+%b"4*xf* (- (Bkcxdxe) + axAxf~2 + A*xc*(e”™2 - d*xf)) - 4*xb~2x(Bxc~3*d"2%e + Ax*
cxfx(2%c™2+%d"2 + 3*%a"2+%f"2 + 3*a*c*x(e”2 — d*f))) + 2xbkc*(B*x(c”3*d"3 + 3*a”
3*%f~3 + axc™2*dx(e”2 - T*dxf) + 3*a"2*cxfx(e”2 + dxf)) + A*ckxex(3*xc™2*%d"2 +
3*%a"2xf"2 + a*xc*x(3*xe”2 + 2%dxf))) + 4*c”2x(a*Bkxe*(c™2xd"2 - 3*a~2xf"2 - ax
c*x(e™2 - 2%d*f)) + Ax(-(c”3*%d"3) + 3*a"3*%f"3 + a"2xcxfx(e”2 - T*d*f) + a*xc™
2%d* (-3*e”2 + 5xdxf))) + b 3x(Axcke*(-(cxe”2) + 2*cxdxf + 4*a*xf~2) + B*(-4x
axcxd*f~2 - a”2xf"3 + c"2xdx(e”2 + 5*d*f))))*ArcTan[(b + 2*c*x)/Sqrt[-b~2 +
4*axc]])/(-b"2 + 4xaxc)~(3/2) + (2x(B*(c™2xd*e*x(-e”2 + 3*kd*f) - 2xckxd*xf*(-
(bxe™2) + 2xbxd*xf + axexf) + £~ 2% (-(b"2*d*e) + 4xaxb*d*f - a~2*exf)) + Ax(c
“2%(e”4 - 4xd*xe”2xf + 2xd"2xf"2) + f£72%(-2*axbkexf + 2*xa"2xf"2 + b"2*(e”2 -
2xd*f)) + 2xckxf*(axfx(e”2 - 2*d*f) - b*(e”3 - 3*d*e*xf))))*ArcTan[(e + 2*fx*
x)/Sqrt[-e~2 + 4xdxf]])/Sqrt[-e~2 + 4*d*f] - (A*(cxe - bxf)*(fx(-(b*xe) + 2%
axf) + cx(e”™2 - 2xd*xf)) + Bx(2xckd*f*(bxe — a*f) + f~2x(-(b"2xd) + a~2*f) +
c"2xdx(-e~2 + dxf)))*Logla + x*(b + c*x)] + (Ax(cxe — b*f)*(fx(-(bxe) + 2x
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axf) + cx(e”2 - 2xd*f)) + Bx(2xckdxfx(bkxe — axf) + £f72x(-(b"2%d) + a~2xf) +
c"2xd*(-e~2 + dxf)))*Logld + x*(e + £*x)])/(2%(c”™2*%d"2 - b*c*d*e + fx(b~2x
d - axbxe + a~2xf) + axc*(e”2 - 2xd*xf))~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 51469 vs.

2(1065) = 2130.
time = 0.04, size = 51470, normalized size = 47.88

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+b*x+a) "2/ (f*xx"2+e*xx+d) ,x)
[Out] result too large to display
Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a) 2/ (f*x"2+e*x+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*d*f-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a) 2/ (f*x"2+e*x+d) ,x, algorithm="fricas")
[Out] Timed out

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*xx+A)/(ckxx**2+b*x+a)**2/(f*x**2+e*x+d) ,x)
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[Out] Timed out

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 3226 vs.
2(1095) = 2190.
time = 2.30, size = 3226, normalized size = 3.00

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a) 2/ (f*x"2+e*x+d),x, algorithm="giac")

[Out] -1/2%(B*c™2xd~2*%f - B*xb~2xd*f~2 - 2xBxakxc*d*f~2 + 2kA*xb*cxd*f~2 + B*xa~2xf~3
- 2xA*xa*b*xf~3 + 2*«B¥bxcxd*xfkxe — 2xAxc 2*xd*fxe + Axb"2xf 2%xe + 2kAxaxckf2*
e — Bxc"2*d*e"2 - 2%Axbxcxfxe”2 + Axc"2xe”3)*log(c*x"2 + b*x + a)/(c”"4*d"4
+ 2%b72%xcT2xd"3*%f - 4*axc”3kd"3xf + bT4*xd"2*%f72 - 4*kaxb"2xckxd"2*f72 + 6*%a”2
*CcT2xd72xf£72 + 2%a"2*%b72*%d*f"3 - 4%a"3%c*kd*f"3 + a"4*xf"4 - 2%b*c”3*d"3*e -
2¥%b"3*%ckd"2*kf*ke + 2xaxbkxcT2xd"2*xfke - 2*xaxb"3kd*f"2*e + 2*%a"2xbxckxdxf"2*e -
2%~ 3*xb*f"3xe + b72*%cT2xd"2*%e”2 + 2*xakc”3*%d"2xe”"2 + 4xaxb~2kckd*fxe”2 - 4%
a"2kcT2kdxfke"2 + a"2%b"2*%f72%e”"2 + 2%xa"3kckxf"2*%e”2 — 2%axbxc”2*%d*e”3 - 2*a
“2xbxckf*e”3 + a"2%c"2%e”4) + 1/2%(Bxc”2xd"2*f - Bxb"2xd*f"2 - 2xBkakckdxf~
2 + 2xAxbkxc*d*f~2 + B*a "2%f~3 - 2%A*xaxbxf~3 + 2*Bxbxckdxfie - 2xAxc”2*d*fxe
+ Axb"2%f"2%e + 2kAxaxckxf~2%e - Bxc 2*d*e"2 - 2xAxbkckxfxe”2 + A*c"2xe”3)*1
og(f*xx~2 + xxe + d)/(c™4xd"4 + 2xb"2xc"2xd"3*f - 4*axc~3*d"3*f + bT4*d"2*f"
2 - 4*xa*xb”2xcxd"2*xf72 + 6*%xa"2*%cT2xd"2*xf72 + 2%xa"2*%b"2*%d*xf~3 - 4*a~3xckd*f~3
+ a"4xf~4 - 2xbxc”3*%d"3*%e — 2*%b"3kxckxd"2xfxe + 2*axbkxcT2xd"2xfxe — 2%a*b”3x*
d*xf~2%e + 2*xa"2xb*ckd*f"2%e - 2*xa"3xb*xf"3*%e + bT2*kcT2*xd"2*xe"2 + 2*a*xc”~3*d"2
*@~2 + 4xaxb 2xckdxf*e 2 — 4*xa”2%cT2xdxfxe”2 + a~2xb"2xf"2%e”2 + 2%a " 3kcxf”
2%e"2 — 2*a¥b*xc”2xd*e”3 - 2xa~2*xb*c*fxe”3 + a"2*%c"2xe"4) + (2xBxb*c”"4%d"3 -
4xAxc™5*d"3 + BxBxb~3*%c"2xd"2*%f - 14*Bkaxbxc”3kd"2*%f - 8%A*xb"2*%c”3xd"2*xf +
20kAxaxc™4xd"2*%f + Bxb 5kdkxf~2 - 4xBkxa*xb”3kckd*xf~2 - 2xAxb"4*ckd*f"2 + 6%B
*¥a"2*%bkcT2xd*xf72 + 12%AxaxbT2xcT2*xd*f72 — 28*A*a”"2%c"3*kd*xf"2 - B*xa"2%b " 3*%f”
3 + 2*%A*a*xb"4*xf~3 + 6*%B*a”3*b*ckf~3 - 12*%A*a"2*b"2xcxf~3 + 12xAxa~3*%c”2*%f"3
- 4*B*b~2%c~3*%d"2*e + 4*Bxaxc”4*xd"2%e + 6xAxb*cT4*d"2xe - 2*Bxb~4*cxd*f*xe
+ 2x%Axb"3*kc"2*%d*xfxe + 8*Bxa~2*%c " 3*kd*fxe + 4kAxaxbxc”3kd*fxe - A*xb"H5xf"2xe +
4xAxa*xb~3kcxf"2x%e — 12%xBxa~3%c”2*%f"2%e + 6kxAxa"2xbk*c”2*%f"2%e + Bxb~3kxcT2*d
*@~2 + 2%Bxaxbxc”3kd*e”2 - 12kAkxa*c 4xdxe”2 + 2%xAxb"4dxckxf*e”2 + 6kBkxa”2xbxc
“2xf*ke”2 - 12%A*a*xb"2xcT2xf*e”2 + 4kA*a"2xc 3xfxe”2 - A*b"3*%c"2*xe”3 - 4%*B*a
“2xc"3*e”"3 + 6xAxaxbkxc~3*e”3)*arctan((2xc*x + b)/sqrt(-b"2 + 4*axc))/((b"2*
cT4xd"4 - 4xakxc”5*%d"4 + 2*%b74xcT2xd"3*%f - 12%axb"2*xc”3*%d"3xf + 16*a”"2%c"4xd
“3%f + bT64d"2*xf72 - 8*axb"4xckd"2*%f72 + 22%a"2*%b"2*%cT2xd"2*%f"2 - 24*a~3xc”
3*%d"2*%f72 + 2%a"2xb"4*xd*f"3 - 12%a"3*%b"2kckd*xf~3 + 16*a~4*kxc 2xd*xf~3 + a"4x*b
“2xf~4 - 4*a~bxcxf"4 - 2xb"3*c"3*d"3*e + 8*axb*c 4*xd"3ke - 2*xb~5kxckd"2*fxe
+ 10*a*xb~3*%c"2*%d"2xfxe — 8*a~2xbxc~3*d"2xfxe - 2*a*b~5xdxf~2%e + 10*a~2*b"3
*ckxdxf~2%e — 8*a~3*xbkxc”"2*xd*xf "2%e - 2*%a"3*b"3*%f"3%e + 8*a"4xbxckxf"3*%e + bT4x*
cT2xd"2*%e"2 - 2%a*b"2xc”3*kd"2*%e”2 - 8*a"2*%c"4xd"2*%e”2 + 4*axb 4xcxdxfkxe"2 -
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20%a"2xb"2%c"2*¢d*xf*e”2 + 16%a”~3kxc " 3*xdkxf*e”2 + a"2xb"4xf"2%e”2 — 2%a~3*%b"2x%
cxf72%e”2 — 8xa"4xcT2xf"2%e”2 — 2%axb"3xc"2xd*e”3 + 8xa”"2xb*c~3*kd*e”3 - 2%*a
“2xb"3kcxf*e”3 + 8*a~3xbkcT2xf*e"3 + a"2¥b"2*c"2*%e”"4 - 4*a”3*c”3%e”4)*sqrt(
-b~2 + 4*a*xc)) - (4*Bxb*c*xd"2*xf"2 - 2%Axc”2xd"2+f72 - 4*Bkaxbxd*f~3 + 2*Axb
“2xd*f73 + 4kxAxakckd*xf"3 - 2xAxa"2xf"4 - 3xBxc~2*d"2*xf*e + Bxb 2xd*f"2%e +
2xBxakxckd*f"2xe — 6*%Axbxcxd*xf"2%e + B*xa 2%f"3xe + 2kA*xaxbxf"3*ke - 2xBxbkc*d
*¥fxe”2 + 4xAkxc”2kd*fxe”2 - AxbT2xf"2%e”2 — 2kAxakc*xf 2%e”2 + Bkxc"2*d*e”3 +
2xAxbxcxf*e™3 - A*c"2*e”4)*arctan((2xf*x + e)/sqrt(4xdxf - e72))/((c"4*d"4
+ 2*%b"2%xc"2xd"3xf - 4kaxc”3*%d"3*f + bT4*kd"2*xf"2 - 4xaxb"2kckd"2*%f72 + 6*a~2
*¥CT2%d72%f72 + 2%a"2xb"2xd*f"3 - 4*%a”3kxckd*xf"3 + a"4*xf"4 - 2%b*c"3*d"3*e -
2xb~3xckd"2*%f*xe + 2kaxbkxcT2xd"2xfke — 2%axb"3kd*f"2%e + 2%a~2*bxckdxf " 2*e -

2%xa”3xb*f"3*%e + bT2%xcT2xd"2xe”"2 + 2%akc”3xd"2xe”"2 + 4xaxb~2xckdxf*xe”2 - 4x*
a"2*%cT2xdxf*xe”2 + a"2*%b"2*%f"2%e”2 + 2*%a”3xc*kf"2%e”2 - 2*axbxc”2xd*e”3 - 2*a
“2xb*ckf*e"3 + a"2kc"2xe"4)*sqrt(4xd*f - e72)) + (2xBxakxc”4*xd"3 - Axbkc"4xd
“3 + 3xBkxa*b"2xcT2xd"2*%f - 2xA*b"3*%cT2xd"2*%f - 6%B*xa"2*%c”3xd"2*f + SxAxaxbx*
c”3xd"2*%f + B*a*b~4*xd*xf~2 - A*xb"H5*xd*f"2 - 4*Bxa~2xb"2*c*kd*f”"2 + 5*kA*xaxb~3*xc
*¥d*xf"2 + 6%Bka~3kc”2xd*f"2 — T*xAxa"2%bkxc”2xd*f~2 + B*a~"3%xb"2*xf"3 - Axa"2xb”
3xf73 - 2xBka~4*xc*f~3 + 3*%Axa”~3xbkc*f~3 - 3*Bxaxbxc~3*%d"2%e + 2xA*b~2*c”3*d
“2%e - 2kA*akxcT4*xd"2%e — 2xBxakxb~3kckdxfxe + 2%AxbT4kckd*fxe + 2%Bka"2%bxc”
2xdxfkxe — G6xAxaxb~2*kc”2xdxfke + 4dxAxa~2*%c”3xdxfxe — B*a~2xb"3*f"2xe + Axa*b
“4xf"2xe + B*a"3xbkxckf"2xe - 2%kA*a"2xb"2kckf"2%e - 2%A*a~3*%c”2*xf " 2%e + Bxaxk
b~ 2xc"2xd*e”2 — Axb"3xcT2xd*e”2 + 2*kB*a~2%c”3*kdxe”2 + A*axb*c~3*kdxe"2 + 2%B
*a"2*%b72kcxf*ke”2 — 2xA*axb"3kxckfxe”2 - 2*¥Bxa~3kxc"2xf*ke”2 + BxA*xa~2kxbxcT2xfx*
e”2 - B*a"2xbxc"2*e"3 + A*xa*b"2*c”2%e”3 - 2kAxa~2xc"3*%e"3 + (B*b*c"4*d"3 -
2%A*c”5*%d"3 + Bxb"3xcT2*%d"2*%f - BkaxbxcT3*%d"2*%f - 3*%A*b"2xcT3xd"2*f + 6*A*a
*¥C"4*xd"2%f + B¥axb~3kxckd*xf"2 - AxbT4*xckd*f"2 - B*a"2%b¥xcT2*xd*xf"2 + 4xAxaxb”
2xc”2xd*f72 — 6kxA*a~2%c”3kd*f"2 + B*a"3*bxc*f~3 - A*a"2xb"2xc*f~3 + 2%A*a”3
*¥c72%f73 — B*b"2%c"3xd"2xe — 2*kBxakcT4xd"2xe + 3*kAxbkcT4*xd"2xe — 4*xBxaxb~2x*
c"2xd*f*xe + 2kA*b"3%c”2xd*xf*e + 4xBka"2*%c 3kxdxfkxe - 2xAxaxbkxc"3xdxfxe - B*a
“2*%b"2*kckxf"2xe + A*xa*b”3kckf"2%e - 2xBxa~3*%c”2*f " 2%e - A*xa"2xbxcT2*xf"2*e +
3xBkaxb*c~3*d*e"2 — A*¥b"2%c"3*kd*e”2 - 2kAxakxc”4*xd*e”2 + 3*Bxa " 2xbkc 2*xf*e”2
- 2%Axa*b"2%cT2xf*xe"2 + 2%Axa"2x%c " 3*f*ke”2 - 2xBka~2%c"3*%e”3 + Axaxbxc~3%e”
3)*x)/((c™2%d"2 + b72xd*f - 2*axckxd*f + a~2xf"2...

Mupad [B]
time = 30.31, size = 2500, normalized size = 2.33

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((a + b*x + c*x~2)"2x(d + e*x + f*x~2)),x)

[Out] symsum(log((x*(4%¥A~3%b~3%c~4*f~6 + 16*%B~3%a~3*%c”~4*f~6 - 3*%B~3%a~2%b~2*c~3*f
"6 + 4%B73*%a”2%c"bxe"2%f~4 + B"3*b"2xc"5*d"2%f"4 - 16%A”3*axbxc"5xf"6 + 16%
A™3xaxc”6xe*xf"5 + 20%AT2xB*a~2xc”5*xf"6 - 3*%AT2%Bxb"4*c"3*f76 + 4*xAT2xBkcTT*
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d”2xf74 - 16*B~3*%a"2xc~5*xd*f"5 - 4*%xA”3*%b"2xc"5*ke*f"5 + 6*B"3*axb"2*xc 4*d*xf”
5 - 4xB73*%a"2*%bxc 4xexf"5 + AT2*%Bkb"2xc"5xe"2%f"4 - 24xA"2*Bkakxc” 6*xd*xf"5 +

6*%A*B"2*%a*xb"3*c"3*xf"6 — 28*xA*xBT2*xa"2%b*c"4*f"6 + 8*xAT2xBxaxb"2*%c"4*f"6 - 4x
A*B"2xbxc~6xd"2+%f~4 + 8%A*B"2xa~2xc 5*exf~5 - 6%A*B"2xb~3kc"4*d*f~5 + 8%A"2
*B*b"2*%c"H5xd*xf"5 + 2*%AT2*%B*b~3*%c"4xexf"5 - 4*B”3*a*xbkc 5xdxexf~4 - 4*xA*B”2x*
axbxc~b*e " 2xf"4 + 2%A*B"2xa*xb"2*%c"4xexf"5 + 2xAxB"2*%b"2*%c”bxd*e*f"4 + 16xAx
B™2*xa*xbxc 5xd*xf~5 — 12xA"2xB*a*b*c " 5*e*xf~5 + 8xAxB"2%a*c”6kd*e*xf~4 - 4xAT2x%
Bxb*c 6xdxexf~4))/(16*%a"2*%c"6*xd"4 + a~4*xb~4*xf~4 + 16*a~4*c"4*e”4 + b 4*xc 4x
d™4 + 16*%a"6*xc " 2*xf"4 + b"8xd"2*%f"2 - 8*a*xb"2xc"5xd"4 - 8*a " 5*b"2*xcxf~4 + 2%
a"2xb"6*xd*f"3 - 2*%a"3*%b"bxe*xf"3 — 64*a"3xc 5*d"3*%f - 64*xa~5kc"3*dxf~3 - 2%*b
“Bxc"3xd"3%e + 2xb"6*xc”2*%d"3xf + a"2xb"4*kc"2*%e"4 - 8*a " 3*%b"2xc”"3*%e"4 + 32%a
“3%cThkd"2%e"2 + a"2%b"6%e"2%xf72 + 96*%a”"4*kcT4xd"2*xf72 + bT6*kcT2%d"2%xe"2 + 3
2%a"5*%c”"3*%e 2*xf"2 — 2xaxb"7kdke*xf"2 - 2xb"7xckd"2%e*f + 54*a"2*¥b"4kcT2%xd 2%
72 - 112*%a"3*%b"2*xc"3*%d"2*%f"2 + 16*a*b~3*%c"4*d"3*e - 2*xaxb"b*c " 2*d*e”3 - 32
*a”"2%bxc"5*xd"3%e - 32*a”3*bxc”4xd*e”3 - 20*a*b~4*xc”3*xd"3*f - 12*a*b~6kc*xd”"2
*f~2 - 20%a~3*%b~4dkc*kd*f~3 - 2%a~2*%b~5kcke~3xf - 32%a~4*bxc” 3*e”"3*f + 16*xa"4
*¥b"3kckexf~3 — 32*%a"5xbkxcT2xexf"3 — 64*a"4*c”4d*kd*e”"2%xf - 6xaxb"4*xc”3*kd"2*e”
2 + 16*%a"2xb"3*%c"3*%d*e”3 + 64*a”"2*%b"2xc"4xd"3*%f + 64*%xa"4xb"2*%c"2xd*f"3 + 16
*¥a"3*%b"3xc"2xe"3*%f - 6*%a”"3*kb"4*xcxe"2xf"2 - 48%a"2*%b"3*%c”3*kd"2*%exf - 36*a”2x*
b~4*c”2*%d*e”2+f + 96*%a”3*b"2*c"3*kd*xe”2+f - 48*a”3*b"3*c”2kd*exf"2 + 4*axb”6
*ckdke 2xf + 18*a*xb~5xc”2xd"2*e*xf + 18*%a"2%b"5kckd*ke*xf~2 + 32*%a~3*bxc"4*xd"2
xexf + 32%a"4xbkxc~3xdxexf~2) - root(48416*a”6*b~2%c~6xd 4xe~2xf~4*xz"4 - 415
44xa”5%b"4*c"5xd"4*xe"2xf"4xz"4 — 31872*%a”7*b"2xc"5*xd"3*%e"2xf"5*%xz"4 - 31872%
a"b*b7"2*%c”7*d"5xe"2xf"3%z"4 - 29184*a"6*xb"2*xc"6*%d"3*e"4*xf"3*xz"4 + 28800*a"5
*b"4*kc"5xd"3*xe"4*xf"3%z74 + 21510*%a"4*xb"6*xc"4*d"4*ke " 2xf"4*xz"4 + 21408*a"6*b”
4xc™4xd"3*xe"2xf75*xz"4 + 21408*a”4*b"4*xcT6*xd"b*xe"2xf"3*%z"4 - 18112*%a"7*xb”"3*c
“4xd"2xe”"3*%f"bxz"4 - 18112*a"4*b"3*%c”7*d"5*e"3*f"2xz"4 - 15600*%a”5*¢b~5xc"4x*
d"3*%xe"3xf"4xz"4 - 15600*%a”4*xb"5xc"5xd"4*e"3*f"3*%z"4 + 15296*%a"6*b"3*%c"5*xd"3
e 3*%xf"4%xz"4 + 15296*a"5*%b"3*kc"6*d"4*xe"3*xf"3*%z"4 + 14016*a”7*b"2*%c"5*d"2*e”
4xf~4%xz"4 + 14016*a"5*%b " 2*%c~7*d"4*xe"4xf"2%z"4 - 13920*a~4*xb"6*c”4*d"3*e " 4*f
“3%z74 - 11648%a"6*b”"3*%c”bxd"2*%e " 5*xf"3*xz"4 - 11648*a"5*%b"3xcT6*kd"3*ke " bxf 2%
z"4 + 10432%a"6xb"2*%c"6*%d"2xe"6*xf"2xz"4 + 9008*a~6*¥b"5xc~3*d"2xe"3*xf " 5*%z"4

+ 9008*%a”3*%b"5*xc"6*d"5xe"3*%f"2%z"4 + 8544*a”5*xb"5*xc"4xd"2*xe"5*xf"3%z"4 + 854
4xa~4*xb"5xc"bxd"3*%e"5*xf"2*%z"4 - 8496*a " 5*xb"4xcT5xd"2*%e"6xf"2%xz"4 + 7488*a"8
*b"2%cT4*xd"2xe"2*%f"6%274 + T7488*a"4*b"2xc 8xd"6*xe"2*%f"2%z"4 + 7380*a"4*b”7x*
c~3xd"3*%e"3xf"4*z"4 + 7380*%a”"3*b"7*c"4xd"4*e"3xf"3*%xz"4 - 6720%a"3*xb"8*c”3*d
“4xe"2xf"4%z"4 - 5784*%a"5*xb"6*%c”3xd"3*%e"2*xf"5*xz"4 - 5784*a”3*xb"6*kc " 5*d"b*xe”
2%f73%z74 - 3440*%a”6*xb"4kxc"4xd"2xe"4*f"4*%z"4 - 3440%a"4*xb"4*xcT6xd"4*xe"4*xf72
*z74 + 3360*%a”3*%b"8*%c 3xd"3*%e"4*f"3%z"4 + 3140*%a"4*b"6*c"4*xd"2*%e"6*%f"2%z"4

- 2760*%a"4xb"7*c~3*d"2*%e " 5xf"3*xz"4 - 2760*%a"3*%b"7*c"4*d"3*e 5xf"2xz"4 - 176
4%a”bxb"7*c"2%d"2%xe " 3*f"b*xz"4 - 1764*%a”2*%b"7*xc"5¢d"bxe"3*xf"2*%z"4 - 1640*a"3
*¥b79xcT2xd"3*%e"3xf"4*%z"4 - 1640*%a"2*%b"9*%c"3xd"4*e"3*%f"3*xz"4 - 1604*a"6xb”" 6%
cT2xd"2*%e"2xf"6*%z"4 - 1604*xa”"2*b"6*xc”6*xd"6*%e”2xf"2*xz"4 - 1500*%a"5*xb"6*c”3*d
“2%e"4xf"4xz"4 - 1500%a"3*xb"6*%c"5*d"4*ke"4*xf"2%xz"4 + 1140*%a"2xb"10*kc"2*xd"4*e
“2%xf74%xz"4 + 810%a"4*b"8*%c”"2*xd"2%xe"4xf"4*xz"4 + 810*%a”~2*xb 8xcT4xd"4*e"4*kf 2%
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274 - 544xa”3%b"8*c"3xd"2%e 6*%f"2%xz"4 + 416*%a”3*b"9*c"2xd"2%e " 5*xf"3%z"4 + 4
16%a”~2xb"9*c"3*%d " 3*e " 5*xf"2%z"4 - 384*xa"2xb"10*c"2*d"3*e"4*xf"3*z"4 + 180*%a”"4
*b"8*c"2*%d " 3xe"2*xf"5%z74 + 180*a"2*%b"8*c”"4*d"5xe"2xf"3*%z"4 + 48%a”T7*b"4*xc”3
*d"2%e"2*%f76%z"4 + 48*%a~3*%b"4xc”T7*d"6*e”2*%f72%xz"4 + 36*%a"2*%b"10*c"2*d"2*e”6
*f72%xz74 - 1024*a”10%b*c”3xd*xe*xf"8%z"4 - 1024*a”3*bxc”10*d"8xexf*xz"4 - 192x%
a"8xb"5xcxd*exf"8%xz"4 - 192*axb”~5*xc”8*d"8xexf*z"4 + 16128*a”7*b"3*c”"4*d"3*e
*f76%z74 + 16128*%a”4*xb"3*c”7*d " 6*xexf"3*%z"4 - 11712*%a”6xb"5xc”3*d"3*xe*f"6*z"
4 - 11712%a~3*%b"5*xc”6*d"6*e*xf"3*z"4 + 11520*%a~8*b*c~5*xd"2*e”3*f"5xz"4 + 115
20*a~5xbxc”"8*d"5xe"3*f"2%z"4 - 9984*a"6xb"3*c"5*d"4*exf"5xz"4 - 9984*a”5%b”
3*%c”6*d"bxexf~4xz"4 + 8640*a”5*b"5*xc"4*xd 4xexf"5xz"4 + 8640*a"4*b"5*c"5%xd”~5
*exfT4%z"4 - T424*%a"T*bxc"6*%d"3xe"3*f"4%z"4 — T424*%a"6*bxc”7*d"4*xe"3*f 3%z~
4 - 6912%a"8*b"3*c"3*d"2%exf"7*z"4 - 6912%a"3*%b"3*c"8*d"7T*xexf"2xz"4 + 4800%
a"7xb"3*c"4xdxe"5xf"4*xz"4 + 4800%a"4*xb"3xc"7*d"4*xe"5xf*z"4 + 4608*a”7*xbxc”~6
*d"2xe"5*f"3*%z"4 + 4608*a”6xbxc”7*d " 3*xe"5xf"2%z74 - 4560%a"4xb”7*xc"3*d " 4*xex*
£75%z74 - 4560*a~3xb"7*c"4*xd"5xexf"4*z"4 + 4176*a"5xb"7*xc"2*d"3xexf"6*%z"4 +
4176*a~2xb"7*c"5xd"6xexf"3*%z"4 + 3264*a"7T*xb"5xc”"2*d " 2xexf"7*z"4 + 3264*a”2
*b"5kcTT*A"Txexf"2xz74 + 3008*a”8*b"3*kc " 3kd*e"3*f"6*xz"4 + 3008*a”3*b"3*kc 8%
d~6xe"3xfxz"4 + 2880*a”6%b"3*c” bxdxe~7xf"2xz"4 + 2880*a"5*b"3*c”6xd"2xe”"7*f
*z"4 - 2240%a"7*b"4*xc”3xdxe"4xf"5xz"4 - 2240%a”...
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j‘ g+hx
(a+bz+cz?) (ad+bdz+cdz?) 2

3.17

Optimal. Leaf size=140

_ -1 b+2cz
bg — 2ah + (2cg — bh)z n 3(2¢cg — bh)(b+ 2cx) 6c(2cg — bh) tanh (, /b2 — 4ac )

27 — dac) & (a+ bo +ca?)’ 2(82 — 4a)’ & (a+ bo + o) ¥ — dacy

[Out] 1/2%(-bxg+2*a*h—-(-b*h+2*c*g)*x)/(-4*axc+b~2)/d~2/(c*x"2+b*x+a) ~2+3/2* (-b*h+
2%c*xg) * (2%c*kx+b) / (—4*axc+b~2) "2/d"2/ (c*x~2+b*x+a) —-6*c* (~b*h+2*c*g) *arctanh (
(2%c*x+b) / (-4*xa*xc+b~2) ~(1/2)) / (4*axc+b~2)~(5/2) /d~2

Rubi [A]

time = 0.09, antiderivative size = 140, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.147,

steps used = 5, number of rules used = 5, integrand size = 34,
Rules used = {1012, 652, 628, 632, 212}
6¢(2cg — bh) tanh™! <”+2C””>

3(b+ 2cx)(2cg — bh) _ —2ah+x(2cg —bh)+bg Vb2 — 4dac
2d2 (b2 — 4ac)® (a + bx + cx?)  2d2 (b — 4ac) (a + bz + cx?)? d2 (b2 — dac)®?

Antiderivative was successfully verified.
[In] Int[(g + h*x)/((a + b*x + c*x72)*(axd + b*d*x + c*d*x~2)~2),x]
[Out] -1/2%(b*g - 2*a*h + (2%c*g - bxh)*x)/((b~2 - 4*xaxc)*d~2*(a + b*x + c*x~2)72
) + (3*%(2xcxg - bxh)*(b + 2kc*xx))/(2x(b"2 - 4*a*c) "2*d"2*x(a + b*x + c*x72))
- (6*c*x(2*c*g - bxh)*ArcTanh[(b + 2*c*x)/Sqrt[b~2 - 4*a*xc]])/((b~2 - 4*axc
)~ (5/2)*d"2)
Rule 212
Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 628

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2%c*x)
*((a + bxx + c*xx”2)"(p + 1)/((p + 1)*(b"2 - 4*axc))), x] - Dist[2*cx((2xp +
3)/((p + 1)*(1"2 - 4%a*xc))), Int[(a + bxx + c*xx"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4*a*c, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ[4x*p]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4x*axc, 0]

Rule 652

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 > Simp[((b*d - 2*a*xe + (2%cxd - b*e)*x)/((p + 1)*(b~2 - 4*axc)))*(a + bx
x + c*xx”2)"(p + 1), x] - Dist[(2xp + 3)*((2*cxd - b*e)/((p + 1)*(b"2 - 4x*ax*
c))), Int[(a + b*x + c*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &&
NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQ[p, -3/2]

Rule 1012

Int[((g_.) + (h_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_)*((d_
) + (e_.)*x(x_) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Dist[(c/f)"p, Int[(g + hx
x)"m*(d + e*xx + f*x”2)"(p + q), x], x] /; FreeQ[{a, b, c, d, e, f, g, h, p,
q}t, x] && EqQ[cxd - axf, 0] && EqQ[b*d - axe, 0] && (IntegerQlp] || GtQlc/
f, 0]) && ( !'IntegerQlq] || LeafCount[d + e*x + fxx~2] <= LeafCount[a + b*x
+ cxx~2])

Rubi steps

hx
/ g+ hx dr = J (a+g.:+ca:2) dz
(a + bz + cx2) (ad + bdx + cdx?)? d?

9 (b2 — 4ac) d? (a + bz + cz?)” -

2 (b2 — 4ac) d? (a + bz + cz?)”

bg — 2ah + (2cg — bh)x

(3(209 — bh)) f m d

bg — 2ah + (2cg — bh)z

2 (b? — 4ac) d?
3(2cg — bh)(b + 2cx)

2 (b2 — 4ac) d? (a + bz + cx?)’

bg — 2ah + (2cg — bh)x

bg — 2ah + (2cg — bh)z

2 (b2 — 4ac)® d? (a + bz + ca
3(2cg — bh)(b + 2cx)
2 (b2 — 4ac)’ d? (a + bz + ca

3(2cg — bh)(b + 2cx)

9 (b2 — 4ac) d? (a + bz + cz?)®  2(b2

Mathematica [A]
time = 0.10, size = 131, normalized size = 0.94

12¢(—2cg+bh) tan~—1 | —=E2ce )
(b2 —4ac) (—bg-+2ah—2cgz+bha) | 3(2eg-bh)(b+2ez) ol ~egtoh)ta <\/ —b% + 4ac
(a+z(b+cz))? a+x(b+cx) \/_b2 + 40/0‘

2 (b2 — dac)® d?

—4ac)* d? (a + bz + ca
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Antiderivative was successfully verified.

[In] Integratel[(g + h*x)/((a + bxx + cxx"2)*(a*d + bxd*x + c*d*x~2)"2),x]

[Out] (((b72 - 4xaxc)*(-(bxg) + 2*%axh - 2kckg*x + b*h*x))/(a + x*x(b + c*x))"2 + (
3% (2xcxg - bxh)*(b + 2xc*x))/(a + x*(b + c*x)) - (12kc*kx(-2%c*g + b*h)*ArcTa

nl[(b + 2%c*x)/Sqrt[-b~2 + 4*a*xc]])/Sqrt[-b~2 + 4xaxc])/(2%(b~2 - 4*axc) ~2*d

~2)

Maple [A]

time = 0.18, size = 141, normalized size = 1.01

method | result

4carctan (MH’)
2cz+b V 4aC — b2

(4ac—b2) (c m2+bz+a) + (4ac—62) %

3(—bh+2cg)

bg—2ah+(—bh+2cg)z
2(4ac—b2) (c zz+bz+a)2 2(4ac—b2)

default =

2 3 2
302(bh—2cg)z3 _ 9bc(bh—2cg):v2 (5abch—10ac g+b”h—2b cy)w_8a2ch+ab2h—10abcg+b3g

" 16a2c2—8a b2c+bd 2(16a2c2—8a b20+b4) - 16a2c2 —8a b2c+bd 2(16a2c2—8a b20+b4)

(cx2+bz+a)?d?

3cln ( (32a2 c3—16a b2c2+2b"

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int((h*x+g)/(c*x~2+b*x+a)/(cxd*x~2+b*d*x+a*d) ~2,x,method=_RETURNVERBOSE)
[Out] 1/d72*(1/2%(b*g-2*a*xh+(-b*h+2*c*g) *x)/(4*axc-b~2)/(c*x~2+b*x+a) ~2+3/2%(-b*h
+2xc*g) / (dxaxc-b~2) * ((2*cxx+b) / (4*axc-b~2) / (cxx~2+bkx+a) +4xc/ (4*axc-b~2) " (3
/2)*arctan ((2xc*x+b) / (4*xaxc-b~2)~(1/2))))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x+g)/(c*x~2+b*x+a)/(c*d*x~2+b*d*x+a*d) ~2,x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)°’, see ‘assume?‘ for mo

re deta

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 565 vs.
2(132) = 264.
time = 0.53, size = 1150, normalized size = 8.21
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x+g)/(c*x~2+b*x+a)/(c*d*x"2+b*d*x+a*d) ~2,x, algorithm="fricas"
)

[Out] [1/2%(6%(2%(b"2%c™3 - 4*a*xc™4)*g — (b~3*%c™2 - 4*a*b*c”3)*h)*x~3 + 9*(2%(b~3
*C™2 - 4xaxbxc”3)*g - (bT4*kc - 4*xaxb"2%c”2)*h)*x"2 - 6%(2%a"2xc"2xg - a~2*b
xcxh + (2%c™4*g - b*c”3xh)*x"4 + 2% (2%bxc”3*g - b~2xc”2xh)*x"3 + (2x(b"2*c”
2 + 2xaxc”3)*g - (b73%c + 2xaxb*c”2)*h)*x"2 + 2x(2*kaxbxc~2*g - axb~2*c*h)*x
)*sqrt(b”2 - 4xaxc)*log((2xc™2%x"2 + 2xb*c*x + b~2 - 2*axc + sqrt(b™2 - 4x*a
*xC)*(2xcxx + b))/(c*x™2 + b*x + a)) - (b"5 - 14xaxb~3xc + 40*a~2%b*c~2)*g -

(a*xb™4 + 4*%a~2xb~2%c - 32*%a"3*c”2)*h + 2% (2% (b~4*c + axb~2%c”2 - 20%a”~2%c”
3)xg - (b"5 + a*b”3%c - 20*a~2xbxc”2)*h)*x)/((b~6%c”2 - 12%a*b~4*c”3 + 48*a
“2%b72%c”4 - 64*a”~3*c”5)*d"2*x"4 + 2x(b~7*c - 12%axb~5*c”2 + 48%a~2*b~3*c”3
- 64*xa~3*%bxc”4)*d"2*%x"3 + (b"8 - 10*axb~6*c + 24*a~2%b”"4xc”2 + 32%a”3*b”2x%
c™3 - 128%a”4xc”4)*d"2*x"2 + 2x(axb”7 - 12¥a”2xb"5xc + 48*%a~3*b"3*c”2 - 64%
a~4xbxc~3)*d"2*x + (a"2*%b~6 - 12*xa"3%b"4*xc + 48*a~4*b"2%c”2 - 64*a~5*c”3)*d
~2), 1/2%(6%(2*(b~2%c™3 - 4*xaxc”4)*g - (b~3%c™2 - 4xaxb*c”3)*h)*x"3 + 9% (2%
(b73%c™2 - 4xaxb*c”3)*g - (b~4*c - 4*a*b”™2xc”2)*h)*x"2 - 12%(2*%a~2xc™2*g -
a~2xbxcxh + (2%c”4*g - b*c”3*%h)*x"4 + 2% (2xbxc”3%g - b~2%c”2*%h)*x”3 + (2% (b
“2xc”2 + 2xaxc”3)xg — (b73%c + 2xaxb*c”2)*h)*x"2 + 2% (2*kaxbxc~2*g - axb~2xc
xh) *x) *sqrt (-b~2 + 4*axc)*arctan(-sqrt(-b~2 + 4*axc)*(2*c*x + b)/(b"2 - 4x*a
xc)) - (D75 - 14xaxb”~3*c + 40%a~2xb*c”2)*g - (a*b™4 + 4*a”2%b~2xc - 32*%a"3*
c"2)*h + 2x(2x(b~4*c + axb”2*c”2 - 20*a~2xc”3)*g - (b~5 + axb~3*c - 20%a”2x%
bxc~2)*h)*x)/((b"6*c™2 - 12*%a*b~4*c™3 + 48%a~2xb~2xc”4 - 64*a~3%c”5)*d"2*x~
4 + 2x(b~7*c - 12%a*b”~b*c”™2 + 48%a~2xb~3*c”3 - 64*a”3*b*c”4)*d"2*x"3 + (b~8
- 10%axb”6%c + 24*a”2xb~4*c”2 + 32*%a"3*%b"2xc”3 - 128*a”4*c”4)*d"2*x"2 + 2%
(a*xb~7 - 12%a”2*%b~5xc + 48%a~3*%b"3*c”2 - 64*a”4*bxc~3)*d"2*x + (a”2*%b"6 - 1
2%a~3xb~4*c + 48%a~4xb"2%c”2 - 64*a~5xc~3)*d"2)]

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 709 vs.
2(133) = 266.
time = 1.21, size = 709, normalized size = 5.06

S N X S

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x+g)/(c*x**2+b*x+a)/ (ckxd*x**2+b*d*x+axd) **2,x)

[Out] 3*cksqrt(-1/(4*a*c - bx*2)*x5)*(b*h - 2xc*g)*log(x + (-192%a**x3*c**x4xsqrt (-
1/ (4xaxc — b**2)**5)*(bxh — 2kckxg) + 144*a*x2xb*x2*c*x3*sqrt(-1/(4*axc - b*
*x2)**5) x (bxh — 2%c*g) — 36*axbkkxdkxc*k*2*sqrt(-1/(4*axc — b**2)**5)*(bxh - 2%
c*g) + 3xbx*k6kcksqrt(-1/(4*a*xc - b**2)*x5)*(bxh - 2%cxg) + 3*b**x2xcxh - 6%b
xCx*k2xg) / (B¥bkck*2%h — 12kcx*3%g)) /d**2 — 3kcksqrt(-1/(4*a*xc - bx*2)*x5)* (b
xh — 2%ckg)*log(x + (192%a**3xc**x4xsqrt(-1/(4*a*xc — b**x2)**x5)x(bxh — 2%c*g)
- 144*a*x2xbx*2*c**3xsqrt (-1/ (4*axc — b**2)*x*5)x(b*h — 2%c*g) + 36*a*xb**x4x
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ckx2*sqrt (-1/(4*axc — b**2)**5)*(bxh — 2%cxg) - 3xb*x*x6xcxsqrt(-1/(4*axc - b
*x%2) *x5) % (b¥h — 2xcxg) + 3*b*x2%c*h — 6xbxc**2xg)/(6*bkxcx*2xh — 12xc**3*g))
/d*x2 + (-8*ax*2kcxh - a*xb*x2xh + 10*axbkcxg — b*x3%g + x**3%(—6xbxc**2xh +
12%cx*3%g) + x**k2k (—9xb**2kcxh + 18*bkc**2%g) + x*(-10%axbkxcxh + 20%a*c**2
*xg — 2%b**3%h + 4xbx*2xcxg))/(32%ax*k4kcx*k2kd*x*2 — 16%kax*3kbk*k2kckd*x*2 + 2xa
*xQkbkkdkd*kk2 + xkkdk (32ka*x*kkck*k4kd**2 — 16%ka*xbk*kkck*k3kd**2 + 2kbk*k4kCk*2
*d**%2) + x*kx3k (B4*ka**x2kbkck*k3kd**2 — 32kaxbk*k3kck*kkd**2 + 4xbkk5kckd**2) +
x*k2% (64*a*x*k3kCck*k3kd*x*2 — 12kaxbkkdkckd*x*2 + 2kb*kxGkd**x2) + x*k(B64*a**x3*xb*c
*kkd*k*k2 — 32kakxk2kbkk3kckd*k*2 + 4dkxaxbx*k5kd*x*2))

Giac [A]
time = 3.47, size = 219, normalized size = 1.56

2 2ca+b
6(2cg — beh) arctan ( /—02 +4dac ) . 12 ga® — 6 bc2ha® + 18 betgx? — 9 b2cha? + 4 b%cgr + 20 ac’gx — 2b%hx — 10 abchx — b3 g + 10 abeg — ab®*h — 8 ach

(b*d? — 8 ab2cd? + 16 a2c2d?) v/ —b? + dac 2 (b4d? — 8 ab%cd? + 16 a2c2d?)(cx? + bz + a)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x+g)/(c*x~2+b*x+a)/(c*d*x"2+b*d*x+a*d)"2,x, algorithm="giac")

[Out] 6*(2%c~2%g - b*c*h)*arctan((2*c*x + b)/sqrt(-b~2 + 4xaxc))/((b"4*d"2 - 8*ax
b~2%c*d"2 + 16%a~2%c”2*d"2)*sqrt(-b~2 + 4*axc)) + 1/2x(12%c”3*g*x~3 - 6%b*c
“2xh*xx”3 + 18*%bxc”2%g*x"2 - O9*%b"2*cxh*x”2 + 4*bT2xcxgkx + 20*%axc”T2kgkx - 2%
b~3%h*x - 10*axbxcxh*x - b~3*g + 10*a*bkcxg — a*b~2xh - 8*a~2*cxh)/((b~4x*d"~

2 - 8*a*b”2*c*kd”"2 + 16%a"2xc"2xd"2)*(c*x"2 + b*x + a)~2)

Mupad [B]
time = 0.42, size = 395, normalized size = 2.82

2 (b(zl(,’,‘ﬂ%%Yap(hhfwg)(1:2»34773"»%42%542)) (1642 @—8at? c4bY)
a2 (4ac—b2)’ a4 (2ac=b2)"" (162 2-8a b2 ctbd)
62 g—3bch (bh—2cg)
scha2+hab2—10cgab+gb3+z(b?+5ac)(bh—2cg)+ 3c%a® (bh—2cg) + 9bca? (bh—2cg)
2(16a2 c2—8ab? cb?) 16 a2 ?—8ab? c+b% 16aZc?—8abZctb® | 2(16aZc—8abZc+b?)

@ (4ac—b2)*/? 2?2 (?d?+2acd®) +a?d + 2zt +2abd?*z + 2bcd? 2®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g + h*x)/((a*xd + bxd*x + c*d*x~2)"2x(a + b*x + c*x"2)),Xx)

[Out] (6*c*atan((d~2*((6*c™2*x*(b*h - 2%c*g))/(d"2x(4*a*c - b"2)7(5/2)) + (3*cx(b
*¥h - 2%cxg)*(D"5%d"2 + 16*a”2%bxc™2*d"2 - 8*xa*b~3*cxd~2))/(d"4*(4*a*c - b2

)7 (6/2)% (b4 + 16%a~2xc”2 - 8%axb~2xc)))*(b"4 + 16%a~2xc”2 - 8*axb~2xc))/(6
*xC~2%g — 3xbxcxh))*(b*h - 2xcxg))/(d"2*(4*a*c - b~2)7(5/2)) - ((b~3*g + a*b

“2xh + 8*%a~2xcxh - 10*a*bxcxg)/(2*(b~4 + 16%a~2*c”2 - 8*a*b~2xc)) + (x*(5*a

*C + b72)*(bxh - 2%c*xg))/(b~4 + 16%a~2%c”™2 - 8%a*b~2%c) + (3*%c™2*xx"3*(bxh -
2%c*xg))/(b™4 + 16%a~2%c™2 - 8%a*xb~2%c) + (9*bxc*xx~2x(b*h - 2%c*g))/(2x(b~4

+ 16%a~2xc”2 - 8*%axb~2xc)))/(x72*(b"2%d"2 + 2*axc*d~2) + a"2*d"2 + c”2*d"2

*X"4 + 2xaxbxd"2*%x + 2*¥bkcxd"2%x"3)
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j‘ g+hx
(a+bz+cz?) 2 (ad+bdz+cdz?)

3.18 dx

Optimal. Leaf size=140

_ -1 b+2cz
bg — 2ah + (2cg — bh)z + 3(2¢cg — bh)(b + 2cx) 6c(2cg — bh) tanh (, /D2 — 4ac )

2 (b2 — dac) d (a + bx + cx2)® 2 (b2 — 4ac)’ d (a + bz + cx?) - (b2 — 4ac)®* d

[Out] 1/2%(-bxg+2*a*h—-(-b*h+2*c*xg)*x)/(-4*axc+b~2)/d/ (cxx~2+b*x+a) ~2+3/2* (-b*h+2%
c*g) * (2*c*x+b) / (-4*axc+b~2) “2/d/ (c*x~2+b*x+a) —-6*c* (~bxh+2xc*g) *arctanh ((2xc
*xx+b) / (~4*axc+b~2)~(1/2)) / (-4*a*xc+b~2)~(5/2) /d

Rubi [A]
time = 0.07, antiderivative size = 140, normalized size of antiderivative = 1.00, number of

number of rules _ 147
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 34,
Rules used = {1012, 652, 628, 632, 212}

_ -1 b4-2cx
3(b+ 2cx)(2cg — bh) _ —2ah + z(2cg — bh) + by 6¢c(2cg — bh) tanh <\/b2 — dac >

2d (b2 — dac)® (a + bz + cx?)  2d (b — dac) (a + bz + cz?)® d (b2 — dac)®?

Antiderivative was successfully verified.

[In] Int[(g + h*x)/((a + b*x + c*x~2)"2x(axd + bxd*x + c*d*x~2)),x]

[Out] -1/2%(bxg - 2*axh + (2xc*xg - bxh)*x)/((b"2 - 4xa*c)*d*(a + b*x + c*xx~2)72)
+ (3% (2*%cxg - bxh)*x(b + 2%c*x))/(2%(b"2 - 4xaxc)~2xd*(a + b*x + c*xx"2)) - (
6*c* (2xcxg — bxh)*ArcTanh[(b + 2*c*x)/Sqrt[b~2 - 4*a*xc]])/((b~2 - 4xaxc)~(5
/2)*d)

Rule 212
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*

ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 628

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2%c*x)
*((a + bxx + c*x"2)"(p + 1D/((p + 1)*(b~2 - 4*axc))), x] - Dist[2*xcx((2xp +
3)/((p + 1)*(1"2 - 4xa*xc))), Int[(a + bxx + cxx"2)~(p + 1), x], x] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4*a*c, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ[4x*p]

Rule 632
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 652

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 > Simp[((bxd - 2*a*e + (2%cxd - b*e)*x)/((p + 1)*(b~2 - 4*axc)))*(a + bx
x + cxx”2)"(p + 1), x] - Dist[(2xp + 3)*((2*c*d - b*e)/((p + 1)*(b"2 - 4*ax
c))), Int[(a + b*x + c*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &&
NeQ[2*c*d - b*e, 0] && NeQ[b~2 - 4*a*c, 0] && LtQ[p, -1] && NeQ[p, -3/2]

Rule 1012

Int[((g_.) + (h_)*(x_))"(m_.)*((a_) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_)*((d_
) + (e_)*(x_) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Dist[(c/f)"p, Int[(g + hx
x)"mx(d + exx + f*x"2)"(p + @), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, p,
q}t, x] && EqQlcxd - a*xf, 0] && EqQ[b*d - axe, 0] && (IntegerQlp] || GtQlc/
f, 0]) && ( !'IntegerQlq] || LeafCount[d + e*x + f*x~2] <= LeafCount[a + b*x
+ cxx~2])

Rubi steps

/ g+ha 1o | Grterany %
(a + bz + ca?)? (ad + bdz + cdz?) d

Mathematica [A]

bg — 2ah + (2¢cg —bh)z

(3(2Cg - bh)) f m dx

2 (b2 — 4ac) d (a + bz + cx?)’
bg — 2ah + (2cg — bh)z

2 (b? —4ac)d
3(2cg — bh)(b + 2cx)

2(b? —4ac)d (a+ bz + caz:z)2
bg — 2ah + (2cg — bh)x

2 (b2 — 4ac)’ d (a + bz + cz?) |
3(2cg — bh)(b + 2cx)

2 (b2 — 4ac) d (a + bz + cx?)’

bg — 2ah + (2cg — bh)z

2 (b2 — 4ac)’ d (a + bz + cx?) |

3(2cg — bh)(b + 2cx)

2 (b2 — 4ac) d (a + bz + cx?)®

time = 0.02, size = 131, normalized size = 0.94

(b2—4ac) (—bg+2ah—2cgz-+bhx)

12¢(—2cg+bh) tan—! < bi2ca
3(2cg—bh)(b+2cx)

2 (b2 — 4ac)? d (a + bz + cx?) |

v —=b2+ 4ac )

(at+z(b+cz))?

_|_

a+z(b+cz) \/_bz + 4ac‘

2 (b2 — 4ac)* d
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Antiderivative was successfully verified.

[In] Integrate[(g + h*x)/((a + b¥x + c*x"2) 2x(a*xd + bxd*x + c*xd*x"2)),x]

[Out] (((b72 - 4xaxc)*(-(bxg) + 2*%axh - 2kckg*x + b*h*x))/(a + x*x(b + c*x))"2 + (
3% (2xcxg - bxh)*(b + 2xc*x))/(a + x*(b + c*x)) - (12kc*kx(-2%c*g + b*h)*ArcTa

nl[(b + 2%c*x)/Sqrt[-b~2 + 4*a*xc]])/Sqrt[-b~2 + 4xaxc])/(2%(b~2 - 4*axc) ~2*d

)

Maple [A]

time = 0.18, size = 141, normalized size = 1.01

method | result
4carctan (26:‘:""!’2)
3(—bh+2cg) 2cxz+b + V 4aC - b
(4ac—b2) (c z2+bz+a) (4ac—62) %
bg—2ah+(—bh+2cg)z
2 2
2(4ac—b2) (cx2+bz+a 2(4ac—b )
default ( ) ) y
_ 302(bh—2cg)z3 _ 9bc(bh—2cg):v2 _ (5abch—10a 029+b3h_2b209)2_8a20h+a b2h—10abcg+b3g 2 3 2 9.
. h 16a2c2 —8a b2c+bd 2(16a2c2—8a b20+b4) 16a2c2 —8a b2c+b% 2(16a2c2—8a b20+b4) 3cln (32(1 c®—16a b“c“+2
T1SC.
(cx2+bz+a)?d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((h*x+g)/(c*x~2+b*x+a) "2/ (c*d*x~2+b*d*x+a*d) ,x,method=_RETURNVERBOSE)
[Out] 1/d*(1/2%(b*g-2*a*xh+(-b*h+2*c*g)*x)/(4*axc-b~2)/(cxx~2+b*x+a) ~2+3/2% (-b*h+2
*xc*g) / (dxaxc-b~2) * ((2xc*xx+b) / (4*axc-b~2) / (cxx™2+b*x+a) +4*c/ (4*axc-b~2)~(3/2
)*arctan((2xcxx+b)/(4*xaxc-b~2)"(1/2))))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x+g)/(c*x~2+b*x+a) "2/ (ckd*x~2+b*d*x+a*d) ,x, algorithm="maxima"
)

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)°’, see ‘assume?‘ for mo

re deta

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 555 vs.
2(132) = 264.

time = 0.38, size = 1130, normalized size = 8.07
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x+g)/(c*x~2+b*x+a) "2/ (ckd*x~2+b*d*x+a*d) ,x, algorithm="fricas"
)

[Out] [1/2%(6%(2%x(b~2%c~3 - 4*axc”4)*g - (b~3xc™2 - 4*xaxbxc~3)*h)*x~3 + 9*(2*(b~3
*C"2 - 4xaxbxc”3)*g - (b74*c - 4*xaxb"2%c”2)*h)*x"2 - 6%(2%a"2xc"2xg - a~2*b
xcxh + (2%c”4%g - b*c”3%h)*x"4 + 2%(2%b*c”3%g - b"2%c"2xh)*x"3 + (2% (b"2%c”
2 + 2%a*xc”3)xg - (b73%c + 2¥a*xb*c”2)*h)*x"2 + 2% (2*axbkc”2%g - axb~2kckh)*x
)*sqrt(b”2 - 4xaxc)*log((2xc™2%x"2 + 2xb*c*x + b~2 - 2%axc + sqrt(b”2 - 4*a
xC)*(2*%c*kx + b))/(c*x”2 + bxx + a)) - (b™5 - 14*axb~3%c + 40%a~2xbxc~2)*g -
(a*b”™4 + 4*%a~2%b~2%c - 32%a”3xc”2)*h + 2% (2x(b"4*c + a*b”2*c”2 - 20%a"2*c”
3)xg - (b"5 + a*b”3%c - 20*a~2xbxc”2)*h)*x)/((b~6%c~2 - 12*%a*b~4*c”3 + 48*a
“2xb"2%xc"4 - 64*a”3%c”b)*d*x"4 + 2%x(b"7*c - 12%a*b~5kc”2 + 48%a~2xb~3*c”3 -
64*a~3xbxc"4)*d*x~3 + (b~8 - 10%axb~6%c + 24%a~2*¥b~4*c”2 + 32%a~3*b~2%c”3
- 128*a~4*c”"4)*d*x"2 + 2x(axb”7 - 12%a”2xb"bxc + 48%a~3*b"3*c”2 - 64*a~4*bx*
c"3)*d*x + (a"2%b"6 - 12%a~3*b~4*c + 48*a"4*xb"2%c”2 - 64*xa~bxc~3)*d), 1/2%(
6% (2% (b~2%c™3 - 4*a*xc”4)*g - (b"3%c™2 - 4*axbxc~3)*h)*x"3 + 9% (2% (b~3*c"2 -
4xaxb*xc~3)*g - (b~4*c - 4xa*xb~2%c”2)*h)*x"2 - 12%(2*%a~2xc~2*g - a~2xb*c*h
+ (2%c™4xg - b*c"3xh)*x"4 + 2% (2%b*c”3*%g - b~2*%c"2xh)*x"3 + (2% (b"2%c"2 + 2
xaxc~3)xg — (b~3%c + 2xaxb*c”2)*h)*x"2 + 2% (2*kaxbxc~2*g - axb~2*c*h)*x)*sqr
t(-b"2 + 4xa*c)*arctan(-sqrt(-b~2 + 4xa*c)*(2xcxx + b)/(b~2 - 4*axc)) - (b~
5 - 14xaxb~3%c + 40%a~2*xbxc~2)*g - (axb~4 + 4*a~2%b~2%c - 32*%a~3%c”2)*h + 2
* (2% (b~4*c + axb”2%c™2 - 20*a~2*c”3)*g - (b5 + axb~3*c - 20%a”2*bxc~2)*h)*
x)/((b76%c™2 - 12%a*b~4xc~3 + 48%a~2*%b"2xc”4 - 64*a”3*%c”~5)*d*x"4 + 2% (b~ T*c
- 12%a*xb~5xc”2 + 48%a”2xb”3*c”3 - 64*a”3*b*c”"4)*d*x"3 + (b8 - 10*a*b~6*c
+ 24%a”2xb"4*xc”2 + 32%a”3*b"2%c”3 - 128*a~4*c”4)*d*x"2 + 2x(axb”7 - 12%a”2x
b~5%c + 48%a”~3*b~3%c”2 - 64*a”4xbxc”3)xd*x + (a"2*%b"6 - 12*a~3*b~4*c + 48%a
“4%b”2%c”2 - 64*a~5%c”3)*d)]

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 680 vs.
2(128) = 256.
time = 1.18, size = 680, normalized size = 4.86

o e T S e e e [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x+g)/(c*x**2+b*x+a)**2/ (cxd*x**2+b*d*x+a*xd) ,x)

[Out] 3*cksqrt(-1/(4*a*c - bx*2)*x5)*(b*h - 2xc*g)*log(x + (-192%a**x3*c**x4*xsqrt (-
1/ (4xaxc — b**2)**5)*(bxh — 2kckxg) + 144*a*x2xb*x2*c*x3*sqrt(-1/(4*axc - b*
*x2)**5) x (bxh — 2%c*g) - 36%axbk*dkxck*x2*sqrt(-1/(4*axc — b**2)**5)*(bxh - 2%
c*g) + 3xbx*k6kcksqrt(-1/(4*akxc - b**2)*x5)*(bxh - 2%cxg) + 3*b**2xcxh - 6%b
xcx*k2xg) / (6¥bkcx*2¥h — 12kc**3%g))/d — 3*cksqrt(-1/(4*a*xc — bx*2)*%x5)*(b*h
- 2xcxg)*xlog(x + (192*%ax*3kckx*4*xsqrt(-1/(4*a*xc — b**2)**x5)*(b*h - 2xcxg) -
144*a*x2%b*x2*c**x3*sqrt (-1/(4*axc — b*x2)**5)*(bxh — 2%ckxg) + 36*akbk*dkckx*
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2xsqrt (-1/(4*a*c - bx*2)*x5)*(b*h - 2xc*g) - 3*b**x6*cksqrt(-1/(4*a*c - bx*2
)*#x5) % (b*h — 2xc*g) + 3*b*x2%c*h — 6xb*c*x2xg)/(6xbxc**2xh — 12xc**3xg))/d
+ (-8*ax*2xcxh — axb¥*2*h + 10*axbxcxg - bx*3*g + x**3x(-6xbkxcx*2%h + 12%cx*
*x3xg) + x*k*2x (-9*b**2%ckh + 18*%bkcx*2xg) + x*x(-10*axb*ckxh + 20%axcx*2xg - 2
*xbx*k3xh + 4¥bk*2%ckg))/(32%a**d*xck*x2%xd — 16*a*x*3*xbk*x2kckd + 2¥a**2xb*x4dxd +
xkkdk (32kax*2kckkdkd — 16%kaxbx*x2kckx3*xd + 2xbkkdxck*2%xd) + x*k*k3% (64*a*x*x2%b
xckx3kd — 32kaxbkk3kck*2xd + 4xb**k5xckd) + x*k*x2x (64xax*k3kckx3xd — 12%axbxx4
*ckd + 2%bxx6%xd) + x* (64xax*k3kbkxck*2kd — 32kax*2xbxx3kxckd + 4kxaxbx*x5%d))

Giac [A]
time = 5.03, size = 207, normalized size = 1.48

2¢2g — 2ca+b
6(2¢% — beh) arctan (\/_b2 +4dac 12 gx® — 6 bc2ha® + 18 bc?gz? — 9b2cha? + 4 bPcgx + 20 ac’gx — 2 b°ha — 10 abcha — b3g + 10 abcg — ab*h — 8 a’ch

(b*d — 8ab’cd + 16 a®c?d) vV —b? + 4ac 2 (bid — 8 ab2cd + 16 a2c2d)(caz? + bz + a)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x+g)/(c*x~2+b*x+a) "2/ (ckd*x~2+b*d*x+axd) ,x, algorithm="giac")

[Out] 6*%(2%c™2%g - b*cxh)*arctan((2*c*x + b)/sqrt(-b~2 + 4*axc))/((b"4*d - 8*a*b”
2xcxd + 16%xa~2%c”2*xd) *sqrt(-b~2 + 4*axc)) + 1/2x(12%c”3*g*x~3 - 6%b*c™2xh*x

3 + 18%b*cT2xgxx"2 - 9*%b"2xckh*x"2 + 4xbT2kckgxx + 20%a*xcT2xgxx - 2%b~3xhx*

X — 10*axb*c*h*x - b~3%g + 10*axbxcxg — a*b~2xh - 8*a~2xcxh)/((b~4*d - 8*ax
b~2xckd + 16%a~2%c”2*d)*(c*x"2 + b*x + a)~2)

Mupad [B]
time = 4.02, size = 375, normalized size = 2.68

2 3e(bh—2cg) (16dabe?—8dab? c+dbd , P
afeletonaeg 000 g)(s;’z“ P800t ehit) ) (1642 2 g ar2 eadt)
d(1ac-b2) @2 (1ac=42)°"% (1602 2-8a b2 c+b4) bh—2
6 catan GeTg 3k (bh—2cg)
Scha’+hat?~10cgabigt® | ¢ (45ac) Gh-20g) | 3c*ad(bh—2¢cq) | _9bea? (bh-2cg)
2 (164 2B ab? ctbh) 16a°?—8ab?cib? | 16a2—8abPotbl | 2(16a% P—8ab?ctbh)

d(4a,c—l)2)5/2 B a?d+z? (db?+2acd)+ 2dz* +2bcda® +2abda

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g + h*x)/((a*d + bxd*x + c*d*x~2)*(a + b*x + c*x~2)72),x)

[Out] (6xc*atan((d*((6*c~2*xxx(bxh - 2%c*g))/(d*(4*a*c - b~2)7(5/2)) + (3xcx(bxh -
2xcxg) * (b"5*d - 8xa*xb~3*kcxd + 16%xa~2%b*c”~2xd))/(d"2*(4*xaxc - b~2)~(5/2)*(b
"4 + 16%a”2%c”2 - 8%axb~2*c)))*(b"4 + 16%a”2%c”2 - 8%axb~2*c))/(6%c”2xg - 3
*b*xcxh) ) *(bxh - 2xc*g))/(d*(4*a*xc - b~2)7(5/2)) - ((b~3*g + a*xb~2*h + 8*a~2
xcxh — 10%a*bkcxg)/(2%(b~4 + 16%a~2*%c”2 - 8*a*b~2xc)) + (x*(5xa*xc + b~2)*(b
xh — 2%c*g))/(b™4 + 16%a~2%c”2 - 8xa*xb~2%c) + (3*c™2xx"3x(bxh - 2*c*xg))/ (b~
4 + 16%a~2%c”2 - 8xaxb~2*c) + (9*b*ckx"2x(bxh - 2%c*g))/(2x(b™4 + 16%a~2xc”
2 - 8*%a*b”2*c)))/(a"2*d + x"2*(b"2xd + 2*axckd) + c”2%d*x"4 + 2%bxcxd*x"3 +
2%axbxd*x)
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5
3.19 f (A+Bx) ﬁigfg + cT dz

Optimal. Leaf size=617

_ - 2f(Af(cd —af) — Bd(ce — b,
BvVa + bz + cz? _(2306 —bBf —2Acf) tanh™ (2\/5 \/abfbx + cx2) <
f 2v/c f?

_.|_

[Out] -1/2*%(-2*%Axc*f-Bxbxf+2xBxc*e)*arctanh(1/2*(2xc*x+b)/c~(1/2)/(cxx~2+b*x+a) ~(
1/2))/£72/c”(1/2)+Bx (cxx~2+b*x+a) ~(1/2) /f+1/2*arctanh (1/4* (4*a*xf+2xx* (b*f-c
*(e—(—4*xd*f+e~2) " (1/2)))-bx(e-(-4*d*xf+e~2)~(1/2)))*2°(1/2) / (c*xx~2+b*x+a) ~ (1
/2) / (cxe~2-2%cxd*f-bxexf+2%axf~2- (-b*f+cxe) * (-4xd*xf+e~2) ~(1/2))~(1/2) ) x(2xf
* (Axf* (—a*xf+cxd) -Bxd* (-bxf+cxe) ) — (Axfx (~bkf+c*e) +Bx (f* (—a*f+bxe)—c*x (-d*f+e”
2)))x(e-(-4xd*xf+e~2)~(1/2)))/£72%27(1/2) / (-4xd*f+e~2) ~(1/2) / (c*e”~2-2*cxd*f-
bxexf+2xaxf~2-(~b*f+cxe)* (-4*xd*f+e~2) " (1/2))~(1/2)-1/2*arctanh(1/4* (4xa*xf-b
* (e+(—4*xd*xf+e”2) " (1/2) ) +2xx*x (b*f-c* (e+(-4*d*f+e~2)~(1/2))))*2°(1/2) / (c*xx~2+
bxx+a) ~(1/2)/ (cxe™2-2xcxd*xf-b*exf+2xa*xf "2+ (-bxf+ckxe) * (-4xdxf+e~2)~(1/2))~ (1
/2)) % (2%f*x (Axf* (—axf+c*xd) -B*d* (-b*f+cke) ) — (Axf* (-bxf+c*e) +B* (f* (—a*xf+b*xe)-c
*(-d*f+e~2))) *x(e+(-4xdxf+e~2) ~(1/2)))/£"2%x2~(1/2) / (-4*xd*f+e~2)~(1/2) / (c*xe~2
-2xcxdxf-bkexf+2xaxf "2+ (-bxf+ckxe) * (-4xdxf+e~2)~(1/2))~(1/2)

Rubi [A]
time = 5.93, antiderivative size = 615, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.188,

steps used = 9, number of rules used = 6, integrand size = 32,
Rules used = {1033, 1090, 635, 212, 1046, 738}

Warning: Unable to verify antiderivative.
[In] Int[((A + Bxx)*Sqrtl[a + b*x + c*x"2])/(d + e*x + f*xx72),x]

[Out] (BxSqrt[a + b*x + c*x72])/f - ((2*%Bkcxe - b*B*f - 2xA*c*f)*ArcTanh[(b + 2xc
*xx)/(2xSqrt [c]*Sqrt[a + b*x + c*x72])])/(2*Sqrt[c]*£72) + ((2xfx(A*f*(cxd -
axf) - Bxdx(cxe - b*xf)) - (e - Sqrt[e”2 - 4*d*f])*(Bxfx(bxe - a*xf) + Axfx*(
ckxe — bxf) - Bkcx(e”2 - d*f)))*ArcTanh[(4*axf - bx(e - Sqrt[e”2 - 4*xdxf]) +
2% (b*f - cx(e - Sqrtl[e™2 - 4*d*f]))x*x)/(2%Sqrt[2]*Sqrt[c*xe”2 - 2xcxd*f - b
xexf + 2kaxf~2 - (cxe - bxf)*Sqrt[e”2 - 4xd*f]]l*Sqrt[a + b*x + c*xx~2])])/(S
qrt [2] *£72xSqrt [e™2 - 4*d*f]*Sqrtlc*e”2 - 2xcxd*f - bxexf + 2xaxf~2 - (c*e
- bxf)*Sqrt[e”2 - 4*xd*f]]) - ((2%f*(Axf*(cxd - a*xf) - Bxdx(cxe - bxf)) - (e
+ Sqrt[e”2 - 4xd*f])*(B*f*(bxe - axf) + Axfx(c*e - b*f) - Bxck(e”2 - dxf))
)*ArcTanh[(4*axf - b*x(e + Sqrtl[e™2 - 4xd*f]) + 2x(bxf - c*(e + Sqrt[e”2 - 4
xd*£f]))*xx) / (2*Sqrt [2] #Sqrt [c*e™2 - 2%c*d*f - bxexf + 2xaxf~2 + (c*e - bxf)x*
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Sqrt[e™2 - 4xd*f]]*Sqrtla + b*x + c*xx~2])])/(Sqrt[2]*f~2*Sqrt[e”2 - 4xd*f]=*
Sqrt[cxe”2 - 2%ckd*f - bkexf + 2xa*xf~2 + (cke - bxf)*Sqrt[e”2 - 4*dxf]])

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4%c - x°2), x], x, (b + 2%c*x)/Sqrt[a + b*x + c*x2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym

bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bkx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 1033

Int[((g_.) + (h_)*(x_))*((a ) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d) + (e
_Ox(x) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[h*(a + bxx + c*x~2) p*x((d
+ exx + £xx72)7(q + 1)/(2*f*(p + q + 1))), x] - Dist[1/(2*f*(p + q + 1)), I
nt[(a + bxx + c*xx"2) " (p - 1)*(d + exx + £*x~2) q*Simp [h*p*(bxd - axe) + a*(
hxe - 2xgxf)*(p + q + 1) + (2¥h*px(cxd - a*f) + bkx(h*e - 2xgxf)*(p + q + 1)
)*x + (h*px(c*e - bkf) + cx(h*e - 2xg*f)*x(p + q + 1))*x~2, x], x], x] /; Fr
eeQ[{a, b, c, d, e, f, g, h, q}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[e"2 - 4xd
*f, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1046

Int[((g_.) + (h_.)*(x_))/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_.)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4*a*xc, 2]}, Dis
t[(2%cxg - h*(b - q))/q, Int[1/((b - q + 2*c*x)*Sqrt[d + e*xx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*cxx)*Sqrt[d + e*x + f*xx
~21), x1, x]11 /; FreeQ[{a, b, c, d, e, £, g, h}, x] && NeQ[b~2 - 4*axc, 0]
&& NeQ[e”2 - 4xdxf, 0] && PosQ[b~2 - 4*xaxc]

Rule 1090

Int[((A_.) + (B_.)*(x_) + (C_)*x(x_)"2)/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)
xSqrt[(d_.) + (e_.)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqr
t[d + exx + f*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + (B*c - b*C)*x)/((a
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+ bxx + cxx"2)*Sqrt[d + e*xx + f*x72]), x], x] /; FreeQ[{a, b, c, d, e, £, A
, B, C}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[e~2 - 4xdxf, 0]

Rubi steps

f 1(bBd—2aAf)— L (2Abf—B(2cd+be—2af))z+ 1 (2Bce—bBf—2Acf)

(A+ Bz)Va + bx + cx? dx:B\/a+bx-|—ca:2 B Va + bz + cx? (d+ectfz?)

d+ex + fx? f f
1 f(bBd—2aAf)—1d(2Bce—bBf—2Acf)+(—Se(2Bce—bBf—2Acf)

_ BvVa + bx + cx? _ f Va + bz + cx? (d+er+f2?)

f f?
_ _ 1 b+2
B B\/m (2BC€ be 2ACf)SUbSt (f do—z2 d.’L', Z, m
N f - f?
2Bce — bBf — 2A h~! bides ‘
_ Bvatbztca® (2Bce —bBf ¢f) tan (2\/3\/a+bm+cz2
f 2V/c f?
_ _ -1 b+2cx
_ Bva+bz +cax? (2Bce —bBf = 2Acf) tanh <2\/E va 4+ br + cx?
f 2V/c f?

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.93, size = 889, normalized size = 1.44

Antiderivative was successfully verified.

[In] Integrate[((A + B*x)*Sqrt[a + b*x + c*x72])/(d + exx + f*x72),x]

[Out] (2«B*f*Sqrt[a + x*x(b + c*x)] + ((2%Bxc*e - b*Bxf - 2kAxcxf)*Log[b + 2%cxx -
2xSqrt [c]*Sqrt[a + xx(b + c*x)]1])/Sqrtlc] + 2*RootSum[b~2*d - a*b*e + a~2%
f - 4xb*Sqrtc]xd*#1 + 2%a*xSqrt[cl*e*x#l + 4kcxdx#172 + bke*x#172 - 2xaxf*#1~
2 - 2xSqrtlcl*e*#1°3 + fx#174 & , (-(b*Bxcxd*exLog[-(Sqrt[c]l*x) + Sqrt[a +
b*x + c*x"2] - #1]) + axBkcke"2xLog[-(Sqrt[cl*x) + Sqrtla + b*x + c*x~2] -
#1] + b~2*BxdxfxLog[-(Sqrt[cl*x) + Sqrtl[a + bxx + c*x~2] - #1] + Axbkckxdxfx
Log[-(Sqrt[cl*x) + Sqrtla + b*x + c*xx"2] - #1] - a*Bxc*d*f*Log[-(Sqrt[c]*x)
+ Sqrt[a + b*x + cxx"2] - #1] - axbxBxe*f*Log[-(Sqrt[c]*x) + Sqrtl[a + b*x
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+ cxx"2] - #1] - axAxckexfxLog[-(Sqrt[c]l*x) + Sqrt[a + b*x + cxx"2] - #1] +
a~2xBxf~2+Log[-(Sqrt[c]*x) + Sqrtl[a + b*x + c*xx~2] - #1] + 2*Bxc~(3/2)*dx*e
*xLog[-(Sqrt[cl*x) + Sqrtl[a + b*x + c*x™2] - #1]x#1 - 2%b*B*Sqrt [c]*d*f*Log[
-(Sqrt[cl*x) + Sqrtla + bxx + c*x™2] - #1]*#1 - 2xA*xc~(3/2)*d*f*Log[-(Sqrt[
c]*x) + Sqrtla + b*x + c*xx"2] - #1]*#1 + 2*xaxAxSqrt[c]*f~2*Log[-(Sqrt [c]*x)
+ Sqrtla + b*x + cxx"2] - #1]*#1 - Bkcxe"2xLog[-(Sqrt[cl*x) + Sqrt[a + b*x
+ cxx72] - #1]*#172 + Bxcxd*f*Log[-(Sqrt[cl*x) + Sqrtla + b*x + c*xx"2] - #
1]*#172 + b*BxexfxLog[-(Sqrtlcl*x) + Sqrtl[a + b*x + c*x™2] - #1]*#172 + Ax*c
xexf*xLog[-(Sqrt[c]*x) + Sqrtla + bxx + c*x™2] - #1]*#172 - Axb*xf~2xLog[-(Sq
rtlcl*x) + Sqrtla + b*x + c*x”2] - #1]*#172 - axB*f~2*xLog[-(Sqrt[c]*x) + Sq
rtla + bxx + c*x"2] - #1]*#172)/(2*%b*Sqrt[cl*d - axSqrtlcl*e - 4*c*xd*#1 - b
xex#l + 2%a*xf*x#1 + 3xSqrtlc]l*ex#172 - 2xf*#173) & ])/(2*£72)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1594 vs.

2(558) = 1116.
time = 0.17, size = 1595, normalized size = 2.59

method | result size
default | Expression too large to display | 1595

risch Expression too large to display | 11585

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)*(cxx~2+b*x+a)”~(1/2)/(f*x"2+e*x+d) ,x,method=_RETURNVERBOSE)

[Out] 1/2*%(-2%A*xf+Bx(-4*xd*f+e~2) " (1/2)+Bxe)/(-4*xd*f+e~2) "~ (1/2)/fx(1/2% (4% (x+1/2%(
e+ (—4*xdxf+e~2)~(1/2))/£f) "2*c+4/f* (—ckx (-4*xd*xf+e~2) ~(1/2) +b*xf-c*e) * (x+1/2* (e+
(-4xd*xf+e~2) " (1/2)) /) +2x (-bxf* (-4xd*xf+e~2) " (1/2) +(-4*xd*xf+e~2) " (1/2) *ckxe+2*
a*xf~2-bxexf-2*xcxdxf+c*xe”2) /£72) " (1/2)+1/2/f* (—c* (-4xd*xf+e~2) "~ (1/2) +b*f-c*xe)
*1n((1/2/f*(—cx(—-4*xd*f+e~2) " (1/2) +b*xf-c*xe)+c* (x+1/2x (e+(-4*d*xf+e~2)~(1/2))/
£))/c”(1/2)+((x+1/2*% (e+(-4xdxf+e~2) " (1/2)) /f) "2*c+1/f*x (—c* (-4xdxf+e~2)~(1/2
)+bxf-cxe) * (x+1/2* (e+(—4*xdxf+e~2)~(1/2)) /£)+1/2*% (~b*f* (-4*xd*xf+e~2) ~(1/2)+(-
4xdxf+e~2) ~(1/2) xcxe+2%axf~2-bke*xf-2xckd*xf+cke~2) /£72)~(1/2))/c~(1/2)-1/2%(
-b*fx (—4*xd*f+e~2) " (1/2) +(-4*d*xf+e~2) " (1/2) *c*xe+2*axf~2-bke*f-2xcxd*xf+c*e~2)
/£72x27(1/2) / ((~bxf*x (-4*d*f+e”~2) " (1/2) +(-4*xd*f+e~2) ~(1/2) *c*e+2xaxf " 2-b*ex*f
-2xcxdxf+c*xe”2) /£72) " (1/2) *1n(((-b*f* (-4*xd*xf+e~2) ~(1/2)+(-4*d*xf+e~2) ~(1/2) *
ckxe+2*a*xf~2-bkexf-2xckxdxf+cxe™2) /f72+1/f* (—ck (-4xd*xf+e~2) ~(1/2)+b*f-c*e) *(x
+1/2*% (e+(-4xd*xf+e~2)~(1/2)) /£)+1/2*%2" (1/2) * ((-b*f* (-4*d*f+e~2) " (1/2) +(-4x*dx*
f+e72) " (1/2) xcxe+2xaxf ~2-bke*xf-2kckdxf+cxe™2) /£~2) ~(1/2) * (4% (x+1/2* (e+(-4*d
*f+e72) " (1/2))/f) " 2%c+4/fx (—cx (—4*d*xf+e”2) " (1/2) +bxf-c*e) * (x+1/2* (e+ (—4*d*f
+e72)7(1/2)) /£)+2x (mbxf* (-4*d*xf+e”2) " (1/2) +(-4*xd*f+e~2) ~(1/2) *c*xe+2xaxf~2-b
*exf-2kckd*xf+cke”2) /f72)"(1/2) )/ (x+1/2% (e+(—4*xd*xf+e~2)~(1/2))/£)))+1/2%(2%A
*f+Bx (-4*xd*f+e~2) " (1/2)-Bxe) / (-4*xd*xf+e~2) ~(1/2) /fx(1/2*% (4% (x-1/2/f* (—e+(-4x*
dxf+e~2)~(1/2))) "2xc+4* (ck (-4*xd*xf+e~2) ~(1/2) +bxf-c*e) /£ (x-1/2/f* (—e+(-4*xdx*
f+e72)7(1/2)) ) +2x (bxf* (—4*xd*xf+e~2) " (1/2) - (-4*d*f+e~2) " (1/2) *cxe+2*xa*f~2-b*e
*f-2xckd*f+cxe”2) /£72) " (1/2)+1/2% (c*x (—4*xd*xf+e~2) ~(1/2) +b*f-cxe) /f*1n((1/2%(
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cx(—4xd*xf+e~2) " (1/2)+b*xf-cxe) /f+c* (x-1/2/f* (—e+(-4xd*xf+e~2)~(1/2))))/c~(1/2
)+ ((x-1/2/fx(—e+(-4*d*xf+e~2) " (1/2))) " 2*c+(c*x (-4*xd*xf+e~2) ~(1/2) +b*f-cxe) /f*(
x-1/2/fx (—e+(-4*d*xf+e~2) ~(1/2)) ) +1/2% (b*xf* (-4*xd*f+e~2) ~(1/2) - (-4*d*xf+e~2) ~(
1/2) xcxe+2xaxf " 2-b*e*xf-2kckdxf+cxe™2) /£72)~(1/2))/c”(1/2)-1/2*% (b*f* (-4*d*f+
e”2)"(1/2)-(-4xdxf+e~2) " (1/2) xcxe+2*axf~2-bkexf-2xcxdxf+c*xe™2) /f~2x2~(1/2)/
((b*f* (—4*dxf+e”2) " (1/2) - (-4*d*f+e~2) " (1/2) *cxe+2*xa*xf " 2-bxexf-2*kc*d*f+cxe”2
)/£72) " (1/2) *1In (((b*f* (-4*xd*xf+e~2) ~(1/2) - (-4*d*xf+e~2) " (1/2) *xcxe+2*a*xf~2-b*e
*f-2xckd*f+cxe”2) /£~ 2+ (cx (-4*xd*xf+e~2) ~(1/2) +b*xf-cxe) /f* (x-1/2/f* (—e+ (-4xd*f
+e72)7(1/2)))+1/2%27(1/2) * ((b*f* (-4*xd*xf+e~2) ~(1/2) - (-4*d*f+e~2) " (1/2) *c*xe+2
*a*xf~2-bkexf-2kckdxf+cxe™2) /£72) " (1/2) *(d*x(x-1/2/f* (—e+(-4*d*xf+e~2)~(1/2)))
~2xc+4* (c* (—4xdxf+e”2) " (1/2) +bxf-c*e) /fx(x-1/2/f* (—e+(-4*d*xf+e~2) " (1/2)))+2
* (bxf* (-4*d*xf+e”~2) " (1/2) - (-4xd*xf+e~2) ~(1/2) *c*xe+2xaxf " 2-b*exf-2xckd*f+cxe~2
)/£72)7(1/2))/ (x-1/2/f*(-e+(-4*d*f+e~2)~(1/2)))))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)~(1/2)/(f*x"2+e*x+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*d*f-%e~2>0)’, see ‘assume?‘ for m

ore det

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)~(1/2)/(f*x"2+e*x+d) ,x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(A+Bx)\/a+bx+cx2

d
d+ex + fx? o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)* (c*x**2+b*x+a)**(1/2)/(f*x**2+e*x+d) ,x)
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[Out] Integral((A + Bxx)*sqrt(a + b*xx + ckxx**2)/(d + e*x + fxx**2), x)
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)~(1/2)/(f*x"2+e*x+d) ,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/(A+Bx) Vex? +bz +a

d
fr2+ex+d o

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x)*(a + b*x + c*x~2)~(1/2))/(d + exx + f*x~2),x)
[Out] int(((A + Bxx)*(a + b*x + c*xx~2)~(1/2))/(d + exx + f*xx~2), x)
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(A+Bz) (a+bz+cz? 3/2
3.20 f d—lgeac—l—fac2 ) dz

Optimal. Leaf size=1092

(2Acf(4ce — 5bf) — B(b?f% — 2cf(5be — 4af) + 8c%(e* — df)) + 2¢f(2Bce — bBf — 2Acf)z) Va + bx + ¢
8cf3

[Out] 1/3*B*(c*x~2+b*xx+a) ~(3/2)/f+1/16% (2xAxcxf* (3*%b~2xf~2-12*c*xf* (—axf+b*e)+8*c”
2% (—d*f+e”2) ) -Bx (b~ 3*f ~3+6*b*ckf " 2% (-2kaxf+bxe) -24*c~2*f* (—a*e*xf-bxdxf+bxe”
2)+16*c~3* (-2*d*exf+e”~3))) *arctanh (1/2* (2xc*x+b) /c~(1/2) / (c*x"2+b*x+a) ~(1/2
))/c”(3/2)/£f74-1/8% (2% Axcxf* (-5*b*xf+4*xcke) —B* (b~ 2xf~2-2*c*xf* (—4*xa*f+5xbxe)+
8*c 2% (—d*xf+e”2) ) +2kckf* (—2xAxcxf-B¥xb*f+2xBxcke) *x) * (cxx”2+b*x+a) ~(1/2) /c/f
~3-1/2*arctanh (1/4* (4*xa*xf+2xx* (b*f-c* (e-(-4*d*f+e~2)~(1/2)))-b*x(e-(-4*d*f+e
~2)7(1/2)))*27(1/2) / (c*xx"2+b*x+a) ~(1/2) / (ckxe”™2-2xcxd*f-bxexf+2*a*xf~2- (-b*xf+
ckxe) * (—4*xd*xf+e~2) " (1/2)) " (1/2) ) % (2*c*f* (Bkd* (-b*f+cke) *x (2xaxf ~2-bkxexf-2*c*d
*f+cke”2) +A*xfx (2xckd*f* (—axf+bke) -f~2x (—a~2*%f+b~2*d) —c~2*d* (-d*xf+e~2) ) ) —c*(
Axf* (—bxf+cke) * (f*x (—2xa*xf+b*e) —cx (-2*xd*f+e~2) ) +B* (c™2* (d~2*f~2-3*xd*e”2*xf+e”
4)-f72x (2xaxb*exf-a~2xf~2-b"2x (—d*f+e~2) ) +2xcxf* (a*xf* (—dxf+e~2) -b*x (-2*xd*ex*f
+e73))))*x(e-(-4xd*xf+e~2)~(1/2)))/c/f"4%x2~(1/2) / (-4*d*xf+e~2) ~(1/2) / (cxe”2-2%
ckxd*f-bkexf+2xaxf~2-(-bxf+cxe)* (-4*d*f+e~2) " (1/2))~(1/2)+1/2*arctanh(1/4* (4
*a*xf-b* (e+(-4xdxf+e~2) " (1/2) ) +2*x* (b*f-c* (e+(-4*xd*xf+e~2)~(1/2))))*2~(1/2) /(
cxx”~2+b*x+a) ~(1/2) / (c*e™2-2xcxd*f-bkxexf+2kxa*xf "2+ (-bxf+c*e) * (-4xd*xf+e~2)~(1/
2))7(1/2)) % (2*fx (Bxd* (-b*xf+cxe) * (2%a*xf " 2-bkexf-2*xcxd*xf+cxe™2) +Axf* (2kcxd*f*
(—axf+bxe)-f~2*% (—a~2xf+b~2*d) —c"2*d* (-d*f+e~2) ) ) - (Axf*x (—bxf+cxe) * (f* (-2*a*f
+bxe) —c* (-2xd*f+e”2) ) +B* (c™2x (d~2*f~2-3*kd*xe " 2xf+e~4) -f ~2* (2xaxb*exf-a~2xf "2
-b~2x (—dxf+e~2) ) +2kcxf* (axfx (-d*xf+e~2) -bx (-2xd*exf+e~3))) ) * (e+(-4*d*xf+e~2)"
(1/2)))/£74x27(1/2) / (-4xd*xf+e~2) ~(1/2) / (c*e™2-2xcxd*f-b*exf+2xa*xf "2+ (-bxf+c
xe)x (—4*xd*xf+e~2)~(1/2))"(1/2)

Rubi [A]

time = 16.59, antiderivative size = 1092, normalized size of antiderivative = 1.00, number

number of rules _
integrand size 0.219,

of steps used = 10, number of rules used = 7, integrand size = 32,
Rules used = {1033, 1080, 1090, 635, 212, 1046, 738}

Warning: Unable to verify antiderivative.
[In] Int[((A + Bxx)*(a + b*x + c*x72)7(3/2))/(d + exx + f*x~2),x]

[Out] -1/8%((2xA*cxf*(4d*xc*xe — 5¥bxf) — Bk (b~2*f~2 - 2xckf*(5xbxe - 4xa*xf) + 8*c”2
x(e72 - dxf)) + 2xcxf*(2+Bkxcke - bxBxf - 2xAxcxf)*x)*Sqrt[a + b*x + c*x~2])



175

/(cx£73) + (Bx(a + bxx + c*x"2)7(3/2))/(3*%f) + ((2xAxc*xf*(3*%b~2*f72 - 12%cx*
fx(b*e - axf) + 8%c™2*%(e”™2 - dxf)) - Bx(b~3*f~3 + 6*bkcxf~2x(bxe - 2*axf) -
24xc”2xfx (b*e"2 - b*d*f - axexf) + 16xc”3*(e”3 - 2xdxexf)))*ArcTanh[(b + 2
xcxx) /(2%Sqrt [c]*Sqrt[a + bxx + c*x72])])/(16%c™(3/2)*f74) - ((2*xcxf*(Bxd*(
ckxe — bxf)x(cxe”2 - 2kcxd*f - bkexf + 2xa*f~2) + Axfx(2xckdxf*(b*e - axf) -
£72x(b"2xd - a"2*%f) - c"2xd*(e”2 - d*f))) - cx(e - Sqrt[e™2 - 4*xdxf])*(Axf
x(ckxe — bxf)x(fx(bxe - 2xaxf) - c*(e”2 - 2xdxf)) + Bk(c™2*(e”4 - 3xdxe”2*f

+ d72%£72) - £72x(2*kaxbxexf - a"2*xf72 - b"2x(e”2 - dxf)) + 2xcxfx(axfx(e”2

- dxf) - bx(e”3 - 2*d*exf)))))*ArcTanh[(4*a*xf - bx(e - Sqrt[e”2 - 4*xdxf]) +
2x(bxf - cx(e - Sqrt[e”2 - 4*dxf]))*x)/(2*Sqrt[2]*Sqrt[cxe”2 - 2*cxd*f - b
xexf + 2%axf~2 - (cxe - bxf)*Sqrt[e”2 - 4xd*f]]*Sqrt[a + b*x + c*xx~2])])/(S
qrt [2] xcxf~4*Sqrt[e”2 - 4xd*f]*Sqrt[cxe”2 - 2xcxd*f - bxexf + 2*xaxf~2 - (cx
e - bxf)*Sqrt[e”2 - 4*xd*f]]) + ((2*f*(B*d*(c*e - bxf)*(c*e™2 - 2xc*d*f - bx
exf + 2xa*xf~2) + Axfx(2xckdxf*(b*e - axf) - £ 2%x(b72*%d - a~2%f) - c~2xd*x(e”
2 - dxf))) - (e + Sqrtl[e”™2 - 4xdxf])*(A*xf*(c*e - bxf)*(f*(bxe - 2*xaxf) - cx
(e™2 - 2%dxf)) + B*x(c™2x(e"4 - 3xd*e”2+f + d~2xf72) - £72%(2kaxb*exf - a~2%
£72 - b™2%(e”2 - dxf)) + 2kcxfx(axfx(e”2 - d*f) - b*(e”3 - 2xdxexf)))))*Arc
Tanh[(4*a*f - bx(e + Sqrt[e”2 - 4xdxf]) + 2x(b*f - cx(e + Sqrt[e”2 - 4xdxf]
))*x) /(2%Sqrt [2] *Sqrt [cxe™2 - 2xcxd*f - bxexf + 2xaxf~2 + (c*e - b*f)*Sqrt[
e”2 - 4xdxf]]*Sqrtla + b*x + c*x72])])/(Sqrt[2]*f~4*Sqrt[e”2 - 4xd*f]*Sqrt[
cke™2 - 2xckd*f - bxexf + 2%xaxf~2 + (cke - bxf)*Sqrt[e”2 - 4*d*xf]])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + c*xx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bkx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1033

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (e
_Ox(x) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) p*x((d
+ exx + £xx72)7(q + 1)/(2*f*(p + q + 1))), x] - Dist[1/(2*f*(p + q + 1)), I
nt[(a + bxx + c*x72)"(p - 1)*(d + e*x + £*x~2) g*Simp [h*p*(bxd - a*xe) + ax*(
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hxe - 2xgxf)*(p + q + 1) + (2xh*px(cxd - a*f) + bk(h*e - 2xgxf)*(p + q + 1)
)*x + (h*p*(c*e - bxf) + cx(hxe - 2*gxf)*(p + q + 1))*x~2, x], x], x] /; Fr
eeQ[{a, b, c, d, e, £, g, h, g}, x] && NeQ[b~2 - 4*a*xc, 0] && NeQ[e~2 - 4xd
*f, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1046

Int[((g_.) + (h_)*(x_))/(((a)) + (b_)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_.)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4*a*c, 2]}, Dis
t[(2*%c*g - h*x(b - q))/q, Int[1/((b - q + 2xcxx)*Sqrt[d + exx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*c*xx)*Sqrt[d + e*x + f*x
~21), x1, x11 /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] && NeQ[b~2 - 4*a*c, 0]
&& NeQl[e™2 - 4xdxf, 0] && PosQ[b~2 - 4xaxc]

Rule 1080

Int[((a)) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((A_.) + (B_.)*(x_) + (C_.)*(x_
)72)x((d) + (e_)*(x_) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(Bkcxf*(2*p
+ 2xq + 3) + Cx(bxf*p - cxex(2xp + q + 2)) + 2xcxCxfx(p + q + D*x)*(a + b
*x + c*x”2)"px((d + e*x + £xx72)7(q + 1)/(2%c*xf72x(p + q + 1)*(2%xp + 2%q +
3))), x] - Dist[1/(2xc*xf~2*%(p + q + 1)*(2%p + 2%xq + 3)), Int[(a + b*x + c*x
~2)"(p - 1)*(d + e*xx + f£xx72) q*Simp[p*(b*d - axe)*(Cx(cxe - b*f)*(q + 1) -
ckx(Ckxe — Bxf)*x(2xp + 2%q + 3)) + (p + q + 1)*(b~™2xCkd*f*p + a*c*(Ck(2xd*f
- e 2x(2xp + q + 2)) + f*x(Bke - 2xAxf)*(2%p + 2%q + 3))) + (2*px(c*d - axf)
*(Ckx(cke — bxf)*x(q + 1) - cx(Cke — Bxf)*x(2%p + 2%q + 3)) + (p + q + 1)*(Cxe
xfxp*x(b~2 — 4*axc) - bxckx(Cx(e”2 - 4*d*f)*(2xp + q + 2) + £x(2%Cxd - B*e +
2xAxf)* (2%p + 2xq + 3))))*x + (px(cxe — b*f)*(Cx(cxe - b*f)*x(q + 1) - c*(Cx
e - Bxf)x(2%p + 2%q + 3)) + (p + q + 1)*(Cxf~2*%p*(b~2 - 4xaxc) - c~2*%(Cx(e”
2 - 4xd*xf)*(2%p + q + 2) + £x(2%Cxd - B¥e + 2%xAxf)*x(2%p + 2%q + 3))))*x"2,
x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, g}, x] && NeQ[b~2 - 4xaxc,
0] &% NeQ[e™2 - 4xd*f, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0] && NeQ[2*p + 2%
q + 3, 0] & !'IGtQ[p, 0] && !'IGtQlq, O]

Rule 1090

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)
*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqr
tld + exx + f*xx~2], x], x] + Dist[1/c, Int[(A*c - a*C + (Bxc - b*C)*x)/((a
+ b*x + c*x”2)*Sqrt[d + e*x + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e, f, A
, B, C}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[e™2 - 4xdxf, 0]

Rubi steps
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Va + bx + cx? (3(bBd—2aAf)—2(2Abf—B(2cd+be—2

(A+ Bz) (a + bz + cz?) e — B(a+ bz + ca?)*/? 3 J Trert fa?

d+ex+ fx? 3f 3f

3/2

(2Acf(4ce — 5bf) — B(b?f% — 2cf (5be — 4af) + 8c%(e? — df)) + 2c;
8cf3

(2Acf(4ce — 5bf) — B(b?f% — 2cf (5be — 4af) + 8c%(e? — df)) + 2c;
8cf3

(2Acf(4ce — 5bf) — B(b*f% — 2cf (5be — 4af) + 8c%(e? — df)) + 2c;
8cf3

(2Acf(4ce — bbf) — B(b*f% — 2cf (5be — 4af) + 8c%(e? — df)) + 2c;
8cf3

(2Acf(4ce — 5bf) — B(b?f% — 2cf (5be — 4af) + 8c%(e? — df)) + 2c;
8cf3

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 4.64, size = 2733, normalized size = 2.50

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[((A + B*x)*(a + b*x + c*xx~2)7(3/2))/(d + e*x + £*x72),x]

[Out] (2*Sqrtlcl*fxSqrtla + x*(b + c*x)]*(6xAxc*f*(-4*cxe + B¥bxf + 2kckf*xx) + Bx
(3*¥b~2%xf72 + 2kckxf*(-15%bxe + 16%a*xf + T*bkxf*x) + 4xc™2x(6%e”2 - 6*d*f - 3%
exfxx + 2%f72%x72))) + 3% (2xA*xckfx(-3xb"2*%f"2 + 12xcxfx(bxe - a*xf) - 8*kc™2x

(e72 - dxf)) + Bk(b~3%xf"3 + 6xbxcxf~2x(bk*e - 2%a*f) + 24*c~2*f*(-(b*e”2) +
bxd*f + axexf) + 16%c~3*(e”3 - 2*d*exf)))*Loglc*(b + 2*c*x - 2+Sqrt[c]*Sqrt

[a + xx(b + c*x)])] - 48%c~(3/2)*RootSum[b~2xd - axbxe + a~2xf - 4xbxSqrt([c
1xdx#1 + 2xaxSqrt[c]xex#1 + 4*ckd*#172 + bxex#172 - 2kaxfx#172 - 2*Sqrt[c]*
ex#17°3 + fx#174 & , (bxB*c~2*d*e~3*Log[-(Sqrt[cl*x) + Sqrt[a + b*x + c*x~2]

- #1] - a*Bkxc"2xe"4xLog[-(Sqrt[cl*x) + Sqrtl[a + bxx + c*x"2] - #1] - 2%b*B
xc~2xd"2*exfxLog[-(Sqrt[cl*x) + Sqrtla + b*x + c*x”2] - #1] - 2%b~2*Bxcxdxe
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~2xf*xLog[-(Sqrt[c]*x) + Sqrtl[a + bxx + c*x"2] - #1] - Axbkc~2xd*e”2*xf*Log[-
(Sqrt[cl*x) + Sqrtla + bxx + c*x"2] - #1] + 3*a*Bxc~2xd*e”2*xf*Log[-(Sqrt[c]
*x) + Sqrtla + b*xx + c*xx~2] - #1] + 2xaxbxBxcxe~3xfxLog[-(Sqrt[c]*x) + Sqrt
[a + bxx + c*x72] - #1] + a*xAxc™2xe"3*f*Log[-(Sqrtlc]l*x) + Sqrt[a + b*x + ¢
*x~2] - #1] + 2¥b~2xBkckd"2xf"2xLog[-(Sqrt[c]l*x) + Sqrt[a + bxx + c*x~2] -
#1] + Axbkxc~2xd"2*f"2*xLog[-(Sqrt[c]*x) + Sqrt[a + b*x + cxx"2] - #1] - axBx
c~2xd"2xf"2*Log[-(Sqrt [c]*x) + Sqrtl[a + b*x + c*x"2] - #1] + b~ 3*Bxd*e*f 2%
Log[-(Sqrt[cl*x) + Sqrtl[a + b*x + c*x~2] - #1] + 2xAxb~2xcxdxexf~2xLog[-(Sq
rt[cl*x) + Sqrtla + b*x + c*x72] - #1] - 2xa*b*Bkckxdxexf ~2*Log[-(Sqrt[c]*x)
+ Sqrtla + b*x + c*xx"2] - #1] - 2*%axAxc~2*xd*exf~2+Log[-(Sqrt[c]*x) + Sqrtl[
a + bxx + c*x~2] - #1] - a*b"2xBxe~2*f " 2xLog[-(Sqrt[c]*x) + Sqrt[a + b*x +
c*x”"2] - #1] - 2%axAxbxcxe”2*f 2xLog[-(Sqrt[c]*x) + Sqrt[a + b*x + c*x"2] -
#1] - 2*a”~2xBxcxe”2*f"2xLog[-(Sqrt[c]*x) + Sqrt[a + b*x + c*x72] - #1] - A
*xb~3*d*f~3*xLog[-(Sqrt[cl*x) + Sqrtl[a + b*x + c*xx"2] - #1] - a*b~2*Bkd*f~3*L
og[-(Sqrt[c]*x) + Sqrtla + b*x + c*x"2] - #1] + 2%a~2*Bxc*d*f~3*Log[-(Sqrt[
c]*x) + Sqrt[a + b*x + c*xx"2] - #1] + axAxb~2*exf~3xLog[-(Sqrt[cl*x) + Sqrt
[a + bxx + c*x”2] - #1] + 2*a~2xbxBxe*xf ~3*Log[-(Sqrt[c]*x) + Sqrt[a + b*x +
c*x”2] - #1] + 2%a”2kAxcxe*xf ~3*Log[-(Sqrt[cl*x) + Sqrtl[a + b*x + cxx~2] -
#1] - a"2xAxbxf~4*xLog[-(Sqrt[cl*x) + Sqrt[a + b*x + c*x72] - #1] - a"3*Bxf~
4xLog[-(Sqrt[cl*x) + Sqrtl[a + b*x + c*x"2] - #1] - 2xBxc~(5/2)*d*e”~3*Log[-(
Sqrt[cl*x) + Sqrtla + b*x + c*x~2] - #1]*#1 + 4xBxc~(5/2)*d~2*e*f*Log[-(Sqr
tlcl*x) + Sqrtla + b*x + c*x"2] - #1]*#1 + 4*b*Bxc~(3/2)*d*e~2xf*Log[-(Sqrt
[c]*x) + Sqrt[a + b*x + c*x"2] - #1]*#1 + 2xAxc~(5/2)*dxe~2*f*Log[-(Sqrt[c]
*x) + Sqrtla + bxx + c*xx™2] - #1]*#1 - 4*xb*B*c™(3/2)*d~2*f"2*Log[-(Sqrt[c]*
x) + Sqrtla + b*x + c*x"2] - #1]*#1 - 2%A*xc™(5/2)*d~2*xf~2xLog[-(Sqrt [c]*x)
+ Sqrtla + b*x + cxx"2] - #1]*#1 - 2¥b~2xBxSqrt [c]*d*exf ~2*xLog[-(Sqrt [c]*x)
+ Sqrtla + b*x + cxx™2] - #1]*#1 - 4*xAxbxc~(3/2)*d*exf~2*Log[-(Sqrt[c]*x)
+ Sqrtla + b*x + cxx™2] - #1]*#1 - 4*xaxBxc~(3/2)*dxexf ~2*Log[-(Sqrt[cl*x) +
Sqrt[a + bxx + cxx"2] - #1]*#1 + 2xA*b~2*xSqrt[c]*d*f~3*Log[-(Sqrt[c]l*x) +
Sqrt[a + bxx + c*x~2] - #1]x*#1 + 4*axb*BxSqrt[c]*d*f~3*Log[-(Sqrt[cl*x) + S
qrtla + b*x + c*xx"2] - #1]*#1 + 4*xaxAxc™(3/2)*d*f~3*Log[-(Sqrt[c]l*x) + Sqrt
[a + bxx + c*x™2] - #1]*#1 - 2xa~2*%A*Sqrt[c]l*f~4*xLog[-(Sqrt[c]*x) + Sqrt[a
+ bxx + c*x"2] - #1]x*#1 + B*c"2*e"4xLog[-(Sqrtlcl#*x) + Sqrtla + b*x + c*x"2
1 - #11*#172 - 3*Bxc~2xd*e”2xf*xLog[-(Sqrt[c]*x) + Sqrt[a + b*x + c*x"2] - #
1]*#1°2 - 2xb*Bkc*e~3xfxLog[-(Sqrt[cl*x) + Sqrt[a + b*x + c*x™2] - #1]*#172
- A*c™2%e"3*f*Log[-(Sqrt[cl*x) + Sqrtla + bxx + cxx"2] - #1]*#172 + Bxc™2x%
d~2xf~2*Log[-(Sqrt[c]*x) + Sqrtla + b*x + c*xx"2] - #1]*#172 + 4xbxBxc*d*ex*f
~2xLog[-(Sqrt[cl*x) + Sqrtla + b*x + c*x”2] - #1]*#17°2 + 2%A*c”2xdxexf ~2*Lo
g[-(Sqgrtlcl*x) + Sqrtla + b*x + cxx"2] - #1]*#172 + b~2xBxe~2*f " 2xLog[-(Sqr
tlcl*x) + Sqrtla + b*x + c*xx"2] - #1]*#172 + 2xAxbxcxe”2xf~2xLog[-(Sqrt[c]*
x) + Sqrtla + b*x + c*x"2] - #1]*#172 + 2%a*Bxckxe~2*xf 2xLog[-(Sqrt[cl*x) +
Sqrt[a + bxx + c*x"2] - #1]*#172 - b~2*Bxd*xf~3*Log[-(Sqrt[c]l*x) + Sqrt[a +
b*xx + c*x"2] - #1]*#172 - 2*xAxbxcxd*f " 3*Log[-(Sqrt[c]*x) + Sqrtla + b*x + ¢
*x"2] - #1]1*#172 - 2xaxBxc*d*f~3*Log[-(Sqrt[c]*x) + Sqrt[a + b*x + c*x"2] -
#1]*#172 - Axb~2xexf~3xLog[-(Sqrt[c]*x) + Sqrtla + b*x + c*xx~2] - #1]*#172
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- 2xaxb*Bkexf~3xLog[-(Sqrt[cl*x) + Sqrtla + b*x + c*x"2] - #1]*#1°2 - 2xax

Axcxexf~3*Log[-(Sqrt[c]*x) + Sqrtla + b*x + cxx"2] - #1]*#172 + 2xaxAxb*f~4
*xLog[-(Sqrt[cl*x) + Sqrt[a + b*x + c*xx~2] - #1]*#17°2 + a~2*xB*f~4xLog[-(Sqrt
[c]*x) + Sqrtla + b*x + c*x"2] - #1]*#172)/(2xb*Sqrt[c]l*d - a*Sqrtlcl*e - 4
xckdx#1 — bkex#l + 2xaxf*x#1 + 3*xSqrtlclxe*x#17°2 - 2xfx#173) & ])/(48%c~(3/2)
*£74)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2907 vs.
2(1027) = 2054.
time = 0.18, size = 2908, normalized size = 2.66

method | result size
default | Expression too large to display | 2908

risch Expression too large to display | 32864

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)*(cxx~2+b*x+a)~(3/2)/(f*x~2+e*x+d) ,x,method=_RETURNVERBOSE)

[Out] 1/2%(-2%A*xf+Bx(-4*xd*f+e~2) " (1/2)+Bxe)/(-4*d*f+e~2)~(1/2)/fx(1/3*((x+1/2*(e+
(-4xd*xf+e~2)"(1/2))/f) " 2*xc+1/fx (—cx (-4*d*xf+e~2) " (1/2) +b*f-c*xe) * (x+1/2* (e+ (-
dxdxf+e~2) " (1/2))/£)+1/2% (~b*f* (-4*xd*xf+e~2) "~ (1/2) +(-4*d*f+e~2) " (1/2) *c*xe+2*
a*f~2-bkxexf-2xcxdxf+cxe~2) /£72) " (3/2)+1/2/f* (—cx (-4xdxf+e~2) "~ (1/2) +b*f-c*e)
*(1/4*% (2%c* (x+1/2*% (e+(-4xdxf+e~2) " (1/2)) /) +1/f*x (—cx (-4*d*f+e~2) " (1/2) +bxf-
cxe))/cx((x+1/2% (e+(-4*dxf+e~2)~(1/2)) /f) ~2xc+1/fx (—cx (—4*xd*xf+e~2) ~(1/2) +b*
f-cxe) *x (x+1/2% (e+(-4*xd*f+e~2) " (1/2)) /f)+1/2% (~b*f* (-4*xd*xf+e~2) ~(1/2) +(-4*dx*
f+e72) " (1/2) xcxe+2xaxf ~2-bke*xf-2*ckd*xf+cxe”2) /f72) ~(1/2)+1/8* (2*c* (-b*f* (-4
*d*xf+e”2) " (1/2) +(-4*xdxf+e~2) ~(1/2) *c*e+2*a*xf~2-bxexf-2xcxdxf+cxe~2) /f~2-1/f
~2x (—c*x (—4*d*xf+e”2) " (1/2) +bxf-c*e)~2) /c~(3/2)*1n((1/2/f* (—c*x (-4*xd*f+e~2) "~ (1
/2)+bxf-c*xe)+c* (x+1/2* (e+ (—-4xdxf+e~2)~(1/2))/£)) /c”(1/2) +((x+1/2*x (e+(-4*d*f
+e72)7(1/2)) /f) "2xc+1/f*x (—c*x (-4xd*xf+e~2) ~(1/2) +b*f-c*e) * (x+1/2* (e+(-4*xd*xf+e
~2)7(1/2)) /) +1/2x (-b*f* (—4*xd*xf+e~2) " (1/2) +(-4*xd*xf+e~2) ~(1/2) *c*e+2*a*xf~2-b
xexf-2kckdxf+cke”™2) /f72) " (1/2)))+1/2% (~b*f* (-4*xd*xf+e~2) ~(1/2) +(-4*d*f+e~2) "
(1/2) *c*xe+2xaxf~2-b*exf-2xckxd*f+c*xe”2) /£~ 2% (1/2% (4x (x+1/2* (e+(-4*d*f+e~2) ~(
1/2))/f) " 2xc+4/f* (—cx (-4*xd*f+e~2) " (1/2) +bxf-c*xe) * (x+1/2* (e+(-4*d*xf+e~2) " (1/
2))/f)+2% (~b*f* (-4xd*xf+e~2) "~ (1/2)+(-4*dxf+e~2) " (1/2) *cke+2*axf~2-bke*xf-2xcx*
dxf+cxe~2) /£72)~(1/2)+1/2/f* (—cx (-4*xd*xf+e~2) ~(1/2) +b*f-c*e) *1n((1/2/f* (—c*(
—-4xd*f+e”~2) " (1/2) +b*f-c*xe) +cx (x+1/2*% (e+(-4xd*xf+e~2)~(1/2))/£)) /c~(1/2)+((x+
1/2x(e+(-4xdxf+e~2)~(1/2)) /f) "2*c+1/fx(—cx (-4xd*xf+e~2) " (1/2) +b*f-c*xe) * (x+1/
2% (e+(—4*xd*f+e~2)~(1/2)) /f)+1/2% (~b*f* (—4*xd*xf+e~2) "~ (1/2)+(-4*d*xf+e~2) ~(1/2)
xcxe+2ka*xf 2-bxexf-2xckd*xf+cxe”2) /£72)~(1/2))/c”(1/2)-1/2% (~bxf*x (-4*d*f+e”2
)" (1/2)+(-4*d*f+e"2) " (1/2) xcxe+2xaxf ~2-bke*xf-2*ckd*f+cxe”2) /f~2x27(1/2) / ((-
bxf* (-4*xd*xf+e”2) " (1/2)+(-4*xdxf+e~2) ~(1/2) *c*e+2*a*f~2-bkexf-2xcxd*xf+cxe~2) /
£72)7(1/2) *1n(((-b*f* (-4*d*xf+e~2) ~(1/2) +(-4*xd*f+e~2) ~(1/2) *cxe+2*xa*xf " 2-bxex
f-2xcxdxf+c*xe™2) /f~2+1/f* (—cx (-4*xd*f+e72) " (1/2) +b*xf-c*xe) * (x+1/2* (e+(-4*d*f+
e”2)7(1/2))/£)+1/2x27 (1/2) * ((-b*f* (—4*xd*xf+e~2) " (1/2) +(-4*d*f+e~2) " (1/2) *c*e
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+2%axf " 2-bkexf-2*xcxdxf+c*e”2) /£72) " (1/2) * (4x (x+1/2* (e+(-4*xd*f+e~2)~(1/2))/f
)" 2kc+4/fx (—cx (-4*xd*f+e”2) " (1/2) +bxf-c*xe) * (x+1/2x (e+(-4*d*xf+e~2) " (1/2)) /f)+
2% (-bxf*x (-4*d*xf+e”~2) " (1/2) +(-4*xd*xf+e~2) ~(1/2) *c*xe+2xaxf " 2-bkexf-2kckd*f+cke
~2)/£72)7(1/2)) / (x+1/2x (e+(-4*d*xf+e~2) " (1/2)) /£))) ) +1/2x (2xAxf+B* (—4*d*f+e”
2)"(1/2)-Bxe) / (-4xd*xf+e~2)~(1/2) /£*(1/3*x((x-1/2/f* (—e+(-4*d*xf+e~2)~(1/2)))"
2%c+(cx (—4*xd*f+e”~2) " (1/2)+bxf-c*e) /f* (x-1/2/f* (—e+(-4*xd*f+e~2) " (1/2)))+1/2%
(bxf* (—4*d*xf+e”2) " (1/2) - (-4*xd*f+e~2) " (1/2) *c*xe+2xa*xf " 2-bkexf-2kc*d*f+cxe”2)
/£72)7(3/2)+1/2x (cx (4*xd*f+e~2) " (1/2)+bxf-c*e) /£ (1/4x (2*xc* (x-1/2/f* (—e+ (-4
*d*xf+e72) " (1/2)) ) +(cx (-4xd*xf+e~2) ~(1/2)+b*f-c*xe) /f) /cx((x-1/2/f* (—e+ (-4*d*f
+e72)7(1/2)) ) "2xc+(c* (—4*d*xf+e~2) " (1/2) +bxf-cxe) /f* (x-1/2/f* (—e+(-4*xd*xf+e~2
)7(1/2)))+1/2x (b*f* (—4xdxf+e~2) " (1/2) - (—4*d*f+e”2) " (1/2) *cxe+2*a*f " 2-bxexf-
2%cxdxf+cxe”2) /£72) " (1/2)+1/8x (2*c* (bxf* (-4*xd*f+e~2) ~(1/2) - (-4xdxf+e~2)~(1/
2) xcxe+2xa*xf " 2-bxexf-2*xcxdxf+cxe”2) /£ 2-(cx (-4*d*xf+e”~2) " (1/2) +bxf-c*e) ~2/f~
2)/c”(3/2)*1In((1/2* (c*x (-4*d*f+e"2) " (1/2) +bxf-c*xe) /f+cx (x-1/2/f* (—e+(-4*xd*xf+
e”2)7(1/2))))/c~(1/2)+((x-1/2/f* (—e+(-4*d*xf+e~2) " (1/2))) “2*c+(cx (-4*d*f+e~2
)~ (1/2)+bxf-c*e) /fx(x-1/2/fx (—e+(-4xd*xf+e~2) " (1/2)))+1/2*% (bxf*x (-4*xd*xf+e~2) "
(1/2) - (-4xd*xf+e~2) " (1/2) *cxe+2*a*xf " 2-bke*xf-2*xcxdxf+c*xe”2) /£~2) " (1/2)))+1/2*
(bxf* (—4*d*xf+e”2) " (1/2) - (-4*xd*f+e~2) " (1/2) *c*xe+2xa*xf " 2-bkexf-2kc*d*f+cxe”2)
JE72%(1/2%x (Ax (x-1/2/f* (—e+(-4*d*f+e~2) " (1/2))) "2xc+4* (cx (-4*d*f+e~2) " (1/2)+
bxf-cxe) /f*x(x-1/2/f*(—e+(-4*xdxf+e~2)~(1/2)))+2* (b*f* (-4*xdxf+e~2)~(1/2)-(-4*
dxf+e~2) " (1/2) *cxe+2*a*xf~2-bkexf-2kcxdxf+cxe~2) /£72) " (1/2)+1/2*% (cx (-4*xd*xf+e
~2)7(1/2)+bxf-c*xe) /f*1n((1/2* (c* (—4*d*xf+e~2) " (1/2) +bxf-c*e) /f+cx (x-1/2/f* (-
e+(—4xd*xf+e”2)~(1/2))))/c”(1/2)+((x-1/2/f* (—e+(-4*d*f+e~2) " (1/2))) ~2%c+(c*(
-4xdxf+e~2) " (1/2) +bxf-c*e) /fx(x-1/2/f* (—e+(-4*xd*f+e~2) " (1/2)))+1/2x (b*xf* (-4
*d*xf+e”2) " (1/2) - (—4*xd*xf+e~2) ~(1/2) *c*e+2*a*xf~2-bkexf-2xcxd*xf+cxe~2) /£72) " (1
/2))/c”(1/2)-1/2* (bxf* (-4*d*xf+e~2) ~ (1/2) - (-4*xd*f+e~2) ~ (1/2) xc*xe+2*a*xf ~2-b*e
*f-2xckd*f+cxe”2) /£72+%27(1/2) / ((b*f* (—4xd*xf+e~2) "~ (1/2) - (-4*d*xf+e~2) " (1/2) *c
xe+2xa*xf " 2-bxexf-2kckd*f+cxe”2) /£72) 7 (1/2) *1n(((bxf*x (-4*xd*f+e~2) " (1/2)-(-4x*
dxf+e~2) " (1/2) *cxe+2xaxf " 2-bkexf-2xckd*f+cxe~2) /£~ 2+ (cx (-4*xd*xf+e~2) ~(1/2)+b
xf-cke) /fx(x-1/2/fx(—e+(-4xd*xf+e~2)~(1/2)))+1/2*2"(1/2) * ((b*f* (-4*d*f+e~2) "
(1/2)-(-4*d*f+e~2) " (1/2) xcxe+2xaxf ~2-bxexf-2*ckd*f+cxe”2) /f~2) ~(1/2) * (4* (x-
1/2/f* (—e+(-4*xd*f+e~2) " (1/2))) "2xc+4* (c* (—4xd*xf+e~2) ~(1/2) +b*f-cxe) /f*(x-1/
2/fx (—e+(—4*d*xf+e”~2) " (1/2)) ) +2x (b*f* (-4xd*xf+e~2) ~(1/2) - (-4*d*xf+e~2) " (1/2) *c
xe+2xaxf " 2-bxexf-2kckd*f+cxe”~2) /£72)~(1/2))/ (x-1/2/f*(—e+(-4*dxf+e~2) ~(1/2)
)))))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)~(3/2)/(f*x"2+e*x+d) ,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
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elp (example of legal syntax is ’assume(4*d*f-%e~2>0)’, see ‘assume?‘ for m
ore det

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*kx~2+b*x+a)~(3/2)/(f*x"2+e*x+d) ,x, algorithm="fricas")
[Out] Timed out
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)* (c*x**x2+b*x+a)**(3/2)/ (f*x**2+e*x+d) ,x)
[Out] Timed out
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)*(c*x~2+b*x+a)~(3/2)/(f*x"2+e*x+d) ,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT :Error: Bad Argument Type

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dx

/(A—I—Ba:) (cx2+bx+a)3/2
fr?+ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x)*(a + b*x + c*xx~2)"(3/2))/(d + exx + £*x~2),x)
[Out] int(((A + Bxx)*(a + b*x + c*xx~2)"(3/2))/(d + exx + f*x~2), %)
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3.21 A+ Bz dx
f (a+bz+cz?) \/d + ex + fx?

Optimal. Leaf size=416

ded— (b— Vb2 — dac >e~|—2 (ce— (b— Vb2 — 4ac ) f) z

2\/5\/2c2d—bce+b2f—2acf+\/b2—4ac (ce —bf) Vd+ex + f
V2 Vb2 — 4ac \/202d—bce+b2f—2acf+ Vb? — 4ac (ce — bf)

<bB —2Ac — BVB® —4ac ) tanh !

[Out] 1/2*arctanh(1/4x*(4*cxd-e* (b+(-4*xaxc+b~2) " (1/2))+2*xx* (ckxe-f* (b+(-4*a*xc+b™2)"~
(1/2))))*27(1/2) / (£*+x"2+exx+d) ~(1/2) / (2%c~2*d-b*c*xe+b " 2*f-2*xa*xc*f- (~bxf+c*e
Yx(=4*a*xc+b~2) " (1/2))"(1/2)) * (2*%A*xc-B* (b+(-4*axc+b~2) ~(1/2)))*27(1/2) / (-4*a
*c+b~2) " (1/2) / (2%xc~2*d-b*cxe+b”2*f-2xaxcxf- (~b*xf+cxe) * (~4*axc+b~2) ~(1/2)) ~(
1/2)+1/2*arctanh (1/4* (4*c*d+2*x* (cxe—f* (b-(-4*a*xc+b~2) " (1/2))) -e*x(b-(-4*a*c

+b72) " (1/2))) %27 (1/2) / (£xx"2+exx+d) ~(1/2) / (2%xc~2*d-b*cxe+b~2*xf-2xaxcxf+(-b*
f+cxe) x(—4*a*xc+b~2) " (1/2))~(1/2)) * (b*B-2*xA*c-B* (-4*axc+b~2) ~(1/2))*2"(1/2)/
(-4*xa*xc+b~2) " (1/2) / (2*xc~2xd-b*c*e+b~2xf-2*a*cxf+(-b*f+c*e) * (—4*a*c+b~2) ~(1/
2))°(1/2)

Rubi [A]
time = 1.79, antiderivative size = 416, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.094,

steps used = 5, number of rules used = 3, integrand size = 32,
Rules used = {1046, 738, 212}

(73 e 2Aes bB) J— Zz(neff<b7\/b2 —dac ))4(07\/172 —4dac )+m (2Ac B B( i + b)) o ZZ(szf(\/bQ —dac Ab)>4(vb2 —4ac +h)+4ul
22 Vd+ ez + fa? \/ VI = dac (ce — bf) — 2acf + B2f — bee + 2c%d . 2V2'\/d+ ex+ fa? \/ =V — dac (ce — bf) — 2acf + bf — bee +2c%d.
V2 VB = dac \/ VI = dac (ce - bf) — 2acf + b2f — bee + 2¢2d V2 VI —dac'\/ ~ VB2 — dac (ce — bf) — 2acf + b2f — bee + 2c2d

Antiderivative was successfully verified.
[In] Int[(A + B*x)/((a + b*x + c*x"2)*Sqrt[d + exx + f*x~2]),x]

[Out] ((b*B - 2%A*c - BxSqrt[b~2 - 4*axc])*ArcTanh[(4*cxd - (b - Sqrt[b~2 - 4xaxc
1)*e + 2x(cxe - (b - Sqrt[b~2 - 4x*axc])*f)*x)/(2*Sqrt [2] *Sqrt [2*c™2xd - b*c

xe + b™2xf - 2%a*xc*xf + Sqrt[b~2 - 4*axc]*(cke - bxf)]*Sqrt[d + exx + f*x~2]
)1)/(Sqrt[2]#Sqrt [b~2 - 4xaxc]*Sqrt[2xc”2xd - bxcke + b~2xf - 2*a*cxf + Sqr

t[b™2 - 4xaxc]*(cxe - b*f)]) + ((2xAxc - Bx(b + Sqrt[b~2 - 4*axc]))*ArcTanh
[(4*c*d - (b + Sqrt[b~2 - 4*a*xc])*e + 2*(cxe - (b + Sqrt[b~2 - 4xa*xc])x*f)*x

)/ (2xSqrt [2] *Sqrt [2*xc™2*%d - b*cxe + b~2*xf - 2%a*c*f - Sqrt[b~2 - 4*axc]*(c*

e - bxf)]*Sqrt[d + exx + £f*x72])])/(Sqrt[2]*Sqrt[b~2 - 4*a*xc]*Sqrt[2*c~2*d

- b*cke + b™2*f - 2%akxc*f - Sqrt[b~2 - 4*xaxc]l*(cxe - bxf)])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
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Qla, 0] Il LtQ[b, 0]1)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
xaxe — bkd - (2xcxd - b*e)*x)/Sqrt[a + b*x + c*x"2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1046

Int[((g_.) + (h_)*(x_))/(((a)) + (b_)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4*axc, 2]}, Dis
t[(2*%c*g - h*x(b - q))/q, Int[1/((b - q + 2xcxx)*Sqrt[d + exx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*c*xx)*Sqrt[d + e*x + f*x
~21), x], x11 /; FreeQ[{a, b, c, d, e, £, g, h}, x] && NeQ[b~2 - 4xa*c, 0]

&& NeQ[e™2 - 4xd*xf, 0] && PosQ[b~2 - 4xaxc]

Rubi steps
2Ac— B(b— Vb2 —4 —
A+ Bz < ¢ ( ae )> J (b_\/b2—4ac +20:1:)\/d+€.7)+f5
dr =
(a+bx + cx?) \/d+ ex + fz? Vb?2 — 4dac

(2 (bB — 24c— BVB — dac )) Subst | [ —— =y

4cd—<b—\/b2 —
2\/5\/2c2d—bce+b2f—
V2 Vb2 — dac \/202d—bce+b2f—2acf

<bB —2Ac — BVP® —4ac ) tanh !

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.45, size = 278, normalized size = 0.67

dlog (~\/T o+ V¥ et I = 1) = delog (~V/T o+ VAT ea+ 12 - #1) +2A\/710g(7\/71+ Vatert o —#\) #1-Blog (—VTH Vitert+ [ —w) e
bd/T = 2ae/J — 2cd#1 + betl + daf#l — 3by/F #1° + 20410

— B
~RootSum {cdz — bde + ae® + 2bd /T #1 — dae /T #1 - 2ed#1° + be#t1? + daf#1* — 2b\/F #1° + c#1'&,

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + b*x + c*xx"2)*Sqrt[d + e*x + f*x~2]),x]
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[Out] -RootSum[c*d~2 - b*d*e + a*e™2 + 2xb*d*Sqrt[f]*#1 - 4*akxexSqrt[f]*#1 - 2*cx
dx#172 + b¥xe*#172 + 4xaxfx#172 - 2%b*Sqrt [f1*#173 + c*#174 & , (BxdxLog[-(S
qrt[f]*x) + Sqrt[d + exx + f*x~2] - #1] - AxexLog[-(Sqrt[f]*x) + Sqrt[d + e

*xx + f*x72] - #1] + 2*A*Sqrt[f]l*Log[-(Sqrt[f]l*x) + Sqrtld + exx + f*x~2] -

#1]1*#1 - BxLog[-(Sqrt[f]l*x) + Sqrt[d + exx + f*x~2] - #1]*#172)/(b*d*Sqrt [f

1 - 2xaxe*Sqrt[f] - 2kckdx#1 + bxex#l + 4*axf*x#1 — 3xbxSqrt[f]*#172 + 2xcx*#

173) & ]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 804 vs.

2(370) = 740.
time = 0.20, size = 805, normalized size = 1.94

method | result

(—f\/ —4ac + b2 1

3 bf\/—4aC + b2 ‘—\/—40,0 + b2 ‘ ce+2acf—b2f+bce—2c2d
2
C

24c+Bv/—4ac + b2 —bB)
( )

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+bxx+a)/(f*x”~2+e*x+d) ~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -(2*%A*xc+Bx(-4*a*xc+b™2)~(1/2)-b*B)/(-4*a*xc+b~2)~(1/2)/c/ (-2x (b*f* (-4*axc+b~2
)" (1/2)-(-4*a*c+b~2) " (1/2) xcxe+2xaxcxf-b~2*xf+b*cke-2*%c~2*d) /c~2) ~(1/2) *1n ((
= (b*f*x(-4*xaxc+b~2) ~(1/2) - (-4*a*c+b~2) " (1/2) xcxe+2xaxcxf-b~2*xf+b*cke-2%c~2*d
)/c”2-(~fx(-4*xa*xc+b~2) "~ (1/2)+b*f-c*xe) /c* (x-1/2/c*x (-b+(-4*axc+b~2)~(1/2)))+1
/2% (=2x (b*f* (—4*xaxc+b~2) " (1/2) - (—4*a*xc+b~2) " (1/2) *cxe+2*a*c*xf-b~2xf+b*c*xe-2
*c~2xd) /c”2) T (1/2) * (4*fx (x-1/2/c* (-b+(-4*a*xc+b~2) ~(1/2))) "2-4x (-f* (-4*axc+b
~2)~(1/2)+b*f-c*xe) /cx (x-1/2/c* (-b+(-4*a*c+b~2) " (1/2) ) ) -2x (bxf* (-4*a*c+b~2) "
(1/2)-(-4*a*c+b~2) " (1/2) *cxe+2xaxcxf-b~2*xf+b*cke-2*%c~2*xd) /c~2) ~(1/2) )/ (x-1/
2/cx (=b+(~4*a*xc+b~2) " (1/2))) ) —(-2*A*c+Bx (-4*a*c+b~2) ~(1/2) +b*B) / (-4*a*c+b~2
)"(1/2) /c/ (-2x (b*f* (—4*a*xc+b~2) ~(1/2) +(-4*axc+b~2) " (1/2) *cxe+2*a*xcxf-b~2*f
+b*c*xe-2xc”~2*d) /c~2) " (1/2) *1n( (- (-b*f* (-4*axc+b~2) ~(1/2) +(-4*a*c+b~2) " (1/2)
*cke+2*a*rckf-b~2kf+bxckxe-2xc~2xd) /c”2- (£* (—4d*a*xc+b~2) ~(1/2) +bxf-c*e) /c* (x+1
/2% (b+(-4*a*xc+b~2)~(1/2))/c)+1/2% (-2% (-b*f* (-4*axc+b~2) ~(1/2) +(-4*a*xc+b~2) "~
(1/2) *c*xe+2xaxcxf-b " 2*xf+bxcke-2%c~2xd) /c”2) ~ (1/2) x (4*f* (x+1/2* (b+ (-4*axc+b™
2)7(1/2))/c) "2-4x (fx (-4*a*xc+b”~2) " (1/2) +bxf-c*e) /c* (x+1/2* (b+(-4*axc+b~2) ~ (1
/2))/c)-2*%(~b*xfx(-4*xa*xc+b~2) ~(1/2)+(-4*axc+b~2) " (1/2) xcke+2*axcxf-b~2*f+b*c
xe-2%c”2%d) /c~2) " (1/2))/ (x+1/2% (b+(-4*xa*xc+b~2)~(1/2))/c))

Maxima [F(-2)]



185

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x"2+exx+d)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 21959 vs.
2(383) = 766.
time = 169.42, size = 21959, normalized size = 52.79

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x"2+exx+d)~(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*sqrt(((B"2*xb~2 + 2*%A~2+c~2 - 2x(B~2%a + A*Bxb)*c)*d + (2xB~2*a”
2 - 2xA*Bka*xb + A"2*b"2 - 2xA"2*a*c)*f - (B"2*axb - (4*A*B*a - A"2x%b)*c)*e
+ ((b72%c™2 - 4*axc”3)*d"2 + (b~4 - 6*a*xb™2xc + 8*a~2xc~2)*d*f + (a~2*b"2 -
4%a~3xc)*f"2 + (axb™2%c - 4*a~2xc”2)*e”2 - ((b"3*c - 4*xaxbxc™2)*d + (a*xb~3
- 4xa~2xb*c)*f)*e) *sqrt (((B~"4*b~2 - 4xA*xB~3%bkc + 4*%A"2*%B"2xc~2)*d"2 + 2%(
2%A*B~3%axb - AT2%B"2x%b"2 - 2% (2%A"2%B"2%a - A~3%Bxb)*c)*d*f + (4*xA"2%xB"2*a
"2 - 4*%A"3%Bxaxb + AT4¥b"2)*f"2 + (B"4*a”"2 - 2%A"2xB"2*a*c + AT4*xc"2)*e"2 -
2% ((B™4*a*b + 2xA"3*B*c™2 - (2%A*B~3*a + A"2%B"2xb)*c)*d + (2*xA*B"3*a~2 -
A"2+B"2xaxb - (2%A~3*Bka - A~4xb)x*xc)*f)*e)/((b"2*%c”4 - 4xa*xc™5)*d~4 + 2% (b~
4xc”2 - 6xa*xb"2xc”3 + 8*a~2%c"4)*d"3xf + (b"6 - 8xaxb"4dxc + 22*xa"2%b"2*c”2
- 24xa”3*%c”3)*d"2*xf"2 + 2% (a"2*xb"4 - 6%a~3*xb"2%c + 8*a~4*c”2)*d*f~3 + (a~4x
b"2 - 4*a~bxc)*f"4 + (a"2%b"2%c”2 - 4*a”3*c"3)*e"4 - 2% ((axb"3*c”2 - 4*xa”2x*
b*c”"3)*d + (a”"2*%b"3*c - 4*a”3*b*xc"2)*f)*e”3 + ((b"4*c™2 - 2*xa*xb~2%c~3 - 8*a
“2xc”4)*d"2 + 4x(axb”4*c - 5*a”2%b"2*c”2 + 4*a~3xc”3)*d*xf + (a"2*xb"4 - 2xa”
3*%b"2%c — 8*a~4xc"2)*xf"2)*e”2 - 2% ((b"3*%c”3 - 4*xaxbxc~4)*d"3 + (b~"5*c - 5*a
*b~3*%c”2 + 4xa~2xb*c”3)*d"2*f + (axb”5 - 5*a”2*b"3*c + 4*a~3xbkc”2)*d*xf"2 +
(a~3*%b~3 - 4xa~4xb*c)*f~3)*e)))/((b~2*%c™2 - 4xa*xc~3)*d"2 + (b~4 - 6*axb™2x
C + 8*%a”2*c”2)xdxf + (a”2*%b"2 - 4*a~3xc)*f"2 + (axb"2*c - 4*a"2xc”2)*e”2 -
((b~3%c - 4*a*xbxc”2)*d + (axb~3 - 4*a~2xbxc)*f)*e))*log(-(2x(B"4*axb™2 - Ax
B™3*b~3 - 2xA"3%Bxb*c”2 - (2*%A*B"3*axb — 3*xA"24%B72*b"2)*c)*d"2 + 2% (2*xA*xB~3
*a"2%b - 3%AT2%B"2%axb~2 + A"3*%Bxb~3 + (2%A~3*%B*axb - A"4*b~2)*c)*d*f + sqr
t(2)*x((B"3*b~4 - 8*xA~2*B*a*c”3 + 2% (6xA*xB~2xaxb + A~2%B*b~2)*c"2 - (4*B~3*a
*b~2 + 3*%A*B"2*xb"3)*c)*d"2 + (3*%A*B"2*xaxb"3 - A"2xBxb~4 + 4% (4*xA"2*B*a~2 -
A"3*axb)*c”2 - (12*xA*B~2%a"2%b — A~3*b"3)*c)*d*f + (2xA"2*B*a~2%b~2 - A"3*a
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*b~3 — 4% (2xA"2xB*a”3 - A"3*a"2%b)*c)*f"2 + (B"3*a"2*b"2 + 4*xA"2*B*a~2*c”2
- (4xB"3*a"3 + A"2*B*a*b~2)*c)*e”2 - ((2*xB"3*a*b~3 - 4*A"3*axc”3 + (12%AxB~
2%a~2 + 4xA"2*Bxaxb + A"3*%b"2)*c”2 - (8*%B~3*%a"2%b + 3*xA*B"2*axb~2 + A"2*Bxb
~3)*c)*d + (3*A*B"2*a"2*xb"2 - A"2*B*a*b”3 + 4*A"3*%a"2*xc"2 - (12*%A*B"2%a"3 -
4xA~2xBxa~2xb + A~3*a*b~2)*c)*f)*e - ((Bxb~4*xc”2 + 4%(2%B*a~2 + Axaxb)*c~4
- (6xB*a*b™2 + A*b~3)*c"3)*d"3 + (B*b~6 - 4*(6%B*a~3 + A*a~2*b)*c”3 + (22%
B*a~2%b~2 + 5*A*axb~3)*c”2 - (8*Bxa*b”™4 + A*xb”5)*c)*d"2xf + (3*%Bxa~2*xb"4 -
A*xa*xb~5 + 4*x(6%B*a~4 - A*a~3*b)*c”2 - (18*B*xa”~3*b~2 - 5xA*xa~2%b~3)*c)*xd*f~2
+ (2%B*a~4*b~2 - A*a~3%b"3 - 4*%(2*B*a~5 - A*a~4xb)*c)*f~3 - (B*a"2*xb"3*xc +
8*%A*a~3xc”3 - 2% (2xB*a~3%b + A*xa~2*%b"2)*c"2)*e”3 + ((2xBka*b~4xc + 4*(2*Bx
a~3 + 3*A*a"2%b)*c”3 - (10%Bxa”~2*b~2 + 3xAxaxb~3)*c"2)*d + (B*a~2*xb"4 - 4x(
2%Bxa~4 - 3*A*a~3*xb)*c”2 - (2*xB*a~3%b~2 + 3*kA*a~2xb~3)*c)*f)*xe”2 - ((B*b~5x*
C + 8%A*a"2%c”4 + 2% (2%Bxa~2xb + A*axb~2)*c”"3 - (5xBxaxb”3 + A*xb~4)*c”2)*d”
2 + 2% (Bkaxb™5 - 8xA*a~3*%c”3 + 2% (2*%B*a”3*b + 5xA*xa~2xb"2)*c”2 - (5%B*a”2x*b
3 + 2kA*axb~4)*xc)*d*f + (3*B*a”~3*%b~3 - A*a"2%b~4 + 8*kA*a~4xc”2 - 2% (6%Bxa”
4xb - A*a~3*b~2)*c)*f~2)*e)*sqrt (((B"4*b~2 - 4*A*B~3*b*c + 4xA~2%B~2%c”~2)*d
2 + 2% (2%AxB"3*xaxb - AT2*xB"2*b"2 - 2x(2%A"2+%B"2*a — A"3*Bxb)x*c)*d*f + (4*A
~2%B"2%a"2 - 4*%xA"3xBxaxb + A~4xb"2)*f"2 + (B"4*a"2 - 2xA"2xB"2xaxc + A"4xc”
2)*%e”2 - 2x((B"4*axb + 2*%A"3*%B*c”2 - (2xA*B~3*a + A~2%B"2%b)*c)*d + (2%xA*B~
3%xa~2 - A"2xB~2%axb - (2%xA~3%Bxa - A~4xb)xc)*f)xe)/((b~2%c~4 - 4xaxc”5)*d~4
+ 2% (b"4*xc”2 - 6xaxb”2%c”3 + 8*a~2%c”"4)*d"3*f + (b~6 - 8*axb~4dkc + 22%a”2x*
b"2%c™2 - 24*a”3*c”3)*d"2*f"2 + 2x(a”"2%b"4 - 6*a”3*b"2*c + 8*a~4*c”2)*d*f"3
+ (a™4xb”2 - 4*a~5xc)*f"4 + (a~2*xb"2%c”2 - 4*xa”3*c"3)*e"4 - 2% ((axb"3*c"2
- 4%a"2*%bxc"3)*d + (a"2*%b"3*c - 4*a”3*bxc"2)*f)*e"3 + ((b"4*c”2 - 2*axb~2*c
~3 - 8*%a"2%c"4)*d"2 + 4x(axb~4xc - 5*%a”2*%b"2%c”2 + 4*xa~3xc"3)*d*f + (a”2*b”
4 - 2%a"3*xb"2%c - 8*xa~4*xc”2)*f"2)*e”"2 - 2x((b"3*c”3 - 4*axb*c”4)*d"3 + (b”5
*C — b*a*b~3%c”2 + 4*a"2xbxc”3)*d"2*f + (a*b”5 - 5xa~2*b"3*c + 4*a”~3*b*c~2)
xd*f~2 + (a~3*%b~3 - 4*a~4xbxc)*f"3)*e)))*sqrt(£*x~2 + x*e + d)*sqrt(((B~2*b
2 + 2%AT2%c72 - 2% (B72*a + A*Bxb)*c)*d + (2%B72*xa”"2 - 2*AxBxaxb + A"2xb~2
- 2%A"2*%axc)*xf - (B"2*axb - (4*%A*Bka - A"2xb)*c)*e + ((b~2%c”2 - 4*a*xc”3)*d
"2 + (b74 - 6*xaxb”2%c + 8xa~2kc”2)*d*xf + (a"2%b"2 - 4*a”3*c)*f"2 + (a*b"2*c
- 4xa~2xc”2)*e"2 - ((b~3%c - 4*xaxbxc”2)*d + (a*b”3 - 4xa~2%b*c)*f)*e)*sqrt
(((B"4%b~2 - 4xA*B~3*b*c + 4*A"2%B~2*xc”2)*d"2 + 2% (2*%A*B~3*axb — A~2xB~2*xb~
2 - 2x(2%xA"2%B"2xa — A"3%Bxb)*c)*d*f + (4*xA"2*%B"2*a~2 - 4*%A"3xBxaxb + A~4xDb
“2)*%f72 + (B74*a"2 - 2xA"2xB"2xaxc + AT4*c"2)*e”2 - 2x((B"4*axb + 2*%A"3*B*c
"2 - (2%A*B"3%a + A"2*xB"2xb)*c)*d + (2%A*B"3*a”"2 - A"2xB"2xaxb - (2*%A"3*B*a
- A™4xb)*c)*f)*e)/((b"2%c™4 - 4*a*c”5)*d"4 + 2% (b~4*c”™2 - 6*axb”2*%c”3 + 8%
a~2xc”4)*d"3*f + (b"6 - 8*axb~4d*xc + 22*%a"2xb"2%c”2 - 24*a”3*c”3)*d"2*f"2 +
2% (a"2*xb"4 - 6*a~3*b"2%c + 8*a~4*xc"2)*d*f~3 + (a~4*xb"2 - 4*a~5xc)*f"4 + (a”
2*%b"2*%c”2 - 4*a~3xc"3)*e"4 - 2% ((a*b”3*c”2 - 4*a"2xbxc"3)*d + (a"2%b"3*c -
4%a~3xbxc”2) *f)*e”3 + ((b"4*c™2 - 2*a*b™2xc”3 - 8*a~2xc"4)*d"2 + 4x(axb~4*c
- B*%a”2*%b"2%c”2 + 4*a~3xc”3)*d*f + (a"2*%b"4 - 2*%a~3*b"2xc - 8*a~4*c”2)*f"2
Y*xe"2 - 2x((b"3%c™3 - 4*axb*c”4)*d"3 + (b~5*c -...

Sympy [F]
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time = 0.00, size = 0, normalized size = 0.00

/ A+ Bx dx
(a+ bz + cx?) \/d+ex + fz?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x*x2+b*x+a)/ (f*x**2+e*x+d)**(1/2),x)
[Out] Integral((A + B*x)/((a + b*x + c*x**2)*sqrt(d + e*x + f*x**2)), x)
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*xx+a)/(f*x"2+exx+d)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Unable to divide, perhaps due to roun

ding error%iki{hh{polyl [hkk{-4, [3,2,01%%A}I+%kA{16, [1,3,1]%%%}, %hhkh{4, [4,2,0]%

T} +hh

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ A+ Bz dx
(cx?4+bz+a) V/fx2+ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((a + b*x + c*x"2)*(d + e*x + f*x~2)~(1/2)),x)
[Out] int((A + B*x)/((a + b*x + c*x~2)*(d + e*xx + f*xx~2)~(1/2)), x)
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3.22 A+ Bz dx
f (a+cz?) \/d + ex + fx?

Optimal. Leaf size=780

\/aBe+A<cd—af— \/c2d2+a2f2+ac(ez—2df)‘> \/—Ace+B (cd—af+ \Ve2d? 4 a2f? 4 ac (e? —

[Out] -1/2*arctanh(1/2*e”(1/2)*(a*x(A*c*e-Bx(ckd-a*f-(c~2xd"~2+a~2xf " 2+a*c* (—2xd*xf+
e72))7(1/2)))-cxx*x (a*Bkxe+Ax (cxd-a*f+(c™2xd"2+a"2*f ~2+a*xc* (-2xd*xf+e~2) )~ (1/2
))))*x27(1/2)/a~(1/2) /c”(1/2) / (f*xx"2+exx+d) ~(1/2) / (mA*c*ke+B*x (cxd—-a*xf-(c~2*d~
2+a~2xf " 2+a*c* (-2xd*xf+e~2) )~ (1/2))) " (1/2) / (a*B*e+Ax (cxd-a*f+(c~2xd"2+a~2*f"~
2+axck (-2xdxf+e~2))~(1/2)))~(1/2)) *(~Axcxe+Bx (cxd-a*xf-(c~2*d"2+a"2*%f " 2+a*xcx*
(-2xd*f+e72))~(1/2)))~(1/2) * (a*B*e+A* (ckxd-a*f+(c~2xd"2+a~2xf ~2+a*c* (—2xd*f+
e"2))~(1/2)))"(1/2)*27(1/2) /a~(1/2)/c~(1/2) /e~ (1/2) / (c™2*d~2+a~2*f ~2+a*c* (-
2xdxf+e~2)) " (1/2)+1/2*arctanh(1/2*e” (1/2) * (—c*x* (a*xBxe+A* (c*d-axf-(c~2*d "2+
a~2*xf"2+axcx (-2xd*xf+e~2) )~ (1/2)) ) +a* (Axcxe-Bx (cxd-a*xf+(c™2*%d"2+a"2*%f " 2+a*xcx*
(-2xd*f+e72))~(1/2))))*2~(1/2)/a~(1/2) /c~(1/2) / (fxx~2+e*x+d) ~(1/2) / (a*Bxe+A
* (cxd-a*f-(c™2xd"2+a"2*f "2+a*xc* (-2*xd*f+e~2)) ~(1/2))) ~(1/2) / (~A*xc*e+B* (c*d-a
*f+(c™2%d"2+a~2xf " 2+a*ck (-2xd*xf+e~2) )~ (1/2))) " (1/2) ) *(a*B*e+A* (cxd-a*f-(c~2
*d~2+a"2*%f " 2+axck (-2*xd*f+e~2)) " (1/2))) " (1/2) ¥ (-A*xcxe+B* (c*d-axf+(c"2*d"2+a”
2xf~2+axck (-2xdxf+e~2) )~ (1/2)))~(1/2)*x2~(1/2)/a~(1/2)/c~(1/2) /e~ (1/2) / (c~2*
d~2+a”~2xf " 2+axcx (-2xd*xf+e~2)) " (1/2)

Rubi [A]

time = 3.39, antiderivative size = 780, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.103,

steps used = 5, number of rules used = 3, integrand size = 29,
Rules used = {1050, 1044, 214}

Antiderivative was successfully verified.
[In] Int[(A + B*x)/((a + c*x~2)*Sqrt[d + e*x + f*x~2]),x]

[Out] (Sqrt[a*xBxe + Ax(ckd - axf - Sqrt[c™2xd"2 + a"2*f72 + a*xcx(e™2 - 2xd*f)])]x*
Sqrt [-(Axcxe) + Bx(cxd - a*f + Sqrt[c™2*%d”™2 + a~2+%f"2 + axcx(e”2 - 2*d*f)])
1*ArcTanh[(Sqrt[e]*(ax(A*c*e — Bx(cxd - a*f + Sqrt[c™2+%d™2 + a~2+xf~2 + axcx
(e”2 - 2xd*f)])) - c*x(axBxe + Ax(c*kd - a*f - Sqrt[c™2xd"2 + a”2%xf72 + axc*(
e”2 - 2*d*f)]))*x))/(Sqrt[2]*Sqrt [a]l *Sqrt [c]*Sqrt [a*B*e + Ax(cxd - a*f - Sq
rt[c”2*d"2 + a”2*f72 + axc*k(e”2 - 2xdxf)])]*Sqrt[-(A*cxe) + Bx(cxd - axf +
Sqrt[c™2*d"2 + a"2*f72 + a*xc*x(e”2 - 2xd*f)])]*Sqrt[d + exx + £*xx~2])])/(Sqr
t [2] *Sqrt [a]l *Sqrt [c]*Sqrt [e]*Sqrt [c™2*%d"2 + a~2*f"2 + axcx(e”2 - 2*d*f)]) -
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(Sqrt [-(Axc*e) + B*(cxd - axf - Sqrt[c™2*d™2 + a~2*%f~2 + axc*(e”2 - 2*dxf)
1)1*Sqrt [axB*xe + Ax(c*d - axf + Sqrt[c™2*d"2 + a™2*f~2 + a*c*(e”™2 - 2xdxf)]
)1*ArcTanh[(Sqrt[e]*(a*(Axcxe — Bx(c*d - a*f - Sqrt[c™2*d"2 + a"2*f~2 + a*c
*x(e72 - 2%d*f)])) - c*(axBxe + Ax(ckd - axf + Sqrt[c™2*d"2 + a"2*f72 + a*cx*
(e”2 - 2*d*f)]))*x))/(Sqrt[2]*Sqrt[a] *Sqrt [c]*Sqrt [-(Axcxe) + Bx(cxd - a*f
- Sqrt[c™2xd"2 + a"2*xf"2 + akxcx(e”2 - 2xd*f)])]*Sqrt[a*xBxe + Ax(ckd - axf +

Sqrt[c™2*d"2 + a"2*f72 + akxck(e™2 - 2xd*f)])]*Sqrt[d + e*x + £*xx~2])])/(Sq
rt[2]*Sqrt [a] *Sqrt [c]*Sqrt[e]*Sqrt[c™2xd"2 + a~2*xf~2 + axcx(e”2 - 2*d*f)])

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 1044

Int[((g_ ) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*x(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*x + fxx~2]]1, x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*h™2xe + 2*g*hx(c*d - a*f) - g~2*cxe, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gk(cxd - axf - q) + (h*x(c*d - a*xf + q) - gkcx
e)*x, x]/((a + cxx~2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2*q), Int[Si
mp[(-a)*h*e - g(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x"2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e~2 - 4*d*f, 0] && NegQ[(-a)*c]

Rubi steps
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—aBe—A (cd—af+ VR + a2 f2 + ac (€2 — 2df) ‘)-i-(—Ace—i—B (cd—af— c2a

/ e A wrest)\ /At e + fo7
(a+ cx?) \/d+ex + fx? 21/c2d? + a2 f2 + ac (€2 — 2df)

(a(Ace - B(cd— af — \/c2d? + a2 f2 + ac(e® — 2df)‘>> (aBe—l—A(ca

\/—Ace+B ((

\/aBe+A<cd—af— Ve2d? 4 a2 f2 + ac (e? —Qdf)‘)

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.39, size = 218, normalized size = 0.28

Bdlog(f\/rr+ Vd+ez + fa? 7#1) —Aelog(—v7r+ Vd+ez + fa? 7#1) +2Ay/710g(7\/f_‘z+ Vd+ez + fa? 7#1)#1731% (—v?r#» Vd+ez + fa? 7#1)#1?’?
aer/T +cd#l — 2af#1 — c#1®

%Ruoﬁsum {Ld* +ae? — dae /T #1 — 2ed#1? + daf#1% + c#1'k,

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + c*x"2)*Sqrt[d + exx + f*x72]),x]

[Out] RootSum[c*d™2 + a*e”™2 - 4xa*exSqrt[fl*#1 - 2xckd*#172 + 4xaxfx#172 + c*#174
& , (BxdxLog[-(Sqrt[fl*x) + Sqrtld + exx + f*x~2] - #1] - AxexLog[-(Sqrt[f

1*x) + Sqrtl[d + exx + f*x~2] - #1] + 2xAxSqrt[f]*Log[-(Sqrt[f]*x) + Sqrtld

+ exx + f*x"2] - #1]*#1 - B*Log[-(Sqrt[f]l*x) + Sqrtld + exx + f*x~2] - #1]x
#172) / (a*xexSqrt [f] + cxdx#1 - 2ka*xf*#l - cx#173) & ]/2

Maple [A]
time = 0.14, size = 425, normalized size = 0.54

] method \ result
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2t/ =G +ee) [»- VO ‘ ‘
/) (VTN e [

c
V—ac

c

(AﬁBW ) In

T —

default | —

2\/% c\/— - —acc e+fa—cd

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+a)/(f*x~2+exx+d)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -1/2%(A*c+Bx(-a*xc)~(1/2))/(-a*xc)~(1/2)/c/(-(-(-axc)~(1/2)*e+f*a-c*d)/c)~(1/
2)*¥1n((-2x (- (-a*xc) ~(1/2) *xe+f*a-c*d) /c+(2xf*x (—axc) ~(1/2)+c*e) /cx(x-(-a*xc) " (1
/2)/c)+2x (- (-(-axc) ~(1/2) *e+f*a-c*d) /c) ~(1/2) * (£*(x-(-axc)~(1/2) /c) ~2+(2*f*
(—a*xc)~(1/2)+cxe) /cx(x—(-a*xc)~(1/2) /c)-(-(-axc)~(1/2) *e+f*a-cxd) /c)~(1/2))/
(x-(-axc)~(1/2)/c))-1/2%(-Axc+Bx(-axc) ~(1/2))/(-axc)~(1/2) /c/ (- ((-a*xc)~(1/2
Yxe+f*a-cxd)/c) " (1/2)*1n((-2* ((—axc) " (1/2) *e+f*a—c*d) /c+1/cx(-2*f*(-axc)~ (1
/2)+c*xe) * (x+(~a*xc) ~(1/2) /c)+2* (- ((-axc) ~(1/2) xe+f*a-c*d) /c) ~(1/2) * (£* (x+(-a
*xCc)~(1/2) /c)~2+1/cx (-2xfx (—a*xc) ~(1/2) +cxe) * (x+(-a*xc) " (1/2) /c)-((-axc)~(1/2)
xe+fxa-cxd)/c)”~(1/2))/(x+(-a*xc)~(1/2)/c))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x"2+a)/(f*x~2+e*x+d)~(1/2),x, algorithm="maxima")
[Out] integrate((Bxx + A)/((c*x"2 + a)*sqrt(f*x~2 + x*e + d)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 6737 vs.
2(741) = 1482.
time = 25.99, size = 6737, normalized size = 8.64

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x"~2+a)/(f*x"2+e*x+d)~(1/2),x, algorithm="fricas")

[Out] -1/4*sqrt(-(2*AxB*axcxe - (B~2%axc — A™2%c"2)*d + (B"2%a"2 - A™2xa*c)*f + (
axc~3xd"2 - 2%a"2xc”2kd*f + a”3*kckf72 + a"2kc"2xe”2)*xsqrt (- (4*¥AT2%B"2xc"2*d
~2 - 8xAT2xB"2kaxckdxf + 4xAT2xB"2*a"2*%f"2 + (B"4xa”2 - 2%AT2%B"2%a*xc + A4
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*c"2)*e”2 + 4x((A*B"3*axc — A"3*B*c"2)*d - (A*B"3*a"2 - A"3xBxaxc)x*f)*e)/(a
*¥c7b*d"4 - 4xa"2x%cT4*d"3*%f + 6*%a"3xcT3%kd"2*%f"2 — 4*xa~4kcT2xd*xf"3 + a"5kckf”
4 + a~3xc"3*%e”4 + 2x(a”2*%c"4*xd"2 - 2*a"3*xc”3xdxf + a~4xc"2xf"2)*e~2)))/(a*c
“3%xd72 - 2*a"2xcT2xd*f + a"3*%ckxf72 + a"2%c"2%e”2))*log(-(4*((A*B"3*axc + A"
3*Bxc~2) kd*xf - (A*B~3*a~2 + A"3*Bkaxc)*f~2)*x + 2% (2%A"2%B*c”3*%d"2 - 4*%A”"2x%
Bka*xc 2xdxf + 2%A"2xBxa~2%c*f~2 + (B"3*a"2xc — A"2#Bxaxc”2)*e”2 + ((3*A*B"2
xaxc~2 — A"3%c”3)*d - (3*%A*B"2*a"2*c — A"3*a*c”2)*f)*e - (Bxaxc"4*d"3 - 3*B
*a~2xc"3*%d"2xf + 3*B*a~3xc”2xd*f"2 - Bxa“4xc*f~3 - A*a"2%c"3*xe”3 + (B*a~2*c
~3*%d - B*a"3*%c”2*xf)*e"2 - (A*xaxc”4*d"2 - 2%A*a”~2xc 3xd*xf + A*xa~3*xc”2*f"2)*e
) *sqrt (- (4%A"2xB~2%c™2%d"2 - 8*%AT2*B~2xakckd*xf + 4*%A"2%B"2xa”2+%f"2 + (B"4*a
2 - 2%AT2%B72xaxc + AT4xc"2)*e”2 + 4x((A*B"3*axc — A"3*B*c"2)*d - (A*B"3*a
=2 — A"3*Bxaxc)x*xf)*e)/(axc”5*d"4 - 4xa~2kc”4*d"3xf + 6*%a”3*%c”3xd"2*f"2 - 4x
a~4xc”2xd*xf~3 + a~bxcxf~4 + a~3*%c”3*%e”4 + 2x(a"2xc"4*d"2 - 2*a”3xc " 3xd*xf +
a~4xc”"2xf"2)*e72) ) ) *sqrt (f*x72 + x*e + d)*sqrt(-(2xA*Bxaxcke - (B"2xa*xc - A
“2xc”2)*d + (B72*%a"2 - A"2xaxc)*f + (axc”3*d"2 - 2*a”~2*c”2xdxf + a~3*cxf~2
+ a"2xc"2%e”2) *sqrt (- (4*AT2¥B"2%c"2%d"2 - 8*%AT2*¥B"2%akxckd*f + 4*¥AT2%B"2%a"2
*f~2 + (B74*a~2 - 2*%A"2+%B"2*xaxc + AT4xc"2)*e”2 + 4x((A*B"3*axc — A"3*B*c"2)
*d — (A*B"3*a~2 - A"3*Bxaxc)*f)*e)/(axc™5*d"4 - 4*xa~2*c”4*d"3*xf + 6*a~3*c”3
*Q"2xf"2 - 4xa~4xc 2*%d*f"3 + a“bxckf"4 + a"3xc"3*%e"4 + 2*%x(a"2*%c"4xd"2 - 2*a
“3%c”"3kd*f + a"4xc”2xf72)*e72)))/(a*c"3*%d"2 - 2*%a~2*c”2*d*f + a"3*c*f72 + a
“2%xcT2%e"2)) + (BT4xa"2 - A"4xc"2)*e”2 + 2% ((B"4%a"2 - AT4xc”2)xfxx + (AxB~
3*xaxc + A"3*%B*xc”2)*d - (A*B~3*a”2 + A~3xBxaxc)*f)xe — (2*%(B"2xaxc”3 + A"2xc
“4)xd"3 - 4% (B"2*%a"2%c”2 + A"2*a*c”3)*d"2*xf + 2x(B"2*%a"3*c + A"2%a"2%c”2)*d
*f~2 + (B™2%a~2xc”2 + A"2xaxc”3)*x*e”3 + 2% (BT2*xa"2%c”2 + A"2*a*xc”3)*d*e”2
+ ((B™2*a*xc™3 + A™2%c"4)*d"2 - 2% (B"2*a"2*xc”2 + A" 2xa*xc”3)*d*f + (B"2*a"~3*c
+ A”2%a"2%c"2) *f72) kx*e) *sqrt (- (4%A"2+%B"2xCc"2%d"2 - 8*AT2xB"2xaxckdxf + 4%
A"2+%B72xa"2*f"2 + (B"4*a”2 - 2xA"2*B"2%axc + AT4*c"2)*e"2 + 4% ((A*B"3*a*c -
A~3%Bxc"2)*d - (A*B~3*a”2 - A~3*xBkaxc)*f)*xe)/(a*c”5xd~4 - 4*a~2xc”4*xd"3*f
+ 6%a”3%c"3*%d"2*xf"2 - 4xa”4xc"2*d*f"3 + a~bxc*kf~4 + a"3xc"3*%e”4 + 2x(a"2%c”
4xd"2 - 2*%a~3xc”3*xd*f + a~4*c"2xf72)*e”2)))/x) + 1/4*sqrt(-(2xA*Bxaxckxe - (
B 2xaxc - A"2x%c"2)*d + (B"2*a"2 - A" 2*xaxc)*f + (a*c”3*%d"2 - 2%a”~2kc 2xdxf +
a~3xcxf"2 + a"2xc"2%e”2) *sqrt (- (4*AT2xB"2%c"2%d"2 - 8*%AT2xB"2%akxckdxf + 4%
A"2+%B72xa”"2*xf"2 + (B"4*a"2 - 2xA"2*B"2%axc + AT4*c"2)*e"2 + 4% ((AxB"3*axc -
A"3%Bxc~2)*d - (A*B~3*a”2 - A~3xBkxaxc)*f)*xe)/(a*c”™5xd~4 - 4*a~2xc”4*xd"3*f
+ 6%a”3%c"3*%d"2xf"2 - 4xa~4xc 2*%d*f"3 + a~bxckf~4 + a"3xc"3*%e"4 + 2x(a"2%c”
4%d"2 - 2%a~3*c"3*d*f + a"4*c"2xf"2)*e”2)))/(a*c”3*%d"2 - 2*xa”2kc 2*d*f + a”
3%c*xf72 + a”2xc"2*%e”2) ) *xlog(-(4*x((A*xB~3*a*xc + A"3*Bxc~2)*dxf - (A*B"3%a"2 +
A"3*Bxaxc) *f"2)*x — 2% (2*%A"2xBxc~3*d"2 - 4xA”2*Bkaxc 2xd*f + 2%A"2xBkxa~2%*c
*f~2 + (B"3*a"2xc - A"2xBxaxc”2)*e”2 + ((3%A*B"2xaxc”2 - A"3*%c”3)*d - (3*Ax
B"2*a~2xc - A~3*axc”2)*f)*e - (Bkaxc™4*xd"3 - 3xBxa~2*c”3*%d"2*f + 3*Bka~3*xc”
2%d*f~2 - Bxa~4xcxf~3 - A*a~2%c"3*e”3 + (B*a"2*xc"3*d - B*xa~3*c”2*f)*e”2 - (
Axaxc™4*xd™2 - 2xA*a~2kc"3*kd*f + A*a~3%cT2%f"2)*e)*sqrt (- (4*xAT2%xB"2xc"2xd"2
- 8%A"2xB"2xaxcxdxf + 4*xA"2+%B"2%a"2*%f"2 + (B"4*a~2 - 2*%A"2%B"2%axc + A"4xc”
2)*%e"2 + 4% ((AxB~3*axc - A~3*Bxc”2)*d - (A*B"3*a”2 - A"3*B*axc)x*f)x*e)/(axc”
5%d"4 - 4*a”~2*xc"4xd"3*%f + 6*%a " 3*%c"3kd"2*xf"2 - 4*a"4*kc " 2xd*f"3 + a"bxc*xf"4 +
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a~3*c"3%e”4 + 2x(a"2xc"4*d”2 - 2xa”3*c”3xdxf + a~4xc"2xf"2)*e”2)))*sqrt (f*
X"2 + x*e + d)*sqrt(-(2xAxBkakxcke - (B"2xaxc - A"2xc"2)*d + (B"2%a"2 - A"2x
axc)*f + (a*c™3*%d”2 - 2%a”2*c”2*d*f + a”3*c*kf"2 + a”2xc"2xe”2)*sqrt(-(4*xA2
*B"2xc"2%d"2 - 8%AT24B”2xaxckdxf + 4xAT2+%B"2xa"2%xf~2 + (B"4*a"2 - 2%A"2xB"2
xaxc + AT4*c"2)*e”2 + 4x((A*xB"3*a*c - A"3*B*xc"2)*d - (A*B"3*a"2 - A"3*B*axc
Yxf)*e) /(axc™5*d"4 - 4xa”~2xc”4*d"3*f + 6*%a”3*%c”3*xd"2*f"2 - 4*xa”4*xc 2*d*xf"3
+ a”bxcxf~4 + a~3*%c"3*%e"4 + 2% (a”2%cT4*xd"2 - 2*xa~3*c”3*d*f + a~4xc"2xf"2)*xe
~2)))/(a*c™3*%d"2 - 2%a~2xc”2xd*f + a~3*xckf"2 + a~2xc"2%e”2)) + (B"4*a”2 - A
“4xc”2)*%e”2 + 2% ((B"4*a"2 - A~4xc"2)*f*x + (A*B"3*axc + A"3*%Bxc”2)*d - (A*B
~3%xa”~2 + A"3xBxaxc)*f)xe - (2% (B"2*axc”3 + AT2xc"4)*d"3 - 4x(B"2*a"2%c"2 +
A"2%axc”3) *d"2+f + 2x(B"2*a"3*c + A”T2*a"2xc”2)*d*f"2 + (B"2*a"2*c”2 + A"2#*a
*Cc"3) *x*e”3 + 2x(B"2*a"2*xc”2 + A"2*axc”3)*d*e”2 + ((B"2*a*c”3 + A"2%c"4)*d”
2 - 2x(B"2%a"2*c”2 + A"2%axc”3)*d*f + (B"2*a"3*c + AT2%a"2%c”2)*f"2) *x*e)*s
qrt (- (4*%A"2*%B~2xc"2%d"2 - 8%A~2*B~2*xaxckxd*f + 4xAT2+%B"2*%a"2xf"2 + (B"4*a”2
- 2%A"2%B"2*%axc + AT4xc"2)*e”2 + 4% ((A*B"3*xaxc - A"3*%Bxc"2)*d - (A*B"3*%a"2
- A"3xBxaxc)*f)*e)/(a*c™5%d"4 - 4*a~2*xc"4*xd"3*f + 6*xa~3*kc"3*d"2*xf"2 - 4*a~4
*Cc"2%d*f"3 + a”"bkcxf~4 + a~3*%c"3*e”4 + 2% (a”2%c"4*xd"2 - 2*xa~3*c"3*d*f + a~4
xc"2xf72)*e72)))/x) - 1/4xsqrt(-(2xA*B*axcxe - (B"2xa*c - A"2xc"2)xd + (B~2
*a"2 - A"2%axc)*f - (axc”3*%d"2 - 2%a”2*c”2*d*f .

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bz dx
(a+ cx?) \/d+ ex + fx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x**x2+a)/(£xx**2+exx+d)**(1/2),x)

[Out] Integral((A + B*x)/((a + cxx**2)*sqrt(d + e*x + fxx**2)), x)
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x"2+a)/(f*x~2+e*x+d)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument ValueWarning, integration

of abs

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ A+ Bx d
(cx2+a) /fx24+ex+d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((a + c*x~2)*(d + exx + f*x~2)~(1/2)),x)
[Out] int((A + Bxx)/((a + c*x"2)*(d + e*x + f*x~2)~(1/2)), x)
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323 At+By dzx

(a+bz+cz?) \/d + fx?

Optimal. Leaf size=302

2cd— (b—\/ b?2 — 4ac ) fz

‘ 2Ac —
ﬁ\/202d—2acf+b<b— \/b2—4ac>f Vd+ fz?

<bB —2Ac — BM) tanh™*

+

V2 Vb2 — dac \/202d—2acf—|—b<b—\/b2—4ac>f

[Out] 1/2*arctanh(1/2*(2*c*d-f*xx*(b-(-4*axc+b”2)~(1/2)))*27(1/2)/(f*x~2+d)~(1/2)/
(2xc~2xd-2*xaxcxf+b*xf* (b-(—4*xaxc+b~2)~(1/2)) )~ (1/2)) * (b*B-2%A*c-B* (-4*a*xc+b™
2)7(1/2))*27(1/2) / (-4*axc+b~2) ~(1/2) / (2xc™2xd-2*axc*xf+b*f* (b- (-4*axc+b~2) ~(
1/2)))~(1/2)+1/2*arctanh (1/2% (2xc*xd-f*x* (b+(-4*axc+b~2) ~(1/2)))*2~(1/2) / (f*
x~2+d) " (1/2) / (2xc~2%d-2*a*xckf+bxf* (b+(~4*a*xc+b™2) ~(1/2)))~(1/2) ) * (2xAxc-Bx*(
b+(~4%a*xc+b~2)~(1/2)))*2~(1/2) / (-4*axc+b~2) ~(1/2) / (2%c~2%d-2*a*c*f+bxf* (b+(
—-4*a*xc+b”~2)"(1/2)))~(1/2)

Rubi [A]
time = 0.55, antiderivative size = 302, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.103,

steps used = 5, number of rules used = 3, integrand size = 29,
Rules used = {1048, 739, 212}

(-BVF=ac - 2dc-+05) taut* (P ) | (24c- B(VF—tac +b)) tann™ wet—ge( VP — dac'+s) ;
VZ\/d+ fa? \[bf (b— m) — 2acf +2c2d V2 d+ fa? \[bf (\/b2 —dac +b) — 2acf +2¢2d

] + .

VT VB~ dac \/bf(b_ b2_4ac> —2acf +2¢d ‘/Zﬁmwf (\/m +b) — 2acf +2c%d

Antiderivative was successfully verified.
[In] Int[(A + B*x)/((a + b*x + cxx~2)*Sqrt[d + f*x~2]),x]

[Out] ((b*B - 2%A*c - BxSqrt[b~2 - 4*axc])*ArcTanh[(2*cxd - (b - Sqrt[b~2 - 4xaxc
1) *#£*x) /(Sqrt [2] *Sqrt [2*xc~2*d - 2*axcxf + b*(b - Sqrt[b~2 - 4xa*c])*f]*Sqrt

[d + £%x72])]1)/(Sqrt[2]*Sqrt[b~2 - 4xaxc]*Sqrt[2xc~2xd - 2xaxcxf + bx(b - S
qrt[0°2 - 4*a*xc])*f]) + ((2*%A*c - B*(b + Sqrt[b~2 - 4xaxc]))*ArcTanh[(2*c*xd

- (b + Sqrt[b~2 - 4x*axc])*fxx)/(Sqrt[2]*Sqrt[2*c~2*d - 2*a*xcxf + b*x(b + Sq
rt[b™2 - 4xaxc])*f]1*Sqrtld + £*x~2])]1)/(Sqrt[2]*Sqrt[b~2 - 4xaxc]*Sqrt[2*c”

2xd - 2%a*xc*f + bx(b + Sqrt[b~2 - 4xaxc])*f])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
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Rule 739

Int[1/(((d_) + (e_.)*(x_))*Sqrtl[(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*xd"2 + a*e™2 - x72), x], x, (axe - cxd*x)/Sqrt[a + c*x~2]] /; FreeQ
[{a, c, d, e}, x]

Rule 1048

Int[((g_.) + (h_.)*(x_))/(((a.) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_) + (£
_)*(x_)"2]), x_Symbol] :> With[{q = Rt[b"2 - 4xaxc, 2]}, Dist[(2*c*g - hx*(
b - q)/q, Int[1/((b - q + 2*%c*x)*Sqrt[d + £*x~2]), x], x] - Dist[(2*cxg -
hx(b + q))/q, Int[1/((b + q + 2xc*xx)*Sqrt[d + f*x~2]), x], x]] /; FreeQ[{a,
b, c, d, f, g, h}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[b~2 - 4xaxc]

Rubi steps
A+ Bz <2AC_B<b_ b* — dac >> / (b—\/b2—4a0i20x) Vd+ fa? de (2‘
(a+ bz + cx?) \/d + fz? = Vb2 — dac -
(2Ac — B(b — Vb2 — 4ac >> Subst (f 4c2d+(b—\/b21——4ac)2f—x2 dx,x
T Vb2 — dac

2ed— (b— Vb2 — 4ac
NG \/2c2d— 2acf + b (b — V-

V2 Vb2 — dac \/2c2d—2acf+b(b— \/b2—4ac>

(bB —2Ac— BM) tanh™*

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.39, size = 195, normalized size = 0.65

dlog(—\/Fz+\/d+f12 —#1)+2A\/flog(—\/71+\/d+fz’ —#1)#1—Blog<—\/7z+\/d+fz'2 —#1)#12

B
—RootSi d? + 2bd 1 — 2ed#1% + daf#1% — 2b 13 11&,
orsum [c + 20T = 201+ daf VIH ot bd /T — 2cd#] + daf#1 — 3b\/F #12 + 2c#1°

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + b*x + c*x~2)*Sqrt[d + f*x~2]),x]

[Out] -RootSum[c*d~2 + 2*%bxd*Sqrt[f]*#1 - 2xcxd*#172 + 4*xaxfx#172 - 2%b*Sqrt [f]*#
173 + c*#174 & , (BxdxLog[-(Sqrt[f]l*x) + Sqrt[d + f*x~2] - #1] + 2*A*Sqrt[f



197

1*Log[-(Sqrt[f]1*x) + Sqrtld + f*x~2] - #1]x#1 - BxLog[-(Sqrt[f]l*x) + Sqrtl[d
+ £xx72] - #1]1*#172) /(bxd*Sqrt[f] - 2xc*d*#1 + 4*xaxfx#1 - 3xb*Sqrt [f]*#172
+ 2%c*x#173) & ]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 638 vs.

2(266) = 532.
time = 0.16, size = 639, normalized size = 2.12

method | result

(v~ Tac+ ) ( —orV/—dac+ ¥
_bfV —4ac + b2 +2acf—b2f—2c%d
<2Ac+B v —4ac + b2 —bB) In <2 c

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+b*x+a)/(f*xx~2+d)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -(2*%Axc+B*(-4*a*xc+b~2)~(1/2)-b*B)/(-4*axc+b~2)~(1/2)/c/(-2*(bxf*(-4*a*c+b~2
)~ (1/2) +2xaxcxf-b~2xf-2%c"2%d) /c~2) " (1/2) *1n ( (- (b*f* (-4*axc+b~2) ~ (1/2) +2*a*
cxf-b~2xf-2xc"2xd) /c~2-f* (b- (—4*a*xc+b~2) ~(1/2) ) /c*(x-1/2/c* (~b+(-4*a*xc+b~2)
~(1/2)))+1/2% (—2x (b*f* (-4*a*xc+b~2) " (1/2) +2*xa*cxf-b~2xf-2*%c~2*d) /c~2) "~ (1/2) *
(4xf* (x-1/2/c* (~b+(-4*axc+b~2) ~(1/2))) ~2-4*f* (b- (—4*a*xc+b~2) ~(1/2)) /cx(x-1/
2/cx (~b+(~4*axc+b~2) ~(1/2)) ) -2x (bxf* (—4*a*xc+b~2) ~ (1/2) +2*a*xcxf-b~2*f-2kc~ 2%
d)/c~2)~(1/2))/ (x-1/2/c* (-b+(-4*a*xc+b~2) ~(1/2)))) - (-2%A*c+B* (~4*a*c+b~2) ~ (1
/2)+b*B) / (m4xaxc+b~2) ~(1/2) /c/ (-2% (~b*f* (—4*a*xc+b~2) = (1/2) +2*ka*xcxf-b 2 f -2
c~2xd) /c”2) " (1/2) *1n( (- (-b*f*x (-4*a*xc+b~2) ~(1/2) +2*xaxcxf-b~2*xf-2xc~2*d) /c~2-
fx(b+(-4*axc+b~2)~(1/2)) /cx (x+1/2% (b+(-4*a*xc+b~2) ~(1/2))/c)+1/2% (=2% (~b*£*(
-4d*axc+b”2) " (1/2) +2xaxcxf-b"2*%f-2%c"2*d) /c”2) " (1/2) * (4*f* (x+1/2% (b+(-4*axc+
b~2)"(1/2))/c) ~2-4*f* (b+(-4*axc+b~2) " (1/2)) /cx (x+1/2x (b+(-4*axc+b~2)~(1/2))
/c)=2x(~b*xf* (-4xaxc+b~2) ~(1/2)+2*a*c*f-b~2xf-2%c~2xd) /c”~2) ~(1/2) )/ (x+1/2* (b
+(=4*axc+b~2)~(1/2))/c))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x~2+d)~(1/2),x, algorithm="maxima")
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[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 8977 vs.
2(263) = 526.
time = 33.48, size = 8977, normalized size = 29.73

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x~2+d)~(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*sqrt(((B"2xb~2 + 2%xA~2xc”2 - 2x(B"2*a + A*B*b)*c)*d + (2%B~2*a”
2 - 2%A*Bkaxb + AT2%b"2 - 2*%A"2*axc)*f + ((b"2*c”2 - 4xa*xc~3)*d"2 + (b™4 -
B*a*b~2*xc + 8*%a~2*xc”2)*xdxf + (a~2*%b"2 - 4*a”3*c)*f72)*sqrt (((B~4*b~2 - 4*Ax
B~3%bxc + 4*xA"2%B"2%c”2)*d"2 + 2% (2%xA*B~3%axb - AT2%B"2%b"2 - 2% (2%xA"2%xB"2x%
a - A"3*Bxb)*c)*dxf + (4*%A"2*xB"2*a”2 - 4xA"3*B*axb + A"4*b"2)*f~2)/((b"2*c”
4 - 4xaxc”5)*d"4 + 2x(b"4*c”2 - 6*xa*xb”2%c”3 + 8*a"2*c"4)*d"3*f + (b"6 - 8*a
*b~4*c + 22%a"2%b"2%xc"2 - 24*a~3*%c"3)*d"2%f"2 + 2% (a"2*xb~4 - 6%a~3*%b"2*c +
8*%a~4*xc”2)*xd*xf~3 + (a~4*b"2 - 4*a~5*c)*f~4)))/((b"2*%c"2 - 4xa*c”3)*d"2 + (b
"4 - 6*axb"2xc + 8*ka"2xc”2)*dxf + (a”2*%b”"2 - 4xa”3%c)*f"2))*Llog((2*(B~4*ax*b
2 — A*B73%b"3 - 2*%A"3*Bxb*c”2 - (2*%A*B"3*a*b - 3*A"2*B"2%b"2)*c)*d"2 + 2%(
2%A*B~3%a"2%b - 3%A"2%B"2*a*b”2 + A"3*B*b~3 + (2*%A~3*Bxaxb - A~4xb"2)*c)*xdx*
f + sqrt(2)*((B"3*%b~4 - 8*%A~2*Bka*c™3 + 2%(6%A*B~2*axb + A"2*B*b~2)*c”2 - (
4xB~3*a*xb~2 + 3*%A*B"2%b"3)*c)*d"2 + (3*xA*B"2*xaxb~3 - A2%B*b~4 + 4*x(4*xA"2%B
*a~2 - A"3*axb)*xc”2 - (12%xA*B~2*a~2xb - A~3*b~3)*c)*d*f + (2xA~2*B*a~2xb~2
- A™3*axb”3 - 4x(2*xA"2%B*a~3 - A"3*a"2xb)*c)*f"2 - ((B*b~4*c”2 + 4*(2%B*a”2
+ Axaxb)*c™4 - (6xBxa*xb”2 + A*b~3)*c"3)*d"3 + (B*b~6 — 4*(6%B*xa~3 + A*a 2%
b)*c™3 + (22*B*a~2%b~2 + 5*A*a*xb~3)*c”2 - (8*Bxaxb~4 + Axb~5)*c)*d"2xf + (3
*B*a~2%b"4 - A*xaxb”5 + 4x(6xBxa~4 - A*a~3*b)*c”2 - (18*B*a~3*b~2 - 5kA*a” 2%
b~3)*c)*d*f~2 + (2+B*a”~4*b~2 - A*a~3*b~3 - 4*%(2*%B*a~5 - A*a~4x*b)*c)*f~3)*sq
rt (((B"4*b~2 - 4xA*B~3%b*c + 4*A"2*B"2*c~2)*d~2 + 2% (2*%A*B~3*a*b - A~2*xB~2x%
b"2 - 2% (2xA"2*B"2%a — A"3*B*b)*c)*d*f + (4xA"2*xB"2%a”2 - 4*A"3*Bxaxb + A~4
*b~2)*f~2) /((b~2%c™4 - 4xaxc”5)*d"4 + 2x(b"4*c™2 - 6*xa*xb”2%c”3 + 8*a~2%c~4)
*d"3*f + (b™6 — 8*axb~4dxc + 22*%a"2%b"2%c”2 - 24*a”~3*c"3)*d"2*xf"2 + 2% (a”2*b
"4 - 6%a”3*b"2%c + 8*a~4xc”2)*d*f"3 + (a"4*b~2 - 4*a”~bxc)*f~4)))*sqrt(f*xx"2
+ d)*sqrt (((B"2%b™2 + 2xA~2%c”2 - 2x(B"2*a + A*B*b)*c)*d + (2#B"2*a~2 - 2%
A*B*axb + AT2%b"2 - 2xA"2%axc)*f + ((b72%c”2 - 4*a*c”3)*d"2 + (b~4 - 6*a*b”
2xc + 8%a”2xc"2)*d*f + (a”2%b"2 - 4*xa~3%c)*f"2)*xsqrt (((B"4*b~2 - 4*A*B~3*bx
c + 4%A"2%B"2%c”2)*d"2 + 2x(2*%A*B~3*a*b - AT2*B"2*b"2 - 2% (2%A"2%B"2%a - A~
3*Bxb) kc) kd*xf + (4*%A"2x%B"2%a”2 - 4*A~3*Bkxaxb + A~4xb"2)*f"2)/((b"2*%c"4 - 4x
axc”b)*d"4 + 2x(b~4*xc”2 - 6*a*b”2*%c”3 + 8*xa"2xc~4)*d"3*f + (b"6 - 8*axb~4dxc
+ 22%a”2*xb"2%c”2 - 24%a”3*c”3)*d"2*f"2 + 2x(a"2*%b"4 - 6*a”3*b"2%c + 8*a~4x
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c”2)xd*f"3 + (a"4*b"2 - 4xa”~5*xc)*£74)))/((b"2%c"2 - 4*a*c”3)*d"2 + (b"4 - 6
*axb~2%c + 8*xa~2xc”2)*dxf + (a"2%b"2 - 4*a"3*c)*f~2)) - 4x((B"4*a"2%b - A*B
“3xaxb”2 - 2xA"3*Bkxa*c”2 - (2%xA*B"3%a~2 - 3*%A"2%B~2*axb) *c)*dxf + (2%A*B~3x%
a”"3 - 3%A"2xB"2*xa"2xb + A"3*B*a*xb”2 + (2%A"3*Bxa~2 - A~4*axb)*c)*f"2)*x + 2
*((4xA~2%axc™4 + (4x%B~2*xa~2 - 4xA*Bxaxb - A~2x%b~2)*c~3 - (B"2%axb”2 - AxBxb
~3)*c”2)*d"3 - (B"2*a*b~4 - A*B*b~5 + 8*xA"2%a"2%c”3 + 2% (4%B"2*a"3 - 4*AxBx
a~2xb — 3*%A"2%axb"2)*c"2 - (6*¥B"2*a"2%b"2 — 6*%A*Bxaxb~3 - AT2%b74)x*c)*d"2x*f
- (B"2%a"3*%b"2 - A*Bxa~2%b~3 - 4*%A"2%a"3*%c”2 - (4*xB"2*xa~4 - 4*A*B*a”3%b -
A™2xa"2%b"2) *c) *d*f~2) *sqrt (((B"4*b~2 - 4*%A*B~3*b*c + 4*xA~2%B~2%c~2)*d"2 +
2% (2%A*B~3*%axb - A"2%B"2%b"2 - 2% (2%A"2%B"2*%a — A~3*Bxb)*c)*d*f + (4*xA"2xB~
2%a~2 — 4*%A"3*Bxaxb + A”4xb"2)*f"2)/((b"2*c"4 - 4xaxc”5)*d"4 + 2x(b"4*c”2 -
6*a*b”~2%c”3 + 8*xa~2xc~4)*d"3*xf + (b6 - 8kaxb"4d*xc + 22%a~2*%b"2*c”2 - 24%a”
3*%c"3)*xd"2*%f"2 + 2x(a"2%b"4 - 6*%a"3*%b"2xc + 8*a~4xc”2)*d*f"3 + (a"4*b"2 - 4
*a~b*xc)*£74))) /x) - 1/4*sqrt(2)*sqrt(((B"2*xb~2 + 2%A™2xc™2 - 2x(B"2*a + Ax*B
xb)*c)*d + (2%B~2%a”2 - 2%AxBkaxb + A~2%b~2 - 2xA~2xaxc)*f + ((b"2%c~2 - 4x
a*c~3)*d"2 + (b~4 - 6*a*b”2xc + 8*a~2xc"2)*d*f + (a"2*b"2 - 4xa”~3*c)*f72)*s
qrt (((B™4%b~2 - 4%A*B~3%bxc + 4*A"2%xB~2%c”2)*d"2 + 2x(2xAxB~3%a*b - A~2%B"2
*b~2 — 2% (2%A"2xB"2%a - A~3*Bxb)*c)*d*xf + (4*A"2x%B~2*a"2 - 4xA~3*Bka*xb + A~
4xb~2)*f~2) /((b"2%c™4 - 4*a*c”5)*d"4 + 2x(b~4*c”2 - 6*a*b”2%c”3 + 8*a~2xc~4
)*d"3*f + (b"6 - 8*axb~4*xc + 22%a"2xb"2%c”2 - 24*a”3*c”3)*d"2*f"2 + 2x(a”2*
b"4 - 6%a~3*xb"2%c + 8*a~4*xc”2)*d*f"3 + (a”4*b"2 - 4*a~5xc)*xf"4)))/((b"2*c"2
- 4xaxc”3)*d"2 + (b"4 - 6*axb”2kc + 8*a~2xc”2)*d*f + (a"2*%b"2 - 4*xa”3*c)*f
~2))*log((2*%(B~4*a*b~2 - A*B~3*%b~3 - 2%A"3*Bxb*c~™2 - (2%A*B~3xa*b - 3*xA~2+B
“2xb”"2) *c)*d"2 + 2% (2%A*B~3*%a”2%b - 3*xA"2%xB"2%axb~2 + A"3*%B*b~3 + (2%A"3xBx
axb - AT4xb~2)*c)*d*f - sqrt(2)*((B"3*xb~4 - 8*A~2xBka*xc”™3 + 2% (6xA*B~2*ax*b
+ A"2xBxb~2)*c"2 - (4%B"3*a*b”2 + 3kA*B"2xb~3)*c)*d"2 + (3*A*B"2*a*xb~3 - A~
2%Bxb~4 + 4% (4*xA"2xB*a”2 - A~3*axb)*c”2 - (12*%A*B"2*xa"2*b — A~3%b”~3)*c) *d*f
+ (2%A"2*B*a~2%b~2 — A”3*a*b~3 - 4*(2*%A"2xBxa”~3 - A~3*a”"2*b)*c)*f~2 - ((B*
b"4*c™2 + 4x(2*B*a~2 + Axaxb)*c”4 - (6*B*a*xb”2 + A*b~3)*c~3)*d"3 + (Bxb"6 -
4% (6%B*a”~3 + A*a~2xb)*c”3 + (22*%B*a”~2%b~2 + bxA*xaxb~3)*c”2 - (8%B*axb~4 +
Axb~5)*xc)*d"2*f + (3*B*a~2%b~4 - A*a*b~5 + 4*x(6*%B*a~4 - A*a~3*b)*c”2 - (18
B*a~3%b~2 — 5*A*a~2xb”"3)*c)*d*f~2 + (2%B*a~4*xb”"2 - A*a~3*b”"3 - 4x(2*xB*a”5 -
Axa~4xb) xc)*£73) *sqrt (((B~4*b~2 - 4xAxB~3%bkc + 4*%A"2*%B"2xc~2)*d"2 + 2% (2%
A*B~3xaxb — A"2+%B"2xb”"2 - 2% (2xA"2*B"2%a - A"3*Bx*b)*c)*dxf + (4*%A"2*xB"2%a"2
- 4%A"3*B*axb + AT4xb"2)*f~2)/((b"2%c™4 - 4*axc”5)*d"4 + 2*x(b~4*c”2 - 6*ax
b"2%c”3 + 8*a”~2*c”4)*d"3*f + (b"6 - 8*a*b~4xc +...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

A+ Bz

Vd+ fz? (a+ bz + cx?)

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] integrate((B*x+A)/(c*x*x2+b*x+a)/(£*x**2+d)**(1/2) ,x)
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[Out] Integral((A + B*x)/(sqrt(d + f*x**2)x(a + b*x + cxx**2)), x)
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x~2+b*x+a)/(f*x"2+d)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Unable to divide, perhaps due to roun

ding error%hh{hh{polyl Uhkk{-4, [3,2,01 %A} +%hkA{16, [1,3,11%%%h}, khkh{4, [4,2,0]%
T3+t

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

A+ Bzx

Viz2+d (cx®2+bz+a)

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int((A + Bxx)/((d + £*x~2)"(1/2)*(a + b*x + c*x"2)),x)
[Out] int((A + B*x)/((d + f*x~2)~(1/2)*(a + b*x + c*x~2)), x)
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3.24 At5e dx

(a+cx?) \/d + fx?

Optimal. Leaf size=101

Atan_l( ved—af o ) Btanh_l(\/gvd-‘_fwz)

va d+ fz2 ) Ved —af
Vva \/cd —af Ve \/ed —af

[Out] Axarctan(x*(-a*xf+cxd)~(1/2)/a~(1/2)/(fxx~2+d)~(1/2))/a~(1/2)/(-a*xf+c*xd)~(1/
2)-Bxarctanh(c~(1/2) *(£*x~2+d) ~(1/2) / (maxf+c*xd)~(1/2))/c~(1/2) / (maxf+c*xd) ~(

1/2)

Rubi [A]

time = 0.08, antiderivative size = 101, normalized size of antiderivative = 1.00, number of

number of rules _
6, integrand size 0.231,

steps used = 6, number of rules used = 6, integrand size = 2
Rules used = {1024, 385, 211, 455, 65, 214}

AArcTan( zy/ed — af ) Btanh™! (\/E Y d+f?2 )
VaJi+ 2 ) Ved—af
Vva \/cd —af Ve ed —af

Antiderivative was successfully verified.
[In] Int[(A + B*x)/((a + c*xx™2)*Sqrt[d + f*x~2]),x]

[Out] (AxArcTan[(Sqrtl[cxd - a*xfl#*x)/(Sqrt[al*Sqrtl[d + £*x~2])])/(Sqrt[a]*Sqrt[c*d
- axf]) - (B*ArcTanh[(Sqrt[cl*Sqrt[d + f*x~2])/Sqrtlcxd - a*f]])/(Sqrt[c]*
Sqrt[c*d - axf])

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[

{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ

[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]
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Rule 385

Int[((a_) + (b_D)*x_)" (@ ))"(p)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 455

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 1024

Int[((g_) + (h_)*(x_))*((a_) + (c_.)*(x_)"2)"(p_)*((d_) + (f_.)*(x_)"2)"(q
_), x_Symbol] :> Dist[g, Int[(a + c*x~2)7px(d + £f*x"2)"q, x], x] + Dist/[h,
Int[x*(a + c*x~2)"p*(d + £f*x~2)°q, x], x] /; FreeQ[{a, ¢, d, f, g, h, p, q}
, xJ

Rubi steps

A+ Bz 1 T

dx=A/ dx+B/ dz
(a+ cz?) \/d+ fz? (a+ cx?) \/d+ fz? (a+ cx?) \/d+ fx2
1

1
= AS bt/ dx, + —BSubst  —
us( a—(—cd+af)s? d+fw2> us( (a+cz)y

Atan‘l( ved—af « ) BSubst(f Cd+cz dz, z, \/d+fz2)
+

Va'\/d+ fa?

FT
B Vva' \/cd —af f
—1 \/Cd—afz n_l \/g\/d+f$2
_Atan (\/E\/d+fz2)_Btah ( Jed—af >
Vva' \/cd —af Ve ed —af

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 349 vs. 2(101) =
202.
time = 1.77, size = 349, normalized size = 3.46

Y Ve (VF e+ 77 N S ———— Ve (VF -+ [ T re( VT - VTF T2
VaB( (V& VT +v/=cd+af ) \/—cd+2af —2v@ /T v=cd+af tan | — | 4 (V@ /T + Vodtral )\ —ed+ 20 +2v@ VT V=edtaf tant | — )| 4 A dtanh ™ | —————
<( Y M VY \/=cd+2af —2Va /T =cd +af ( Y )\ Y V=cd +2af +2va F /=cd+af Va'V=ed+af
Va'&dy/—cd +af

Antiderivative was successfully verified.



203

[In] Integrate[(A + B*x)/((a + c*x~2)*Sqrt[d + f*x~2]),x]

[Out] (Sqrt[al*Bx((Sqrt[al*Sqrt[f] + Sqrt[-(cxd) + a*f])*Sqrt[-(cxd) + 2%a*f - 2%
Sqrt [al *Sqrt [f]*Sqrt [-(c*d) + a*f]]l*ArcTan[(Sqrt[c]l*(Sqrt[f]l*x - Sqrt[d + £
*x72]))/Sqrt[-(c*d) + 2*axf - 2+Sqrt[a]l*Sqrt[f]1*Sqrt[-(cxd) + a*xf]]] + (-(S
grt[al*Sqrt[f]) + Sqrt[-(c*d) + axf])*Sqrt[-(c*d) + 2xa*xf + 2*xSqrt[a]*Sqrt[
f1*Sqrt[-(c*d) + axf]]xArcTan[(Sqrt[c]l*(Sqrt[fl*x - Sqrtld + f*x~2]))/Sqrtl
-(cxd) + 2xaxf + 2xSqrtl[al*Sqrt[f]l*Sqrt[-(c*xd) + axf]]]) + A*xc~(3/2)*d*ArcT
anh[(a*Sqrt[f] + cxxx(Sqrt[fl*x - Sqrtl[d + £*x~2]))/(Sqrt[a]l*Sqrt[-(cxd) +
a*f])])/(Sqrt[al*c~(3/2) *d*Sqrt [-(c*d) + axf])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 336 vs.
2(81) = 162.
time = 0.08, size = 337, normalized size = 3.34

method | result

e (j@)+2¢_fa7w\f(x_ Ve

c

>2 2fv/—ac
+

—ac

c

(Ac+3m ) In

default | —

2¢/—ac C\/—f"%c‘i

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(c*x~2+a)/(f*x~2+d)~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/2*%(A*c+Bx(-a*xc)~(1/2))/(-a*c)~(1/2)/c/(-(axf-c*d)/c)~(1/2)*1n((-2* (axf-c
*d) /c+2*xf* (—axc) ~(1/2) /c*x(x—(~axc) ~(1/2) /c) +2x (- (a*f-c*d) /c) = (1/2) * (£* (x- (-
axc)~(1/2) /c) ~2+2*f* (-a*xc) ~(1/2) /cx (x-(~a*c) ~(1/2) /c) - (axf-c*xd) /c)~(1/2)) /(
x-(-a*c)~(1/2)/c))-1/2%(-Axc+Bx(-a*c) ~(1/2))/(-a*c)~(1/2) /c/ (- (axf-c*d) /c)~

(1/2) *1n((-2x (axf-c*d) /c-2*xf* (—a*c) ~(1/2) /c* (x+(-a*xc) " (1/2) /c) +2* (- (a*xf-c*xd
)/c)~(1/2) % (£x(x+(-a*xc)~(1/2) /c) ~2-2xf*x(~a*xc) ~(1/2) /cx (x+(-a*c)~(1/2) /c)-(a
xf-cxd)/c)~(1/2))/(x+(-axc)~(1/2)/c))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(c*x~2+a)/(f*x~2+d)~(1/2),x, algorithm="maxima")
[Out] integrate((Bxx + A)/((c*x"2 + a)*sqrt(f*x~2 + d)), x)
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1515 vs.
2(81) = 162.
time = 0.42, size = 1515, normalized size = 15.00

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x"2+a)/(f*x~2+d)~(1/2),x, algorithm="fricas")

[Out] -1/4%sqrt((B~2%a - A™2xc + 2*(a*xc”™2*%d - a~2*c*f)*sqrt(-A~2+%B~2/(a*c™3*d"2 -
2%a~2%c™2xd*f + a~3%c*f72)))/(akc 2+d - a~2%c*f))*log(((A*B~3%a + A~3%Bx*c)
xf*xx + (A"2%Bxc~2xd — A"2#Bkaxc*f + (B*axc~3*d"2 - 2xB*a~2%c”2xd*f + B*a~3*
c*f"2) *sqrt (-A"2*%B"2/ (a*c"3*%d"2 - 2*%a~2xc”2*d*f + a~3*c*f~2)))*sqrt(f*x~2 +
d)*sqrt ((B™2xa - A™2xc + 2x(a*c™2*d - a~2*c*f)*sqrt(-A"2*B~2/(a*xc”3*xd"2 -
2%a~2xc”2*xd*f + a~3*c*xf72)))/(akc”2xd - a"2*cxf)) + sqrt(-A"2*B"2/(a*xc”3*d”
2 - 2*%a”2*%c"2*kd*f + a”3*c*f72))*((B"2*a*c”2 + AT2%c”3)*d"2 - (B"2xa"2xc + A
“2xaxc”2)*d*f))/x) + 1/4xsqrt((B"2xa - A"2%c + 2*(axc”2*d - a~2*c*f)*sqrt(-
A"2xB"2/(a*c”3*d"2 - 2%a”2xc”2xd*f + a~3xc*£72)))/(a*xc”2*d - a~2*cx*f))*log(
((A*B~3%a + A~3*Bxc)*f*x - (A"2xBxc™2xd - A~2xBxaxcxf + (Bka*c™3%d™2 - 2x%Bx
a~2xc”2*d*f + Bxa~3kckf~2)*sqrt(-A"2*¥B72/(akc”3*%d"2 - 2*%a~2xc”2*d*f + a~3%c
*£72)) ) *sqrt (£xx72 + d)*sqrt((B"2%a — A™2xc + 2x(a*c™2*d - a~2*c*f)*sqrt(-A
~2xB~2/(a*c”3*%d"2 - 2%a”~2xc"2xd*f + a~3xc*f"2)))/(axc”2*d - a~2*c*f)) + sqr
t(-A"2+%B~2/(a*c™3*%d"2 - 2*%a”~2kc”"2*xd*f + a”~3*c*f~2))*((B"2*a*c”2 + A”2%c"3)*
d~2 - (B™2%a"2%c + A"2%a*xc”2)*d*f))/x) - 1/4*sqrt((B"2%a - A"2xc - 2*(a*c”2
*d - a”~2kcxf)*sqrt(-A"2*B72/(a*c™3*%d"2 - 2*a~2%c”2*d*f + a~3*c*xf72)))/(akxc”
2%d - a”2%c*f))*log(((A*B~3%a + A~3*Bxc)*f*xx + (AT2%Bxc™2%d - A~2xBxaxcxf -
(Bxa*xc~3*%d"2 - 2xB*a~2xc”2xd*f + B*a~3*c*xf~2)*sqrt(-A"2xB"2/(axc”3*d"2 - 2
*¥a~2%c”2xd*f + a”3*kcxf72)))*sqrt(£*xx72 + d)*sqrt((B"2*a - A"2xc - 2% (a*c 2%
d - a”2*cxf)*sqrt(-A"2+%B"2/(a*c™3*d"2 - 2*a~2xc”2*d*f + a~3*c*£72)))/(a*xc”2
*d - a"2xcxf)) - sqrt(-A"2*B"2/(axc”3xd"2 - 2xa"2xc”2xdxf + a~3xcxf72))*((B
“2xa*xc”2 + AT2%c"3)*d"2 - (B"2*%a"2xc + A"2*xaxc”2)*dxf))/x) + 1/4*xsqrt((B"2x*
a - A"2xc - 2x(axc™2xd - a”2*xcxf)*sqrt(-A"2*B"2/(axc”3*%d"2 - 2*a~2%c 2*dxf
+ a”3%c*£72)))/(a*c™2xd - a~2*c*f))*x1log(((A*B~3*a + A~3*Bxc)*fxx — (A~2%B*c
~2xd - A"2xBxaxc*f - (Bkaxc"3xd"2 - 2*Bxa~2%c”2xdxf + B*a~3xcxf~2)*sqrt(-A"
2¥B~2/(axc”3xd"2 - 2xa"2xc”2xd*f + a~3*xc*xf~2)))*sqrt(f*x"2 + d)*sqrt((B"2*a
- A™2xc - 2%(a*xc”2xd - a"2*c*f)*sqrt(-A"2+%B"2/(a*c"3*d"2 - 2%a~2xc"2*d*f +
a”~3%c*£72)))/(a*c”2*d - a"2*c*f)) - sqrt(-A"2+#B72/(a*c”3*d"2 - 2*a~2*c”2*d
*f + a”3xcxf£72))*x((B™2*%a*c™2 + AT2%c”™3)*d"2 - (B"2%a"2%c + AT2%a*c”2)*d*f))
/x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bz i
(a+ cx?) \/d+ fx?



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*xx**2+a)/(£*xx**2+d)**(1/2),x)
[Out] Integral((A + B*xx)/((a + c*x*x2)*sqrt(d + f*x*x2)), x)
Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(c*x"2+a)/(f*x"2+d)~(1/2),x, algorithm="giac")
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

o ATEEL ) s AL
Vacf—c2d n va Vfz’+d
Vacf—c*d Vv—a(af—cd)
. va (fz2+d +m\/af—cd> BETS
Al <\/a (o2 +d) .af—cd +Batan<x/acf—02d) if cd—af<0
2+/a (af —cd) Vacf—ctd

(cz2+a) \/f 2 +d o

if 0<cd—af

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx)/((a + c*x~2)*(d + f*xx~2)~(1/2)),x)

205

A+Ba d if cd—af¢RVaf=cd

[Out] piecewise(0 < - axf + c*d, (Bxatan((cx(d + £*x~2)~(1/2))/(- c~2*d + axcxf)~
(1/2)))/(-= c~2%d + axc*f)~(1/2) + (A*atan((x*(- axf + cxd)~(1/2))/(a~(1/2)*

(d + £*%x72)7(1/2))))/(-ax(axf - c*d))~(1/2), - a*xf + cxd < 0, (Axlog(((a*x(d

+ f*x72))7(1/2) + x*x(a*xf - c*d)~(1/2))/((ax(d + £*x~2))~(1/2) - x*(axf - ¢
*d)~(1/2))))/(2x(ax(a*f - cxd))~(1/2)) + (B*atan((cx(d + £*x~2)~(1/2))/(- ¢

~2%d + axc*xf)~(1/2)))/(- c~2xd + a*xc*f)~(1/2), ~in(- axf + cxd, ’real’) | a

*f == c*d, int((A + B*x)/((a + c*x"2)*(d + f*x~2)~(1/2)), x))
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3.25 242 - dx
f (2+4z—322) \/1 + 3z — 222

Optimal. Leaf size=139

N R (3(4—\/ﬁ)+(1+4\/ﬁ)gc)+1 gy tanhl(3(4+\/ﬁ)+(1
2¥ 3 o1+ V10 Vitsz—22 ) 2V ° 2y/—1+4 V10 VI

[Out] 1/10*arctan(1/2*(12-3%107(1/2)+x*(1+4%x107(1/2)))/(-2*x~2+3*x+1)~(1/2)/(1+10
~(1/2))7(1/2))*(-65+25%107(1/2) )~ (1/2) +1/10*arctanh (1/2* (x* (1-4%¥107(1/2) ) +1
2+3%107(1/2)) / (-2%x"2+3*x+1) " (1/2) / (-1+107(1/2) )~ (1/2) ) * (65+25%107(1/2))~ (1

/2)

Rubi [A]
time = 0.14, antiderivative size = 139, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.133,

steps used = 5, number of rules used = 4, integrand size = 30
Rules used = {1046, 738, 210, 212}

;\/F_lsAmTan((1+4\/ﬁ)x+3(4—\/ﬁ))+; Epgye tanhl(<1—4\/ﬁ)z+3(4+x/ﬁ))

24/14 V10 V=222 + 3z + 1 5 24/v10 —1 V=222 + 3z + 1

Antiderivative was successfully verified.
[In] Int[(2 + x)/((2 + 4%x - 3*x~2)*Sqrt[1 + 3*x - 2xx~2]),x]

[Out] (Sqrt[-13/5 + Sqrt[10]]1*ArcTan[(3*(4 - Sqrt[10]) + (1 + 4*Sqrt[10])#*x)/(2*S
qrt[1 + Sqrt[10]]*Sqrt[1 + 3*x - 2%x~2])]1)/2 + (Sqrt[13/5 + Sqrt[10]]*ArcTa
nh[(3%(4 + Sqrt[10]) + (1 - 4*Sqrt[10])*x)/(2%Sqrt[-1 + Sqrt[10]]*Sqrt([1 +

3*x - 2%xx72])1)/2

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 1046

Int[((g_.) + (h_.)*(x_))/(((a ) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_.)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4x*a*xc, 2]}, Dis
t[(2%cxg - h*(b - q))/q, Int[1/((b - q + 2*c*x)*Sqrt[d + e*xx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*cxx)*Sqrt[d + e*x + f*x
~21), x1, x]1 /; FreeQ[{a, b, c, d, e, f, g, h}, x] && NeQ[b~2 - 4xaxc, 0]

&& NeQ[e”2 - 4xdxf, 0] && PosQ[b~2 - 4*xaxc]

Rubi steps

2+ 1 1 1

/(2+4w—3w2)\/gmdx:5(5_4m>/(4—2\/5—6x)\/mdx+5<5+
1

144+72(4—2\/ﬁ)—8(4—

. ‘ 3(4-V10') + (1+4V10 ) o
=5V 65+ 25v10 tan~!
21/1+ V10 V1+ 3z — 222

__ %(2(5-4@)) Subst /

+

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.20, size = 149, normalized size = 1.07

—7log(z) + 7log (71 +Vitaz—227 — 1#1) + 2log(z)#1 — 2log (71 +Vit3z—227 — z#l) #1 — 2log(z)#1% + 2log (71 +Vitiz—22% — z#l) #1
g
5+ 4#1 — 6417 + 24#1°

7%RootSum [5 + 2041 + 8#1% — 8#1% + 241,

Antiderivative was successfully verified.

[In] Integratel[(2 + x)/((2 + 4%x - 3%x"2)*Sqrt[1 + 3xx - 2*x72]),x]

[Out] -1/2%RootSum[5 + 20*#1 + 8*#172 - 8*#173 + 2x#174 & , (-7*xLogl[x] + 7*Log[-1
+ Sqrt[1 + 3*x - 2%xx72] - x*#1] + 2*Log[x]*#1 - 2+Log[-1 + Sqrt[1 + 3*x -

2%x72] - xx#1]*#1 - 2*Log[x]*#1°2 + 2+Log[-1 + Sqrt[1l + 3*x - 2%x72] - xx*#1
15#172) /(5 + 4*#1 - 6*#172 + 2x#173) & ]

Maple [A]
time = 0.70, size = 176, normalized size = 1.27
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method | result

(8+\/ﬁ>\/ﬁ arctanh 1410+ ( )2( )

\/W\/—ls(x—g—@)2+9(g—4@) (w—

Vi

default

20\/—1 + 410 |

2
129200 RootOf (_ZQ+100 RootOf<400_Z4—520_Z2—81> —130

RootOf (_ZQ 4100 RootOf(400_Z4 520 I —81)2—130> In| -

trager

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+2)/(-3*x"2+4*x+2)/(-2*x"2+3*x+1)~(1/2) ,x ,method=_RETURNVERBOSE)

[Out] 1/20%(8+107(1/2))*107(1/2)/(-1+107(1/2))~(1/2)*arctanh(9/2%(-2/9+2/9%10~ (1/

2)+(1/3-4/3%107(1/2) ) *(x-2/3-1/3%107(1/2))) / (-1+107(1/2) )~ (1/2) / (-18%(x-2/3
-1/3%107(1/2) ) "2+9%(1/3-4/3%107 (1/2) ) *(x-2/3-1/3%107(1/2))-1+107(1/2) )~ (1/2
))-1/20%(-8+107(1/2))*107(1/2)/ (1+107(1/2) )~ (1/2) *arctan(9/2*(-2/9-2/9%107(
1/2)+(1/3+4/3%107(1/2) ) *(x-2/3+1/3%107(1/2))) / (1+107(1/2))~(1/2) / (-18% (x-2/
3+1/3%107(1/2) ) ~2+9%(1/3+4/3%107(1/2) ) * (x-2/3+1/3%107(1/2) ) -1-10"(1/2)) ~(1/
2))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 361 vs.

2(99) = 198.
time = 0.51, size = 361, normalized size = 2.60

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*%x"2+4*x+2)/(-2*%x"2+3*x+1)~(1/2) ,x, algorithm="maxima")
[Out] -1/20%*sqrt(10)*(sqrt(10)*arcsin(8/17*sqrt(17)*sqrt(10)*x/abs(6*x + 2*sqrt(1

0) - 4) + 2/17*sqrt(17)*x/abs(6*x + 2*sqrt(10) - 4) - 6/17*sqrt(17)*sqrt (10
)/abs(6*x + 2xsqrt(10) - 4) + 24/17xsqrt(17)/abs(6*x + 2*sqrt(10) - 4))/sqr
t(sqrt(10) + 1) - sqrt(10)*log(-2/9*sqrt(10) + 2/3*sqrt(-2*x~2 + 3*x + 1)*s
qrt(sqrt(10) - 1)/abs(6*x - 2*sqrt(10) - 4) + 2/9%sqrt(10)/abs(6*x - 2*sqrt
(10) - 4) - 2/9/abs(6*x - 2*sqrt(10) - 4) + 1/18)/sqrt(sqrt(10) - 1) - 8+*ar
csin(8/17*sqrt (17) *sqrt (10) *x/abs (6*x + 2*sqrt(10) - 4) + 2/17*sqrt(17)*x/a
bs(6*x + 2*sqrt(10) - 4) - 6/17*sqrt(17)*sqrt(10)/abs(6*x + 2*sqrt(10) - 4)
+ 24/17*sqrt(17) /abs(6*x + 2*sqrt(10) - 4))/sqrt(sqrt(10) + 1) - 8xlog(-2/
9*sqrt (10) + 2/3*sqrt(-2*x~2 + 3*x + 1)*sqrt(sqrt(10) - 1)/abs(6*x - 2*sqrt
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(10) - 4) + 2/9*sqrt(10)/abs(6*x - 2*sqrt(10) - 4) - 2/9/abs(6*x - 2xsqrt(1
0) - 4) + 1/18)/sqrt(sqrt(10) - 1))
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 322 vs.

2(99) = 198.
time = 0.37, size = 322, normalized size = 2.32

S TJ P TR . e SN (1T 1VT2) VoVEVE 18 - tns-+ 18RRI - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4xx+2)/(-2*%x~2+3%x+1)~(1/2) ,x, algorithm="fricas")

[Out] 2/5*sqrt(5)*sqrt(5*sqrt(5)*sqrt(2) - 13)*arctan(1/18x(sqrt(2)*(2xsqrt(5)*x
- sqrt(2)*x)*sqrt (5*%sqrt (5) *sqrt (2) - 13)*sqrt((sqrt(5)*sqrt(2)*(3*x~2 + 2%

X) + 6%x72 - 2%(sqrt(5)*sqrt(2)*x + 2%x + 2)*sqrt(-2*%x"2 + 3xx + 1) + 10*x

+ 4)/x72) + 2x(sqrt(2)*(4xx - 1) + sqrt(B)*(x + 2) - sqrt(-2*x"2 + 3*x + 1)
*(2xsqrt(5) - sqrt(2)))*sqrt(5*sqrt(5)*sqrt(2) - 13))/x) - 1/10*sqrt(5)*sqr
t(5xsqrt (5)*sqrt(2) + 13)*log((9*sqrt(5)*sqrt(2)*x + (4*sqrt(5)*x - 7T*sqrt(

2) *x) *sqrt (5*sqrt (5) *sqrt(2) + 13) - 18%x + 18*sqrt(-2*x~2 + 3*x + 1) - 18)

/x) + 1/10*sqrt(5)*sqrt (5xsqrt(5)*sqrt(2) + 13)*1log((9*sqrt(5)*sqrt(2)*x -
(4xsqrt(5)*x - T*sqrt(2)*x)*sqrt(5xsqrt(5)*sqrt(2) + 13) - 18xx + 18*sqrt(-
2%x72 + 3*x + 1) - 18)/x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

T 2
- dz — d
/3ﬁszﬂ+3z+1 PV o v AP o v u/&HV—mﬂ+3z+1 PV o P RPN o v
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x**2+4*xx+2)/(-2%x**2+3*x+1) **(1/2) ,x)

[Out] -Integral (x/(3*x**2*sqrt(-2%x**2 + 3%x + 1) - 4*xx*sqrt(-2%x**2 + 3xx + 1) -
2%sqrt (-2*x**2 + 3*x + 1)), x) - Integral(2/(3*x**2*sqrt(-2*x**2 + 3*x + 1
) - 4xxxsqrt(-2kx**2 + 3kx + 1) - 2xsqrt(-2kx**2 + 3*kx + 1)), x)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(-2*%x"2+3*x+1)~(1/2) ,x, algorithm="giac")

[Out] Timed out
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
Tz+2

‘ dx
V=2224+3zx+1 (—322+4z+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 2)/((3*%x - 2*x"2 + 1)~ (1/2)*(4*x - 3*x"2 + 2)),x)
[Out] int((x + 2)/((3*x - 2%x”~2 + 1)~ (1/2)*(4*x - 3*x~2 + 2)), x)
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24x
3.26 f (2—|—4a:—3a:2) (1—|—3x—2x2)3/2 dz

Optimal. Leaf size=166

2(15 +14z) 9 [1 (3= ) + (14 4VI0 )2
i g3 (V) (2 11 VI0 VT2

<3+x/ﬁ>

(S

3

5

[Out] -2/17*%(15+14x%x)/(-2%x"2+3*x+1) ~(1/2)-9/10*arctan(1/2*(12-3*%107(1/2) +x* (1+4x*
107(1/2))) / (=2xx~2+3*x+1) " (1/2) / (1+107(1/2))~(1/2) ) *(-15+5%10~(1/2))~(1/2)+
9/10*arctanh (1/2* (x*(1-4%10"(1/2))+12+3%10°(1/2)) / (-2%x~2+3*x+1) ~(1/2) / (-1+
107(1/2))~(1/2) ) *(15+5%x10~(1/2))~(1/2)

Rubi [A]
time = 0.14, antiderivative size = 166, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.200,

steps used = 7, number of rules used = 6, integrand size = 30
Rules used = {1030, 12, 1046, 738, 210, 212}

(1—4\/ﬁ)z+3(4+\/ﬁ)>

(1+4\/ﬁ)m+3(4—\/ﬁ)> 2(14z + 15)
V10 —3) ArcTan
(VI -3) Arem ( 2\/VI0 —1 vVaF ¥ 3z 4 1

- 3410 tanh™
20/1+ V10 V222 + 3z + 1 17V =22 + 3z +1 ( ) (

NG
2V5

9 /1
“2Vs
Antiderivative was successfully verified.

[In] Int[(2 + x)/((2 + 4*%x - 3*x"2)*(1 + 3*x - 2*xx~2)~(3/2)),x]

[Out] (-2%(15 + 14%x))/(17*Sqrt[1 + 3*x - 2%x~2]) - (9*Sqrt[(-3 + Sqrt[10])/5]*Ar
cTan[(3*(4 - Sqrt[10]) + (1 + 4*Sqrt[10])*x)/(2*Sqrt[1 + Sqrt[10]]*Sqrt[1 +

3xx - 2%x72])]1)/2 + (9%Sqrt[(3 + Sqrt([10])/5]*ArcTanh[(3*%(4 + Sqrt[10]) +

(1 - 4%Sqrt[10])#*x)/(2%xSqrt[-1 + Sqrt[10]]1*Sqrt[1 + 3*x - 2*xx~2])])/2

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQla, 0] || LtQ[b, 01)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)



212

Rule 738

Int[1/(((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym

bol] :> Dist[-2, Subst[Int[1/(4*xc*xd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
*axe — bkd - (2xc*d - bke)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQl[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1030

Int[((g_.) + (h_)*(x_))*((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_)*((d_) + (e
_Ox(x) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*x + c*x72)"(p + 1)*
((d + exx + £xx72)"(q + 1)/((b72 - 4xa*xc)*((c*xd - a*f)~2 - (b*d - a*e)*(c*e
- bxf))*(p + 1)))*(gxcx(2xaxc*e - bx(cxd + a*f)) + (gxb - axh)*(2*c™2xd +
b~2%f - cx(bxe + 2%a*f)) + cx(gx(2*c™2xd + b~2*f - c*(bxe + 2*%axf)) - h*(bx
cxd - 2%axcke + axb*f))*x), x] + Dist[1/((b"2 - 4xaxc)*((ckd - a*f)~2 - (b*
d - axe)x(cxe - b*f))*(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + e*x + fx
x72)"q*Simp [(b*h - 2xgxc)*((c*d - a*f)~2 - (b*d - a*e)*(c*e - b*f))*(p + 1)
+ (b™2x(g*xf) - bx(h*cxd + gkcke + axhxf) + 2% (gxc*(cxd - axf) - ax((-h)*cx
e)))*x(axfx(p + 1) - cxdx(p + 2)) - ex((gxc)*(2*a*xcxe — b*(cxd + axf)) + (g*
b - axh)*(2xc”2*%d + b~2xf - cx(bkxe + 2xaxf)))*(p + q + 2) - (2*f*x((gxc)* (2%
axcxe — b*x(cxd + axf)) + (gxb - axh)*(2%c”™2*d + b~2+f - cx(bke + 2%a*f)))*(
pt+q+ 2) - (b™2xgxf - b*(h*c*d + gxcxe + axhxf) + 2x(gxcx(cxd - axf) - ax
((-h)*cxe)))*x(bxfx(p + 1) - cxex(2xp + q + 4)))*x - c*xf*(b"2*(g*xf) - b*(h*c
*d + gkcke + axh*xf) + 2x(gkck(cxd - axf) + axhxcke))*(2%p + 2xq + 5)*x"2, x
1, x1, x1 /; FreeQ[{a, b, c, d, e, f, g, h, g}, x] && NeQ[b~2 - 4*axc, 0] &
& NeQ[e™2 - 4xdxf, 0] && LtQ[p, -1] && NeQ[(c*d - a*f)~2 - (b*d - a*e)*(c*e
- b*f), 0] & !'( !'IntegerQ[p] && ILtQlq, -11)

Rule 1046

Int[((g_.) + (h_.)*(x_))/(((a ) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dis
t[(2%cxg - h*(b - q))/q, Int[1/((b - q + 2*c*x)*Sqrt[d + e*xx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*cxx)*Sqrt[d + e*x + f*xx
~21), x1, x]11 /; FreeQ[{a, b, c, d, e, £, g, h}, x] && NeQ[b~2 - 4*axc, 0]
&& NeQl[e™2 - 4xdxf, 0] && PosQ[b~2 - 4*axc]

Rubi steps
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/ 2+z dp — — 2(15 + 14x) +£/ 153z p
(2 + 4z — 322) (1 + 3z — 222)%/? 17V1+ 3z — 222 17) 2(2+ 4z — 322) V1 + 3z — 222
2(15 + 14
_ (15 + 14x) +9/ T i
17v1 + 3z — 222 (2 + 4z — 32%) V1 + 3z — 222
2(15 + 14 1 1
_ 205+ lo) +—(9(5—\/10>)/
17V1+ 3z — 222 b (4 —2v10 — 6x> ~

:_17% —é<18<5—\/ﬁ>>8ubst /—144+72 (

‘ 3(4 - V10
et ) e (U
17V1 + 3z — 2z 2m

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.32, size = 137, normalized size = 0.83

3log(z) — 3log (71 +V1+3z—22% — x#l) — 2log(z)#1 + 2log (71 +V1+3z—22% — m#l) #1
&

2(15 + 14z)
5 4+ 441 — 641% 4 241° ~

T1Vit3z- 222

+ gRootSum 5+ 2041 + 8#1% — 8#1° 4 2#1%&,

Antiderivative was successfully verified.

[In] Integratel[(2 + x)/((2 + 4*x - 3*x"2)*(1 + 3*x - 2*x~2)~(3/2)),x]

[Out] (-2%(15 + 14xx))/(17*Sqrt[1 + 3*x - 2*x~2]) + (9*RootSum[5 + 20*#1 + 8*#172
- 8x#17°3 + 2x#174 & , (3*Logl[x] - 3*Log[-1 + Sqrt[1l + 3*x - 2xx"2] - x*#1]

- 2+¢Log[x]*#1 + 2+Log[-1 + Sqrt[1 + 3xx - 2xx72] - x*#1]*#1)/(5 + 4*#1 - 6

*#172 + 2%#1°3) & 1)/2

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 454 vs.
2(118) = 236.
time = 0.57, size = 455, normalized size = 2.74 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+2)/(-3*x"2+4*xx+2)/(-2*xx~2+3*x+1)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] -1/20%(8+107(1/2))*10~(1/2)*(1/3/(-1/9+1/9%107(1/2))/ (-2*(x-2/3-1/3%10"(1/2
))"2+(1/3-4/3%107(1/2) ) *(x-2/3-1/3%107(1/2) )-1/9+1/9%107(1/2) ) ~(1/2)-1/3*(1
/3-4/3%107(1/2))/ (-1/9+1/9%107 (1/2) ) * (-4*x+3) / (8/9-8/9%107(1/2) - (1/3-4/3%10
~(1/2))°2)/ (-2%(x-2/3-1/3%10"(1/2) ) ~2+(1/3-4/3%107(1/2) ) *(x-2/3-1/3%10"(1/2
))-1/9+1/9%107(1/2))~(1/2)-1/(-1/9+1/9%10~(1/2)) /(-1+107~(1/2) )~ (1/2) *arctan
h(9/2%(-2/9+2/9%10~(1/2)+(1/3-4/3%10"(1/2) ) *(x-2/3-1/3%10"(1/2)) )/ (-1+10~ (1
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/2))°(1/2)/ (-18*(x-2/3-1/3%10"(1/2) ) "2+9*(1/3-4/3%10"(1/2) ) * (x-2/3-1/3%10"(
1/2))-1+10"(1/2))~(1/2)))-1/20%(-8+10~(1/2))*10~(1/2)*(1/3/(-1/9-1/9%10~(1/
2))/(-2%(x-2/3+1/3%107(1/2) ) ~2+(1/3+4/3%107(1/2) ) *(x-2/3+1/3*10"(1/2) )-1/9-
1/9%107(1/2))~(1/2)-1/3*(1/3+4/3%10"(1/2)) / (-1/9-1/9%10~(1/2) ) * (-4*x+3) / (8/
9+8/9%10°(1/2)-(1/3+4/3*107(1/2))"2) / (-2*% (x-2/3+1/3*107(1/2) ) ~2+(1/3+4/3*10
~(1/2)) *(x-2/3+1/3%10~(1/2))-1/9-1/9%10~(1/2))~(1/2)+1/(-1/9-1/9%10~(1/2) )/
(1+107(1/2))~(1/2) *arctan(9/2x(-2/9-2/9*107 (1/2) +(1/3+4/3%10~(1/2) ) * (x-2/3+
1/3%107(1/2)))/(1+10°(1/2))~(1/2) / (-18% (x-2/3+1/3%107(1/2) ) "2+9* (1/3+4/3%10
~(1/2))*(x-2/3+1/3%10~(1/2))-1-10"(1/2))~(1/2)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 678 vs.
2(118) = 236.
time = 0.52, size = 678, normalized size = 4.08

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4xx+2)/(-2*%x"2+3*x+1)~(3/2) ,x, algorithm="maxima")

[Out] 1/340%*sqrt(10)*(124*sqrt(10)*x/(sqrt(10)*sqrt(-2*%x"2 + 3*x + 1) + sqrt(-2*x
"2 + 3%x + 1)) - 124*sqrt(10)*x/(sqrt(10)*sqrt(-2*x~2 + 3*x + 1) - sqrt(-2x%
X"2 + 3%x + 1)) + 153*sqrt(10)*arcsin(8/17*sqrt(17)*sqrt(10)*x/abs(6*x + 2%
sqrt(10) - 4) + 2/17*xsqrt(17)*x/abs(6*x + 2*sqrt(10) - 4) - 6/17*sqrt(17)*s
qrt (10) /abs(6*x + 2*sqrt(10) - 4) + 24/17*sqrt(17)/abs(6*x + 2*sqrt(10) - 4
))/(sqrt(10)*sqrt(sqrt(10) + 1) + sqrt(sqrt(10) + 1)) - 128%x/(sqrt(10)*sqr
t(-2%x"2 + 3%x + 1) + sqrt(-2*x"2 + 3*x + 1)) - 128*x/(sqrt(10)*sqrt(-2*x~2
+ 3xx + 1) - sqrt(-2*x"2 + 3*%x + 1)) - 1224*arcsin(8/17*sqrt(17)*sqrt(10)*
x/abs(6*x + 2*sqrt(10) - 4) + 2/17*sqrt(17)*x/abs(6*x + 2*sqrt(10) - 4) - 6
/17xsqrt (17) *sqrt (10) /abs(6*x + 2*sqrt(10) - 4) + 24/17*sqrt(17)/abs(6*x +
2xsqrt (10) - 4))/(sqrt(10)*sqrt(sqrt(10) + 1) + sqrt(sqrt(10) + 1)) + 153%*s
qrt (10) *1log(-2/9*sqrt (10) + 2/3*sqrt(-2#x"2 + 3xx + 1)*sqrt(sqrt(10) - 1)/a
bs(6*x - 2*sqrt(10) - 4) + 2/9%sqrt(10)/abs(6*x - 2*sqrt(10) - 4) - 2/9/abs
(6%x - 2xsqrt(10) - 4) + 1/18)/(sqrt(10) - 1)7(3/2) - 42xsqrt(10)/(sqrt(10)
*xsqrt (-2*x72 + 3*x + 1) + sqrt(-2#x"2 + 3*x + 1)) + 42*sqrt(10)/(sqrt(10)*s
qrt(-2*x"2 + 3*x + 1) - sqrt(-2*x"2 + 3*x + 1)) + 1224x1log(-2/9*sqrt(10) +
2/3xsqrt (-2*x~2 + 3*x + 1)*sqrt(sqrt(10) - 1)/abs(6*x - 2xsqrt(10) - 4) + 2
/9*sqrt (10) /abs(6*%x - 2*sqrt(10) - 4) - 2/9/abs(6*x - 2*sqrt(10) - 4) + 1/1
8)/(sqrt(10) - 1)7(3/2) - 312/(sqrt(10)*sqrt(-2*x~2 + 3*x + 1) + sqrt(-2*x~
2 + 3*%x + 1)) - 312/(sqrt(10) *sqrt(-2*x"2 + 3*x + 1) - sqrt(-2*x"2 + 3*x +
1))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 344 vs.
2(118) = 236.
time = 0.40, size = 344, normalized size = 2.07
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*%x"2+4*x+2)/(-2*%x"2+3*x+1)~(3/2) ,x, algorithm="fricas")

[Out] -1/170%(612*sqrt(5)*(2*xx~2 - 3*x - 1)*sqrt(sqrt(10) - 3)*arctan(1/10*(sqrt(
10) *sqrt (5) *sqrt (2) *x*sqrt (sqrt (10) - 3)*sqrt ((6*x~2 + sqrt(10)*(3*x~2 + 2%
X) - 2xsqrt(-2*x"2 + 3*x + 1)*(sqrt(10)*x + 2xx + 2) + 10*x + 4)/x72) + 2%(
sqrt (10)*sqrt(5)*(x + 1) - sqrt(10)*sqrt(5)*sqrt(-2*x~2 + 3*x + 1) + b*sqrt
(5)*x)*sqrt (sqrt (10) - 3))/x) + 153*sqrt(5)*(2*%x~2 - 3*x - 1)*sqrt(sqrt(10)
+ 3)*1log(9*(5xsqrt (10)*x + (3*sqrt(10)*sqrt(5)*x - 10*sqrt(5)*x)*sqrt(sqrt
(10) + 3) - 10*x + 10*sqrt(-2*x~2 + 3*x + 1) - 10)/x) - 153*sqrt(5)*(2*x~2
- 3*x - 1)*sqrt(sqrt(10) + 3)*log(9*(5*sqrt(10)*x - (3*sqrt(10)*sqrt(5)*x -
10*sqrt (5) *x) *sqrt (sqrt (10) + 3) - 10*x + 10*sqrt(-2*x~2 + 3*x + 1) - 10)/
X) + 600%x72 - 20*sqrt(-2*x"2 + 3*x + 1)*(14xx + 15) - 900*x - 300)/(2*x~2
- 3*%x - 1)
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

T 2
- .
./—61‘ =222 +3z+1 + 1723V -2 + 3z + 1 — 522V 222 + 3+ 1 — 102V 222 + 3z +1 —2V-222 + 3z + 1 J =62tV 202 + 3z +1 + 1723V =222 + 3z + 1 — 522V 222 + 3z +1 — 102V 222+ 3z +1 —2vV-222 + 3z +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x**2+4*x+2) /(-2*x**2+3*x+1) **(3/2) ,x)

[Out] -Integral(x/(-6*x**4*xsqrt(-2*x**2 + 3*kx + 1) + 17*x**3xsqrt(-2%xx**2 + 3*x +
1) - B*x**2xsqrt (-2%x**2 + 3%x + 1) - 10*x*sqrt(-2*x**2 + 3*%x + 1) - 2%sqr
t(-2%x**%2 + 3*%x + 1)), x) - Integral(2/(-6*xx**4*sqrt(-2*x**2 + 3*x + 1) + 1
Txxx*k3ksqrt (-2*x**2 + 3kx + 1) - B*x*x2*sqrt(-2xx**2 + 3%x + 1) - 10*x*sqrt
(—2%x**2 + 3xx + 1) - 2*sqrt(-2*x**2 + 3*x + 1)), x)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*%x"2+4*x+2)/(-2*%x"2+3*x+1)~(3/2) ,x, algorithm="giac")
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

T+2
372 dx
(=222 4+3x+1)"7° (-322+ 42+ 2)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 2)/((3*x - 2*x"2 + 1)7(3/2)*(4*xx - 3*x~2 + 2)),x)
[Out] int((x + 2)/((3*x - 2%x"2 + 1)7(3/2)*(4*xx - 3*x~2 + 2)), x)
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24x
3.27 f (2—|—4a:—3a:2) (1—|—3x—2x2)5/2 dz

Optimal. Leaf size=193

2(15 + 14 2(291 + 4814 1 ‘ 3(4—+v10 )+ (1+4v10

_ (15 x)z 72 (29 8 x)2 +g\/— (—53+17\/ﬁ> tan™! < ) < ‘
_ _

51 (1 + 3z — 222) 867V1+ 3z — 2z o1+ VIO ViT3e =2

5
[Out] -2/51%(15+14x%x)/(-2%x~2+3*x+1) ~(3/2)-2/867+(291+4814%*x) / (-2*xx~2+3*x+1) ~(1/2
)+9/10*arctan(1/2% (12-3%10~(1/2) +x* (1+4%x10~(1/2))) / (-2%x~2+3*x+1) ~(1/2) / (1+
107(1/2))~(1/2)) % (-265+85%10~(1/2) )~ (1/2)+9/10%arctanh (1/2* (x* (1-4%x10~(1/2)
)+12+3%107(1/2) ) / (-2*x~2+3*x+1) ~(1/2) / (-1+107(1/2) ) ~(1/2) ) * (265+85*10~ (1/2)
)~(1/2)
Rubi [A]
time = 0.17, antiderivative size = 193, normalized size of antiderivative = 1.00, number of

number of rules _ (90
’ integrand size ’

steps used = 7, number of rules used = 6, integrand size = 30
Rules used = {1030, 1074, 1046, 738, 210, 212}

144V10 ) 2 +3(4— V10 1-4V10') 2 +3(4+ VIO
g %(17\/10 -53) ArcTan(( ) ( )) - 2(1?4“+ 19) - 2\(/4814f+2gl) +g % (53+17v10) tanh™! <( ) ( )
2014V vz 3T T /) S +3e )Y 867V=2aR 4 3a 41 2/VI0 —1 vV Z T 3T 1

Antiderivative was successfully verified.

[In] Int[(2 + x)/((2 + 4*x - 3*x"2)*(1 + 3xx - 2*x~2)~(5/2)),x]

[Out] (-2%(15 + 14xx))/(51%(1 + 3*x - 2*x~2)7(3/2)) - (2%(291 + 4814%*x))/(867*Sqr

t[1 + 3*x - 2xx72]) + (9*Sqrt[(-53 + 17*Sqrt[10])/5]*ArcTan[(3*x(4 - Sqrt[10

1) + (1 + 4*Sqrt[10])*x)/(2*Sqrt[1 + Sqrt[10]]1*Sqrt[1 + 3*x - 2*%x~2])]1)/2 +
(9*Sqrt [(53 + 17xSqrt[10])/5]*ArcTanh[(3*(4 + Sqrt[10]) + (1 - 4xSqrt[10])
*xx) /(2%Sqrt [-1 + Sqrt[10]]*Sqrt[1 + 3*x - 2*xx~2])])/2

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(

-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &

& (LtQ[a, 0] || LtQ[b, 01)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 1030

Int [((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (e
_Ox(x)) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*x + c*x72)"(p + 1)*
((d + exx + £xx72)7(q + 1)/((07"2 - 4xa*c)*((c*d - axf)~2 - (bxd - a*e)*(cxe
- bxf))*(p + 1)))*(gxcx(2xaxcxe — bx(ckd + axf)) + (g*b - axh)*(2*c™2xd +
b~2+f - cx(bxe + 2%a*f)) + cx(gx(2xc™2xd + b~2*f - c*(bxe + 2*xaxf)) - h*(b*
cxd - 2%axckxe + axbxf))*x), x] + Dist[1/((b"2 - 4*xaxc)*((cxd - a*xf)"2 - (bx*
d - axe)x(cxe - b*xf))*x(p + 1)), Int[(a + b*x + c*xx"2) " (p + 1)*x(d + exx + fx
x72)"g*Simp [(b*h - 2*g*c)*((c*kd - a*xf)~2 - (bxd - a*xe)*(cxe — b*f))*x(p + 1)
+ (b"2x(g*f) - bx(h*ckd + gxck*e + axhxf) + 2%(gxcx(cxd - a*xf) - ax((-h)*c*
e)))*(axf*x(p + 1) - cxdx(p + 2)) - ex((gxc)*(2*axcxe — b*(cxd + axf)) + (gx
b - a*h)*(2xc™2*%d + b~ 2+f - cx(b*xe + 2xaxf)))*(p + q + 2) - (2*f*((gxc)* (2%
axcxe — bx(cxd + axf)) + (gxb - axh)*(2%c”2*d + b~2*f - cx(bke + 2¥a*xf)))*(
pt+q+ 2) - (b™2xgxf - b*(h*c*d + gxcxe + axh*f) + 2x(gkcx(cxd - axf) - ax
((-h)*cxe)))*x(bxfx(p + 1) - cxex(2xp + q + 4)))*x - c*xf*(b"2*(g*xf) - b*(hx*c
xd + gkcke + axh*f) + 2x(g*ck(c*d - axf) + axhxc*e))*(2*p + 2xq + 5)*x72, x
1, x]1, x] /; FreeQ[{a, b, c, d, e, f, g, h, q}, x] && NeQ[b~2 - 4*axc, 0] &
& NeQ[e™2 - 4xdxf, 0] && LtQ[p, -1] && NeQ[(c*d - a*f)~2 - (b*d - axe)*(c*e
- bxf), 0] && !'( !'IntegerQ[p] && ILtQlq, -11)

Rule 1046

Int[((g_.) + (h_)*(x_))/(((a)) + (b_)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_.)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4*a*c, 2]}, Dis
t[(2*%c*g - h*x(b - q))/q, Int[1/((b - q + 2xcxx)*Sqrt[d + exx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*c*xx)*Sqrt[d + e*x + f*x
~21), x1, x1] /; FreeQ[{a, b, c, d, e, £, g, h}, x] && NeQ[b~2 - 4*a*c, 0]
&& NeQ[e™2 - 4xd*xf, 0] && PosQ[b~2 - 4xaxc]

Rule 1074

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(p_)*((A_.) + (B_.)*(x_) + (C_.)*(x_
)72)x((d) + (e_)*(x_) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*x +
cxx”2) " (p + D*((d + exx + £*x72)"(q + 1)/((b72 - 4xaxc)*((c*xd - axf)~2 - (
bxd - axe)*(c*xe - bxf))*(p + 1)))*((A*c - axC)*(2kaxcxe — bx(c*d + axf)) +
(Axb - a*B)*(2*c”2*d + b~2*f - c*x(bxe + 2%a*xf)) + ckx(A*(2*xc™2*d + b™2xf - ¢
*(bxe + 2%axf)) - Bk(b*cxd - 2*a*c*xe + axb*f) + Cx(b"2*%d - axbxe - 2*ax(c*d
- axf)))*x), x] + Dist[1/((b"2 - 4*a*xc)*((cxd - a*xf)~2 - (b*d - axe)*(c*e
- bxf))*(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + exx + f*x~2) g*Simp[(b
*B — 2xAxc - 2*xaxC)*((c*d - a*xf)~2 - (b*xd - a*xe)*(cxe — bxf))x(p + 1) + (b
2% (Cxd + A*f) - bx(Bkc*d + Axckxe + a*Cxe + a*B*f) + 2x(A*xc*(cxd - a*f) - ax
(cxCxd - Bxcxe — a*Cxf)))*(a*xfx(p + 1) - cxdx(p + 2)) - ex((Axc - a*C)*(2xa
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xcxe — bk(ckd + axf)) + (A*b - axB)*(2*%c™2xd + b~2*f - cx(bxe + 2*axf)))*(p

+ g + 2) - (2xfx((A*c - axC)*(2*axcxe — b*(c*xd + axf)) + (Axb - a*B)*(2xc”
2%d + b"2*%f - ck(bxe + 2xaxf)))*(p + q + 2) - (b™2%(Cxd + Axf) - b*(Bxcxd +
Axckxe + axCxe + axBxf) + 2% (A*cx(cxd - axf) - ax(cxCkd - Bkcxe - axCxf)))x*
(b*xfx(p + 1) - cxe*x(2*%p + q + 4)))*x - cxfx(b"2%x(Ckxd + Axf) - bx(Bxcxd + A*
cke + axCxe + a*Bxf) + 2k (Axcx(cxd - a*f) - a*x(c*Cxd - Bxckxe - a*Cxf)))*(2%
p + 2%xq + 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, q}, x] &&
NeQ[b~2 - 4*a*xc, 0] && NeQl[e~2 - 4*d*f, 0] && LtQ[p, -1] && NeQ[(c*d - axf
)"2 - (bxd - axe)*(c*e - bxf), 0] & !'( !'IntegerQ[p] &% ILtQ[q, -11) && !
I1GtQ[q, 0]

Rubi steps

2+ o 2(15 + 14z) —56 4 235 4 8477 J

(2 + 4z — 322) (1 + 3z — 222)°/* 51 (1 + 3z — 222) 72 " (2 + 4z — 322) (1 + 3z — 222)%
_ 2(15+14z)  2(291 +4814x) L4 / U

51(1+ 3z —222)*%  867V1+3x—222 867 (2+4z—

2(15 4 14z 2(291 + 4814z
_ ( ) S ( ) (27<5 2V,—ﬂ
51 (14 3z — 222) 8671 + 3z — 22

2(15 + 14 2(201 + 4814 1 \
_ A le) 2091+ 4814) — +(54(5 210
51(1+3z — 2227  867V1+ 3z — 222 b

__ 2(5+1dr)  2201+48l4z) 9 1(_53“%
2V'5

51 (14 3z — 222)*%  867v1+ 3z — 212

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 0.46, size = 183, normalized size = 0.95

2(546 + 5925z + 138602% — 96282%) 9,

—13log(x) + 1310y g( 1+VIit80 227 — #1) + 6log(z)#1 — 6 log g( 14+ Vit8z-22 71#1) #1— 2log(x)#12 + 2log (71+ Vitsz -2z 71#1) #12
&
867 (1 + 3z — 222)*/% 2

5 2 gup 4
54+ 2041 + 8417 — 84#1° + 241, R

Antiderivative was successfully verified.

[In] Integratel[(2 + x)/((2 + 4*x - 3*x~2)*(1 + 3*x - 2*x~2)~(5/2)),x]

[Out] (-2%(546 + 5925%x + 13860*x~2 - 9628*x73))/(867*(1 + 3xx - 2%x~2)7(3/2)) -
(9%RootSum[5 + 20*#1 + 8x#172 - 8*#173 + 2*x#1°4 & , (-13xLog[x] + 13xLog[-1

+ Sqrt[1 + 3xx - 2%xx72] - x*#1] + 6*Log[x]*#1 - 6*Logl[-1 + Sqrt[1 + 3*x -
2xx72] - xx#1]*#1 - 2*xLog[x]*#1°2 + 2xLog[-1 + Sqrt[1l + 3*x - 2*x72] - x*#1
1x#172) /(5 + 4*#1 - 6*#172 + 2x#173) & 1)/2
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 867 vs.
2(137) = 274.
time = 0.61, size = 868, normalized size = 4.50

method | result

867(222—3z—1)>

default | Expression too large to display

922 ‘
trager 2(9628z3_13860x2—5925z—546)\/ 2r° +3zx+1 18 RootOf (6400_24 _ 8480 72 — 81) In <

—210,

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+2)/(-3*x"2+4*x+2)/(-2*x"2+3*x+1) ~(5/2) ,x ,method=_RETURNVERBOSE)

[Out] -1/20%(8+107(1/2))*10~(1/2)*(1/9/(-1/9+1/9%107(1/2))/(-2*(x-2/3-1/3%10"(1/2

))"2+(1/3-4/3%10"(1/2) ) *(x-2/3-1/3%10"(1/2))-1/9+1/9%10"(1/2))~(3/2)-1/6%* (1
/3-4/3%10"(1/2))/(-1/9+1/9%10~(1/2) ) *(2/3* (-4*x+3) / (8/9-8/9%10~ (1/2)-(1/3-4
/3%107(1/2))"2)/ (-2*(x-2/3-1/3*10"(1/2) ) ~2+(1/3-4/3*10"(1/2) ) *(x-2/3-1/3*10
~(1/2))-1/9+1/9%10~(1/2))~(3/2)-32/3/(8/9-8/9%10~(1/2)-(1/3-4/3%10"(1/2)) "2
) "2x (—4xx+3) /(2% (x-2/3-1/3%107(1/2)) ~2+(1/3-4/3%10" (1/2) ) *(x-2/3-1/3*%10" (1
/2))-1/9+1/9%10~(1/2))~(1/2))+1/3/(-1/9+1/9%10~(1/2) )*x(1/(-1/9+1/9%10"(1/2)
)/ (-2%(x-2/3-1/3%10"(1/2))"2+(1/3-4/3%10"(1/2) ) *(x-2/3-1/3*10"(1/2) )-1/9+1/
9%107(1/2))~(1/2)-(1/3-4/3%x10"(1/2))/ (-1/9+1/9%10~(1/2) ) * (-4*x+3) / (8/9-8/9%
10°(1/2)-(1/3-4/3%10"(1/2))"2) / (-2%(x-2/3-1/3*%10"(1/2) ) ~2+(1/3-4/3%10"(1/2)
)*(x-2/3-1/3*10"(1/2))-1/9+1/9%10~(1/2))~(1/2)-3/(-1/9+1/9%10" (1/2) ) / (-1+10
~(1/2))~(1/2)*arctanh (9/2%(-2/9+2/9%10~(1/2)+(1/3-4/3%10~(1/2) ) * (x-2/3-1/3%
107(1/2)))/(-1+10"(1/2))~(1/2) / (-18*(x-2/3-1/3*10"(1/2) ) ~2+9*(1/3-4/3*10" (1
/2))*(x-2/3-1/3%107(1/2))-1+10"(1/2))~(1/2))))-1/20%(-8+107(1/2) ) *10~(1/2) *
(1/9/(-1/9-1/9%10"(1/2)) / (-2% (x-2/3+1/3*107 (1/2) ) "2+ (1/3+4/3%107(1/2) ) * (x-2
/3+1/3%10°(1/2))-1/9-1/9%10~(1/2))~(3/2)-1/6*%(1/3+4/3*x10~(1/2))/(-1/9-1/9%1
07(1/2))*(2/3*(-4xx+3) / (8/9+8/9%10~(1/2)-(1/3+4/3%x107(1/2))~2) / (-2* (x-2/3+1
/3%107(1/2))"2+(1/3+4/3%107(1/2) ) * (x-2/3+1/3*%10"(1/2))-1/9-1/9%10"(1/2) )~ (3
/2)-32/3/(8/9+8/9%107(1/2)-(1/3+4/3%107(1/2)) ~2) ~2* (-4*x+3) / (-2* (x-2/3+1/3*
107(1/2))"2+(1/3+4/3*x10°(1/2) ) *(x-2/3+1/3%10°(1/2))-1/9-1/9%10~(1/2) )~ (1/2)
)+1/3/(-1/9-1/9%10"(1/2))*(1/(-1/9-1/9%10"(1/2) ) / (-2% (x-2/3+1/3*10~(1/2) ) ~2
+(1/3+4/3%107(1/2) ) *(x-2/3+1/3%107(1/2))-1/9-1/9%107(1/2) )~ (1/2)-(1/3+4/3%1
07(1/2))/(-1/9-1/9%10"(1/2) ) * (-4*x+3) / (8/9+8/9%10~(1/2)-(1/3+4/3%10~(1/2) )~
2)/(-2x(x-2/3+1/3*x107(1/2))"2+(1/3+4/3%10"(1/2) ) * (x-2/3+1/3%10"(1/2) ) -1/9-1
/9%107(1/2))~(1/2)+3/(-1/9-1/9%10~(1/2)) / (1+10~(1/2) )~ (1/2) *arctan(9/2* (-2/
9-2/9%10"(1/2)+(1/3+4/3%10"(1/2) ) *(x-2/3+1/3*x10°(1/2)))/(1+10"(1/2))~(1/2)/
(-18*(x-2/3+1/3%10"(1/2)) ~2+9*(1/3+4/3%10~(1/2) ) *(x-2/3+1/3*10°(1/2) )-1-10"
(1/2))°(1/2))))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 1276 vs.

2(137) = 274.
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time = 0.56, size = 1276, normalized size = 6.61

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(-2*%x"2+3*x+1)~(5/2) ,x, algorithm="maxima")

[Out] 1/17340%*sqrt(10)*(2108*sqrt(10)*x/(sqrt(10)*(-2*xx~2 + 3*x + 1)7(3/2) + (-2%
X"2 + 3xx + 1)7(3/2)) - 2108+*sqrt (10)*x/(sqrt(10)*(-2*x~2 + 3*x + 1)~(3/2)
- (-2%x72 + 3*x + 1)7(3/2)) - 56916*sqrt (10)*x/(2*sqrt (10) *sqrt (-2*x~2 + 3%
x + 1) + 11xsqrt(-2*x"2 + 3*x + 1)) + 56916*sqrt(10)*x/(2*sqrt (10)*sqrt (-2x*
X"2 + 3%x + 1) - 11*ksqrt(-2#%x"2 + 3*x + 1)) + 1984xsqrt(10)*x/(sqrt(10)*sqr
t(-2%x"2 + 3%x + 1) + sqrt(-2*x"2 + 3*x + 1)) - 1984xsqrt(10)*x/(sqrt(10)*s
qrt(-2*x72 + 3xx + 1) - sqrt(-2*x"2 + 3%x + 1)) - 70227+*sqrt(10)*arcsin(8/1
7xsqrt (17) *sqrt (10) *x/abs(6*x + 2*sqrt(10) - 4) + 2/17xsqrt(17)*x/abs(6*x +
2xsqrt (10) - 4) - 6/17xsqrt(17)*sqrt(10)/abs(6*x + 2*sqrt(10) - 4) + 24/17
*sqrt (17) /abs (6*x + 2*sqrt(10) - 4))/(2xsqrt(10)*sqrt(sqrt(10) + 1) + 11x*sq
rt(sqrt(10) + 1)) - 2176%x/(sqrt(10)*(-2*xx"2 + 3*x + 1)7(3/2) + (-2*xx"2 + 3
*x + 1)7(3/2)) - 2176*x/(sqrt(10)*(-2*x~2 + 3*x + 1)7(3/2) - (-2*x"2 + 3%*x
+ 1)7(3/2)) + 58752xx/(2*sqrt(10)*sqrt(-2*%x"2 + 3*x + 1) + 1l*sqrt(-2*x"2 +
3xx + 1)) + 58752%x/(2*sqrt(10)*sqrt(-2*%x~2 + 3*x + 1) - 1l*sqrt(-2*x~2 +
3xx + 1)) - 2048*x/(sqrt(10)*sqrt(-2*x~2 + 3*x + 1) + sqrt(-2*%x"2 + 3*x + 1
)) - 2048xx/(sqrt(10)*sqrt(-2*x~2 + 3*x + 1) - sqrt(-2*x"2 + 3*x + 1)) + 56
1816*arcsin(8/17*sqrt (17) *sqrt (10) *x/abs (6*%x + 2xsqrt(10) - 4) + 2/17*sqrt(
17)*x/abs(6*x + 2*sqrt(10) - 4) - 6/17*sqrt(17)*sqrt(10)/abs(6*x + 2*sqrt(1
0) - 4) + 24/17*sqrt(17)/abs(6*x + 2*sqrt(10) - 4))/(2*sqrt(10)*sqrt(sqrt(1
0) + 1) + 11xsqrt(sqrt(10) + 1)) - 714*sqrt(10)/(sqrt(10)*(-2%x"2 + 3*x + 1
)7(3/2) + (-2%x72 + 3*x + 1)7(3/2)) + T14xsqrt(10)/(sqrt(10)*(-2*x~2 + 3x*x
+ 1)7(3/2) - (-2*x~2 + 3*x + 1)7(3/2)) + 19278*sqrt(10)/(2*sqrt(10)*sqrt (-2
*x72 + 3*x + 1) + 11xsqrt(-2*x"2 + 3*x + 1)) - 19278*sqrt(10)/(2*sqrt(10)*s
qrt(-2*x72 + 3xx + 1) - 1lxsqrt(-2*x"2 + 3*x + 1)) - 1488xsqrt(10)/(sqrt(10
Yxsqrt (-2%x72 + 3%x + 1) + sqrt(-2*x"2 + 3%x + 1)) + 1488*sqrt(10)/(sqrt (10
)*sqrt (-2*xx"2 + 3*%x + 1) - sqrt(-2*x~2 + 3*x + 1)) - 5304/ (sqrt(10)*(-2*x"2
+ 3xx + 1)7(3/2) + (-2%x72 + 3xx + 1)7(3/2)) - 5304/ (sqrt(10)*(-2*x~2 + 3%
x + 1)7(3/2) - (-2%x72 + 3xx + 1)7(3/2)) + 143208/ (2*sqrt(10)*sqrt(-2*x~2 +
3kx + 1) + 11*sqrt(-2*x~2 + 3*x + 1)) + 143208/ (2*sqrt (10)*sqrt (-2*x~2 + 3
*x + 1) - 11*ksqrt(-2*x"2 + 3*x + 1)) + 1536/ (sqrt(10)*sqrt(-2*x~2 + 3xx + 1
) + sqrt(-2%x"2 + 3xx + 1)) + 1536/ (sqrt(10)*sqrt(-2*x~2 + 3*x + 1) - sqrt(
-2%x72 + 3xx + 1)) + 70227*sqrt(10)*log(-2/9*sqrt(10) + 2/3*sqrt(-2*x~2 + 3
*x + 1)*sqrt(sqrt(10) - 1)/abs(6*x - 2*sqrt(10) - 4) + 2/9%sqrt(10)/abs(6*x
- 2xsqrt(10) - 4) - 2/9/abs(6*x - 2*sqrt(10) - 4) + 1/18)/(sqrt(10) - 1)~ (
5/2) + 561816%log(-2/9*sqrt(10) + 2/3*sqrt(-2*x~2 + 3*x + 1)*sqrt(sqrt(10)
- 1)/abs(6*x - 2*sqrt(10) - 4) + 2/9%sqrt(10)/abs(6*x - 2*sqrt(10) - 4) - 2
/9/abs(6%x - 2%sqrt(10) - 4) + 1/18)/(sqrt(10) - 1)7(5/2))
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 439 vs.
2(137) = 274.
time = 0.43, size = 439, normalized size = 2.27

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*%x"2+4*x+2)/(-2*%x"2+3*x+1)~(5/2) ,x, algorithm="fricas")
[Out] -1/8670%(43680%x"4 - 131040*x~3 - 31212*sqrt(5)*(4*x"4 - 12*x~3 + 5*x"2 + 6

*x + 1)*sqrt(17*sqrt(10) - 53)*arctan(1/90*(sqrt(2)*(sqrt(10)*sqrt(5)*x + 1
0*sqrt (5) *x) *sqrt (17*sqrt (10) - 53)*sqrt((6*x~2 + sqrt(10)*(3*x~2 + 2%x) -
2xsqrt (-2*%x72 + 3*x + 1)*(sqrt(10)*x + 2*x + 2) + 10*x + 4)/x72) + 2*(sqrt(
10) *sqrt (B) *(6*x + 1) - sqrt(-2*x"2 + 3*x + 1)*(sqrt(10)*sqrt(5) + 10*sqrt(
5)) + 5*sqrt(5)*(3*x + 2))*sqrt(17*sqrt(10) - 53))/x) - 7803*sqrt(5)*(4*xx~4
- 12%x73 + 5%x72 + 6%x + 1)*sqrt(17*sqrt(10) + 53)*log(9*(45*sqrt(10)*x +

(13*sqrt (10) *sqrt (56) *x - 40*sqrt(5)*x)*sqrt (17*sqrt(10) + 53) - 90*x + 90%s
qrt(-2*x~2 + 3*x + 1) - 90)/x) + 7803*sqrt(5)*(4*x~4 - 12*x~3 + 5*x™2 + 6%*x
+ 1)*sqrt(17*sqrt (10) + 53)*1log(9*(45*sqrt(10)*x - (13*sqrt(10)*sqrt(5)*x

- 40*sqrt(5) *x) *sqrt (17*sqrt (10) + 53) - 90*x + 90*sqrt(-2*x~2 + 3*x + 1) -
90)/x) + 54600%x~2 - 20%(9628%x~3 - 13860%x~2 - 5925*%x - 546)*sqrt(-2*x"2

+ 3%x + 1) + 65520%x + 10920)/(4*x"4 - 12%x~3 + 5*x"2 + 6%x + 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x**2+4*x+2) / (-2*x**2+3*x+1) **(5/2) ,x)

[Out] -Integral(x/(12*x**6*sqrt(-2*x**2 + 3%x + 1) - B2xx**5xsqrt (-2kx**2 +
1) + B5xxx*k4*xsqrt (-2*x**2 + 3%x + 1) + 22%x**3xsqrt(-2kx**2 + 3xx + 1) - 3
1xx**2xsqrt (-2%x**2 + 3xx + 1) - 16*x*sqrt(-2*xx**2 + 3%x + 1) - 2xsqrt(-2*x
*%2 + 3xx + 1)), x) - Integral(2/(12*x*x6*sqrt(-2*x**2 + 3%x + 1) - 52*x*x5
*sqQrt (-2kx**2 + 3xx + 1) + BExxk*kdxsqrt (-2%x**2 + 3%x + 1) + 22*x**3*sqrt(-
2xx**2 + 3xx + 1) - 31xx**2xsqrt (-2%x**2 + 3*xx + 1) - 16*x*sqrt(-2*x**2 + 3
*x + 1) - 2%sqrt(-2*x**2 + 3*%x + 1)), x)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

3*x +
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[In] integrate((2+x)/(-3*%x"2+4*x+2)/(-2*x"2+3*x+1)~(5/2) ,x, algorithm="giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ z+2 dx
(—2ac2+33:+1)5/2 (=322 +4x+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 2)/((3*x - 2*%x"2 + 1)°(5/2)*(4*xx - 3*x"2 + 2)),x)
[Out] int((x + 2)/((3*x - 2%x~2 + 1)7(5/2)*(4*x - 3*x~2 + 2)), x)
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3.28 212 - dx
f (2+4z—322) \/]. + 3z + 222

Optimal. Leaf size=151

s tanh_l(3(4_\/ﬁ)+(17—4\/ﬁ)x>+1 tanh_l<3<4+x/ﬁ)+

1+—12
5 21/55 — 1710 /1 + 3z + 272 21/ 55 + 17/1(

[Out] 1/10*arctanh(1/2%(12+3%107(1/2)+x*(17+4*%107(1/2)))/(2*%x~2+3*x+1)~(1/2) /(55+
17%107(1/2))~(1/2))*(26-7%10~(1/2) )~ (1/2)-1/10%arctanh (1/2x* (x* (17-4%10"(1/2
))+12-3%x107(1/2)) / (2%x™2+3*x+1) ~(1/2) / (85-17%107(1/2) ) ~(1/2) ) *(25+7*107(1/2
))~(1/2)

Rubi [A]
time = 0.14, antiderivative size = 151, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.100,

steps used = 5, number of rules used = 3, integrand size = 30
Rules used = {1046, 738, 212}

2 2
) Y= (17+4V10 ) o +3(4+ V10 ) | 4 /s (17-4v10 ) 2 +3(4- VI0')
5 1- T ta,nh71 — 5 1 + T tanh71
2/55+17v10 V222 + 32 + 1 21/55 — 17v10 V222 + 3z + 1

Antiderivative was successfully verified.
[In] Int[(2 + x)/((2 + 4xx - 3*x~2)*Sqrt[l + 3*x + 2*x~2]),x]

[Out] -1/2%(Sqrt[1 + (7xSqrt[2/5])/5]*ArcTanh[(3*(4 - Sqrt[10]) + (17 - 4*Sqrt[10
1)*x)/(2%Sqrt [65 - 17*Sqrt[10]]1*Sqrt[1 + 3*x + 2*x~2])]) + (Sqrt[1 - (7*Sqr
t[2/5]) /5] *ArcTanh [(3%(4 + Sqrt[10]) + (17 + 4x%Sqrt[10])*x)/(2%Sqrt[65 + 17

*Sqrt [10]]1*Sqrt[1 + 3*x + 2*xx~2])])/2

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 738

Int[1/(C(d_.) + (e_.)*x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xc*xd~2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1046
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Int[((g_.) + (h_)*(x_))/(((a)) + (b_)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dis
t[(2*%c*g - h*x(b - q))/q, Int[1/((b - q + 2xcxx)*Sqrt[d + exx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*c*xx)*Sqrt[d + e*x + f*x
~21), x1, x1] /; FreeQ[{a, b, c, d, e, £, g, h}, x] && NeQ[b~2 - 4*a*c, 0]

&& NeQ[e™2 - 4xd*xf, 0] && PosQ[b~2 - 4xaxc]

Rubi steps

/ 2+ dw=1<5—4\/10)/ 1 dx+l<5+4
(2 + 4z — 322) V1 + 3z + 222 5 <4—2\/1() —6x>\/1+3z+2x2 5

1

— | L(2(5- ubs

_ 5(2(5 4\/ﬁ>>s bst /144+72<4_2\/ﬁ>+8<4_

3(4—m)+(17—4m)“3)
_|_

24/55 —17v10 V14 3z + 222

= 110 25+ 7v10 tanh1<

Mathematica [A]
time = 0.52, size = 109, normalized size = 0.72

1/ \/1—|—3m+2x2 1 1+\/§ V14 3z + 222
+x 25 —74/10 tanh™?

1+2:c 142z

25 +7v10 tanh™!

Antiderivative was successfully verified.

[In] Integrate[(2 + x)/((2 + 4xx - 3*x~2)*Sqrt[1l + 3*x + 2*x~2]),x]

[Out] -1/5%(Sqrt[25 + 7*Sqrt[10]]*ArcTanh[(Sqrt[1 - Sqrt[2/5]]1*Sqrt[1 + 3*x + 2x*x
~2]1)/(1 + 2%x)]) + (Sqrt[25 - 7*Sqrt[10]]*ArcTanh[(Sqrt[1 + Sqrt[2/5]]*Sqrt

[1 + 3*x + 2xx72])/(1 + 2%x)])/5

Maple [A]

time = 0.62, size = 186, normalized size = 1.23

] method \ result
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o

17, 4v/10 ) (w_g_

JIT)D o
<8+ 10) 10 arctanh 55417 10 + .

J—F\/(£>(F)(

default

201/55 + 174/10

10000z RootOf (2000_Z4 —1000__ 72" +27) ® £12600 RootOf (2000_2

trager | — RootOf (2000__Z" — 1000_Z* + 27) In (

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+2)/(-3*x"2+4*x+2)/(2%x~2+3*x+1)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] 1/20%(8+107(1/2))*10~(1/2)/(55+17%107(1/2))~(1/2)*arctanh(9/2%(110/9+34/9%1

0~(1/2)+(17/3+4/3%107(1/2) ) *(x-2/3-1/3%107(1/2))) / (65+17x107(1/2))~(1/2) /(1
8% (x-2/3-1/3%107(1/2)) ~2+9% (17/3+4/3%107(1/2) ) ¥ (x-2/3-1/3%107(1/2) ) +65+17*1
07(1/2))~(1/2))+1/20%(-8+107(1/2))*107(1/2) / (65-17%10~(1/2) )~ (1/2) *arctanh(
9/2%(110/9-34/9%107 (1/2)+(17/3-4/3%107 (1/2) ) *(x-2/3+1/3%107(1/2) ) ) / (65-17*1
07(1/2))~(1/2) / (18%(x-2/3+1/3%107 (1/2) ) "2+9%(17/3-4/3%107 (1/2) ) * (x-2/3+1/3*
107(1/2))+565-17%10"(1/2))~(1/2))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 363 vs.
2(103) = 206.
time = 0.51, size = 363, normalized size = 2.40

[T o &
WIETEET v+ 2

VT log | -3 VAT il V3 2 ) z i, VI
H ° e VI0 JoraV10] e vio ] T | 24108 |3 VA0 4

T 5.8
Ve viety

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(2*x~2+3*x+1)~(1/2) ,x, algorithm="maxima")

[Out] 1/60%sqrt(10)*(3*sqrt(10)*log(2/9*sqrt(10) + 2/3*sqrt(2*x~2 + 3*x + 1)*sqrt

(17*sqrt(10) + 55)/abs(6*x - 2*sqrt(10) - 4) + 34/9*sqrt(10)/abs(6*x - 2%*sq
rt(10) - 4) + 110/9/abs(6*x - 2*sqrt(10) - 4) + 17/18)/sqrt(17*sqrt(10) + 5
5) + sqrt(10)*log(-2/9*sqrt(10) + 2*sqrt(2*x~2 + 3*x + 1)*sqrt(-17/9*sqrt(1
0) + 55/9)/abs(6*x + 2*sqrt(10) - 4) - 34/9*sqrt(10)/abs(6*x + 2xsqrt(10) -
4) + 110/9/abs(6*x + 2%sqrt(10) - 4) + 17/18)/sqrt(-17/9%sqrt(10) + 55/9)
+ 24x1og(2/9*sqrt(10) + 2/3*sqrt(2*x~2 + 3*x + 1)#*sqrt(17+*sqrt(10) + 55)/ab
s(6*%x - 2%sqrt(10) - 4) + 34/9%sqrt(10)/abs(6*x - 2xsqrt(10) - 4) + 110/9/a
bs(6*x - 2*sqrt(10) - 4) + 17/18)/sqrt(17*sqrt(10) + 55) - 8xlog(-2/9*sqrt(
10) + 2*sqrt(2*x~2 + 3*x + 1)*sqrt(-17/9*sqrt(10) + 55/9)/abs(6*x + 2*sqrt(
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10) - 4) - 34/9%sqrt(10)/abs(6*x + 2*sqrt(10) - 4) + 110/9/abs(6*x + 2*sqrt
(10) - 4) + 17/18)/sqrt (-17/9*sqrt(10) + 55/9))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 245 vs.
2(103) = 206.
time = 0.36, size = 245, normalized size = 1.62

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(2%x~2+3*x+1)~(1/2) ,x, algorithm="fricas")

[Out] 1/10*sqrt(7*sqrt(10) + 25)*log(-(3*sqrt(10)*x + (sqrt(10)*x - 4*x)*sqrt(7*s
qrt(10) + 25) + 6%x - 6*sqrt(2*x~2 + 3*x + 1) + 6)/x) - 1/10*sqrt(7*sqrt (10

) + 25)*1log(-(3*sqrt(10)*x - (sqrt(10)*x - 4*x)*sqrt(7*sqrt(10) + 25) + 6%x

- 6xsqrt(2*xx~2 + 3*%x + 1) + 6)/x) + 1/10*%sqrt(-7*sqrt(10) + 25)*log((3*sqr
t(10)*x + (sqrt(10)*x + 4*x)*sqrt(-7*sqrt(10) + 25) - 6%x + 6*sqrt(2*x~2 +

3xx + 1) - 6)/x) - 1/10*sqrt(-7*sqrt(10) + 25)*log((3*sqrt(10)*x - (sqrt(10

)*x + 4xx)*sqrt(-7*sqrt(10) + 25) - 6%x + 6*sqrt(2*%x~2 + 3*xx + 1) - 6)/x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

T " 2
— : : : dz—/ : -dx
/3x2\/2a:2+3z+1 —42vV222 +3z+1 —2V222+ 3z + 1 322v222 + 3z +1 —42vV222 +3c+1 —2v222+ 3z +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x**2+4xx+2) / (2*x**2+3*x+1) **(1/2) ,x)

[Out] -Integral(x/(3*x**2*sqrt(2*x**2 + 3*%x + 1) - 4xx*sqrt(2*x**2 + 3*x + 1) - 2
*xsqQrt (2xx**2 + 3*x + 1)), x) - Integral(2/(3*x*x2*xsqrt (2xx**2 + 3*x + 1) -
Axx*sqrt (2%x**2 + 3%x + 1) - 2ksqrt(2xx**2 + 3xx + 1)), x)

Giac [A]

time = 7.02, size = 93, normalized size = 0.62

0.169235232112667 log (~vZ 'z + VZZ7 + 32+ 1 +5.90976932712000) — 0.686556214893333 log (~vZ'z + VZZ T3 1 — 0.176527156327000) + 0.686556214893333 log (~VZ'z + VEZ 32+ 1 0 uw‘mnusounuo) - 0.160236232112667 log (- V2w + V2F + 3z 1 ~ 1 u4‘172727395uuo)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3%x"2+4*x+2)/(2*x~2+3*x+1)~(1/2),x, algorithm="giac")

[Out] 0.169235232112667*1og(-sqrt(2)*x + sqrt(2*x~2 + 3*x + 1) + 5.90976932712000
) - 0.686556214893333*1og(-sqrt(2)*x + sqrt(2*x~2 + 3*x + 1) - 0.1765271563
27000) + 0.686556214893333*log(-sqrt(2)*x + sqrt(2*x~2 + 3*x + 1) - 0.91927
8730509000) - 0.169235232112667*log(-sqrt(2)*x + sqrt(2*x~2 + 3*x + 1) - 1.
04272727395000)
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

T+ 2

dz
V222 +3zx+1 (-322+4z+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 2)/((3%x + 2%x~2 + 1)~ (1/2)*(4*x - 3*x~2 + 2)),x)
[Out] int((x + 2)/((3*x + 2*%x"2 + 1)7(1/2)*(4*x - 3*x"2 + 2)), %)
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24x
3.29 f (2—|—4a:—3a:2) (1—|—3x+2x2)3/2 dz

Optimal. Leaf size=174

2(21 + 22 1 /3
(21 + 220) \/ ° (2065 + 653110 ) tanh ! (

10

3(4— V10 ) + (17— 4V10 ) 2
5v1+ 3z +222 10V 5 )

24/55 —17v10 V1 + 3z + 222

[Out] 2/5%(21+22%x)/(2*x~2+3*x+1)~(1/2)+1/50*%arctanh (1/2*% (12+3%107(1/2) +x* (17+4%*1
07(1/2)))/(2xx~2+3*x+1)~(1/2) / (65+17%10~(1/2))~(1/2) ) *(30975-9795%10~(1/2))
~(1/2)-1/50%arctanh (1/2* (x*x(17-4%10"(1/2) )+12-3%10"(1/2) ) / (2*x~2+3*x+1) ~(1/
2)/(565-17%10"(1/2))~(1/2) ) *(30975+9795%10~(1/2) )~ (1/2)

Rubi [A]

time = 0.16, antiderivative size = 174, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.133,

steps used = 6, number of rules used = 4, integrand size = 30,
Rules used = {1030, 1046, 738, 212}

17— 4v10 ) o+ 3(4— VIO 17+ 4V10 ) 2 + 3(4 + VIO
2225+ 21 1 1

# - E‘/g (2065 +653v/10') tanh™? ( )=+ ) + 15 y/% (2065 - 653v/10') tanh™* ( )z +3( )
5v2a? + 3z +1 21/55 - 17V10' V22? + 3z + 1 21/55+ 1710 V222 + 3z + 1

Antiderivative was successfully verified.
[In] Int[(2 + x)/((2 + 4*x - 3*x"2)*(1 + 3*x + 2*xx~2)~(3/2)),x]

[Out] (2x(21 + 22%x))/(5*Sqrt[1 + 3xx + 2*x~2]) - (Sqrt[(3*(2065 + 653*Sqrt[10]))
/51*ArcTanh[(3*(4 - Sqrt[10]) + (17 - 4%Sqrt[10])*x)/(2*Sqrt[55 - 17*Sqrt[1
0]1#Sqrt[1 + 3*x + 2xx~2])]1)/10 + (Sqrt[(3*(2065 - 653*Sqrt[10]))/5]*ArcTan
h[(3*x(4 + Sqrt[10]) + (17 + 4xSqrt[10])*x)/(2%Sqrt[55 + 17*Sqrt[10]]*Sqrt[1

+ 3%x + 2*x~2])]1)/10

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xc*xd~2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
*axe - bkxd - (2xc*d - bke)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 1030

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (e
_Ox(x) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*x + c*x”2)"(p + 1)*

3
5

(2065
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((d + exx + £xx72)7(q + 1)/((0"2 - 4xa*c)*((c*d - axf)~2 - (bxd - a*e)*(cxe
- bxf))*(p + 1)))*(gxcx(2xaxcxe — bx(ckd + axf)) + (g*b - axh)*(2*c™2xd +
b~2+f - cx(bxe + 2%a*f)) + c*x(gx(2xc™2xd + b"2xf - c*(bxe + 2*xaxf)) - h*(b*
ckd - 2*axcxe + axbxf))*x), x] + Dist[1/((b"2 - 4xaxc)*((cxd - axf)~2 - (b*
d - axe)x(cxe - b*xf))x(p + 1)), Int[(a + b*x + c*xx"2) " (p + 1)*x(d + exx + fx
x72)"g*Simp [(b*h - 2*g*c)*((c*kd - a*xf)~2 - (bxd - a*e)*(cxe — b*f))*x(p + 1)
+ (b"2x(g*f) - bx(h*ckd + gxc*e + axhxf) + 2%(gxc*x(cxd - a*xf) - ax((-h)*c*
e)))*(axf*x(p + 1) - cxdx(p + 2)) - ex((gxc)*(2*axcxe — b*(cxd + axf)) + (gx
b - a*xh)*(2*c™2*d + b~2+f - ckx(bxe + 2*axf)))*(p + q + 2) - (2xf*((gkc)* (2%
axcxe - bx(cxd + a*f)) + (gxb - axh)*(2*xc™2xd + b~2*f - c*(bxe + 2xa*xf)))*(
pt+q+ 2) - (b™2xgxf - b*(h*xc*d + gxcxe + axhxf) + 2x(gxcx(cxd - axf) - ax
((-h)*cxe)))*x(bxfx(p + 1) - cxex(2xp + q + 4)))*x - c*xf*(b"2*(g*xf) - b*(hx*c
xd + gkcke + axh*xf) + 2x(g*ck(c*d - axf) + axhxc*e))*(2*p + 2xq + 5)*x72, x
1, x1, x]1 /; FreeQ[{a, b, c, d, e, £, g, h, g}, x] && NeQ[b~2 - 4*axc, 0] &
& NeQ[e™2 - 4xdxf, 0] && LtQ[p, -1] && NeQ[(cxd - a*f)~2 - (b*d - axe)*(c*e

- bxf), 0] && !'( !'IntegerQ[p] && ILtQlq, -11)

Rule 1046

Int[((g_.) + (h_)*(x_))/(((a)) + (b_)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4*axc, 2]}, Dis
t[(2*%c*g - h*x(b - q))/q, Int[1/((b - q + 2xcxx)*Sqrt[d + exx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*c*xx)*Sqrt[d + e*x + f*x
~21), %], x11 /; FreeQ[{a, b, c, d, e, £, g, h}, x] && NeQ[b~2 - 4xa*c, 0]
&& NeQ[e™2 - 4xdxf, 0] && PosQ[b~2 - 4xaxc]

Rubi steps

/ 2+z o — 2(21 + 227) _3/ —72+ 8 s
(2 + 4z — 322) (1 4 3z + 222)%/? 5V1+3z+222 15/ (2442 — 322) V1 + 3z + 222

1

%% ‘%<9(3‘m>)/(

221+22%) 1(18 <3 _ \/ﬁ)) Subst /

4+42V10 —6x)\/1_

5V1+3z+222 5 144 4 72 <4+

2(21 + 22 1 /3 ‘ 3(4-

_ 221+ 22) ——\/ ° (20654—653\/10) tanh <—
5V1+3x+2r2 10V 5

Mathematica [A]

2\/35
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time = 0.80, size = 130, normalized size = 0.75

1+\/§ V1+ 3z + 222

> 45tanh™! T30
1— \/j V14 3z + 222
1 42 + 44
1| 5(2+4ds) 1/30975 + 9795v/10  tanh™! > +
25| V14 3z 4 222 1+2z

2065 + 653v'10

Antiderivative was successfully verified.

[In] Integratel[(2 + x)/((2 + 4*x - 3*x"2)*(1 + 3*x + 2*x~2)~(3/2)),x]

[Out] ((5%(42 + 44xx))/Sqrt[1 + 3xx + 2*x~2] - Sqrt[30975 + 9795%Sqrt[10]]*ArcTan
h[(Sqrt[1 - Sqrt[2/5]]1*Sqrt[1 + 3*x + 2*x~2])/(1 + 2*x)] + (45*%ArcTanh[(Sqr

t[1 + Sqrt[2/5]1*Sqrt[1 + 3*x + 2%x~2]1)/(1 + 2*x)])/Sqrt[2065 + 653*Sqrt[10
11)/25

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 465 vs.
2(122) = 244.
time = 0.62, size = 466, normalized size = 2.68 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+2)/(-3*x"2+4*x+2)/(2%x"2+3*x+1)~(3/2) ,x,method=_RETURNVERBOSE)

[Out] -1/20%(8+107(1/2))*10~(1/2)*(1/3/(55/9+17/9%10~(1/2)) /(2% (x-2/3-1/3*%10~(1/2
))"2+(17/3+4/3%10~(1/2) ) % (x-2/3-1/3%10"(1/2))+55/9+17/9%10~(1/2))~(1/2)-1/3
*x(17/3+4/3%107(1/2))/ (65/9+17/9%107(1/2) ) * (3+4*x) / (440/9+136/9%10~ (1/2) - (17
/3+4/3%107(1/2))"2) / (2% (x-2/3-1/3%10"(1/2) ) ~2+(17/3+4/3%10~(1/2) ) *(x-2/3-1/
3%107(1/2))+55/9+17/9%10~(1/2))~(1/2)-1/(55/9+17/9%10~(1/2)) / (55+17%10~ (1/2
))~(1/2)*arctanh(9/2%(110/9+34/9%10~ (1/2)+(17/3+4/3%10~ (1/2) ) *(x-2/3-1/3%10
~(1/2)))/(55+17x107(1/2) )~ (1/2) / (18%(x-2/3-1/3%10~(1/2) ) ~2+9% (17/3+4/3%10"(
1/2))*(x-2/3-1/3%10"(1/2) ) +55+17%107(1/2))~(1/2) ) )-1/20% (-8+10~(1/2) ) *10~ (1
/2)*(1/3/(55/9-17/9%10"(1/2)) /(2% (x-2/3+1/3%107(1/2) ) ~2+(17/3-4/3%x10~(1/2))
*(x-2/3+1/3%107(1/2))+55/9-17/9%10~(1/2))~(1/2)-1/3*(17/3-4/3*10~(1/2) ) / (55
/9-17/9%107 (1/2) ) * (3+4*x) / (440/9-136/9%107 (1/2) - (17/3-4/3%10"(1/2) ) ~2) / (2*(
x-2/3+1/3%107(1/2)) ~2+(17/3-4/3%10"(1/2) ) * (x-2/3+1/3%10~ (1/2) ) +55/9-17/9%10
~(1/2))~(1/2)-1/(55/9-17/9%10~(1/2)) / (55-17%*10~(1/2) ) ~(1/2) *arctanh (9/2* (11
0/9-34/9%107(1/2)+(17/3-4/3%10"(1/2) ) * (x-2/3+1/3%107(1/2))) / (65-17%10" (1/2)
)~ (1/2)/ (18%(x-2/3+1/3%107 (1/2)) ~2+9% (17/3-4/3%107~ (1/2) ) % (x-2/3+1/3*10~(1/2
))+55-17%10"(1/2))~(1/2)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 668 vs.
2(122) = 244.
time = 0.53, size = 668, normalized size = 3.84
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(2*x~2+3*x+1)~(3/2),x, algorithm="maxima")

[Out] -1/60*sqrt(10)*(588*sqrt(10)*x/(17*sqrt(10)*sqrt(2*x~2 + 3*x + 1) + 5b*sqrt
(2*x~2 + 3*x + 1)) - 588*sqrt(10)*x/(17xsqrt (10)*sqrt(2*xx~2 + 3*x + 1) - 55
*sqQrt (2*xx~2 + 3*x + 1)) + 2112%x/(17*sqrt(10)*sqrt(2*xx~2 + 3*x + 1) + 5b*sq
rt(2*x"2 + 3%x + 1)) + 2112%x/(17*sqrt(10) *sqrt(2*x~2 + 3*x + 1) - 55*sqrt(
2%x”2 + 3%x + 1)) - 27*sqrt(10)*1log(2/9*sqrt(10) + 2/3*sqrt(2*x~2 + 3*x + 1
)*sqrt (17*sqrt (10) + 55)/abs(6*x - 2*sqrt(10) - 4) + 34/9%sqrt(10)/abs(6*x
- 2%sqrt(10) - 4) + 110/9/abs(6*x - 2*sqrt(10) - 4) + 17/18)/(17*sqrt(10) +
55)7(3/2) - sqrt(10)*log(-2/9*sqrt(10) + 2*sqrt(2*x~2 + 3*x + 1)*sqrt(-17/
9*sqrt (10) + 55/9)/abs(6*x + 2xsqrt(10) - 4) - 34/9*sqrt(10)/abs(6*x + 2%sq
rt(10) - 4) + 110/9/abs(6*x + 2*sqrt(10) - 4) + 17/18)/(-17/9%sqrt(10) + 55
/9)"(3/2) + 450%sqrt(10)/(17*sqrt (10)*sqrt(2*x~2 + 3*x + 1) + 55*sqrt(2xx~2
+ 3%x + 1)) - 450%sqrt(10)/(17*sqrt(10)*sqrt(2*x~2 + 3*x + 1) - Bb*sqrt(2*
X"2 + 3%x + 1)) - 216%1log(2/9%sqrt(10) + 2/3*sqrt(2*x~2 + 3*x + 1)*sqrt(17*
sqrt(10) + 55)/abs(6*x - 2%sqrt(10) - 4) + 34/9*sqrt(10)/abs(6*x - 2xsqrt(1
0) - 4) + 110/9/abs(6*x - 2%sqrt(10) - 4) + 17/18)/(17*sqrt(10) + 55)~(3/2)
+ 8x1log(-2/9%sqrt(10) + 2*xsqrt(2*x~2 + 3*x + 1)*sqrt(-17/9*sqrt(10) + 55/9
)/abs (6*x + 2xsqrt(10) - 4) - 34/9*sqrt(10)/abs(6*x + 2xsqrt(10) - 4) + 110
/9/abs(6*x + 2xsqrt(10) - 4) + 17/18)/(-17/9%sqrt(10) + 55/9)~(3/2) + 1656/
(17*sqrt (10) *sqrt (2*%x~2 + 3*x + 1) + B5xsqrt(2*x~2 + 3*x + 1)) + 1656/ (17*s
qrt (10) *sqrt (2*x~2 + 3*x + 1) - B5*sqrt(2*x~2 + 3*x + 1)))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 365 vs.
2(122) = 244.
time = 0.36, size = 365, normalized size = 2.10

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(2*%x~2+3*x+1)~(3/2) ,x, algorithm="fricas")

[Out] 1/50%(sqrt(5)*(2*x~2 + 3*x + 1)*sqrt(1959*sqrt(10) + 6195)*log(-(45*sqrt (10
)*x + (41xsqrt(10)*sqrt(5)*x - 130*sqrt(5)*x)*sqrt(1959*sqrt(10) + 6195) +
90*x - 90*sqrt(2*x~2 + 3*x + 1) + 90)/x) - sqrt(5)*(2*x~2 + 3*x + 1)*sqrt(l
959%sqrt (10) + 6195)*log(-(45*sqrt(10)*x - (41*sqrt(10)*sqrt(5)*x - 130%*sqr
t(5)*x)*sqrt (1959*sqrt (10) + 6195) + 90*x - 90*sqrt(2*x~2 + 3*x + 1) + 90)/
x) + sqrt(8)*(2%x"2 + 3*x + 1)*sqrt(-1959*sqrt(10) + 6195)*log((45*sqrt(10)
*x + (41*sqrt(10)*sqrt(5)*x + 130*sqrt(5)*x)*sqrt(-1959*sqrt(10) + 6195) -
90*x + 90*sqrt(2*x~2 + 3*x + 1) - 90)/x) - sqrt(5)*(2*x~2 + 3*x + 1)*sqrt(-
1959*sqrt (10) + 6195)*log((45*sqrt(10)*x - (41*sqrt(10)*sqrt(5)*x + 130*sqr
t(5) *x) *sqrt (-1959*sqrt (10) + 6195) - 90*x + 90*sqrt(2*x~2 + 3*x + 1) - 90)
/x) + 840%x~2 + 20*sqrt(2*xx~2 + 3*x + 1)*(22%x + 21) + 1260*x + 420)/(2*x"2
+ 3xx + 1)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

T 2
- dz—/ £
/6@‘ 202+ 3z +1 +23V22? +3x+1 —1322v222 + 3z +1 —102v222 + 3z +1 —2v222+ 32 +1 J 6z4v22 4+ 3z +1 +23V222 +3z+1 —1322V222 +3x+1 —102v222 + 3z +1 —2v2:2 + 3z +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x**2+4*xx+2)/(2*x**2+3*x+1)**(3/2) ,x)

[Out] -Integral(x/(6*x**4*sqrt(2*x**2 + 3*x + 1) + x**3*sqrt(2xx**2 + 3%x + 1) -
13*kx**2ksqrt (2xx*x*2 + 3*x + 1) - 10*x*ksqrt(2kx**2 + 3xx + 1) - 2ksqrt (kx*x*

2 + 3xx + 1)), x) - Integral(2/(6*x**4*xsqrt(2*xx**2 + 3*x + 1) + x**3*sqrt(2
*xx*x*k2 + 3%x + 1) — 13*x*k*2%sqrt (2*x**2 + 3xx + 1) - 10*x*sqrt (2*x**2 + 3*x

+ 1) - 2xsqrt(2*x**2 + 3*x + 1)), x)

Giac [A]
time = 4.42, size = 112, normalized size = 0.64

2(222+21)
5V2a7 + 32 +1

log (~VZ'a+ VEZTF 321 — 0.919278730509000) — 0.0140045514125333 log (~VZ'z + V22T + 32+ 1 — 1.04272727395000)

+0.0140045514133333 log (~V2'z + VEZZ 32+ 1 +5. 12000) — 4,97 log (~VZ'z+ VETTF 32 T - 0.176527156327000) + 497

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4xx+2)/(2*x~2+3*x+1)~(3/2),x, algorithm="giac")

[Out] 2/5%(22*x + 21)/sqrt(2*x~2 + 3*x + 1) + 0.0140045514133333*1log(-sqrt(2)*x +
sqrt(2*x~2 + 3*%x + 1) + 5.90976932712000) - 4.97793168620000%1og(-sqrt (2)*

X + sqrt(2#%x”2 + 3xx + 1) - 0.176527156327000) + 4.97793168620000*1og(-sqrt

(2)*x + sqrt(2*x~2 + 3*x + 1) - 0.919278730509000) - 0.0140045514125333*1og
(-sqrt(2)*x + sqrt(2*x~2 + 3*x + 1) - 1.04272727395000)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
T+ 2

dx
/ 22243z +1)"? (=322 + 4z +2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 2)/((3%x + 2%x~2 + 1)~(3/2)*(4*x - 3*%x~2 + 2)),x)
[Out] int((x + 2)/((3*x + 2%x~2 + 1)~(3/2)*(4*x - 3*x~2 + 2)), x)
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3.30 ZhE: dz
f (2—|—4a:—3a:2) (1—|—3x+2x2)5/2
Optimal. Leaf size=197
2(21 + 22z) 2(273 + 230z) 1%1 S %4—VE)+(
- — /= (4885115 + 1544809+/10 ) tanh
15 (1 + 3z + 222)*?  15v/1+ 3z +222 50V 3 ( > /55 — 17vI0

[Out] 2/15%(21+22%x)/(2*x~2+3%x+1)~(3/2)+2/15% (273+230%x) / (2*x~2+3*x+1) ~(1/2)+1/1
50*arctanh (1/2%(12+3%10~(1/2) +x* (17+4%10~(1/2))) / (2%x~2+3*x+1) ~(1/2) / (55+17
*107(1/2))~(1/2) ) *(14655345-4634427%10"(1/2))~(1/2)-1/150*arctanh (1/2* (x* (1
7-4%10"(1/2))+12-3%10"(1/2) )/ (2%x~2+3*x+1) ~(1/2) / (55-17*10~(1/2) )~ (1/2) ) * (1
4655345+4634427%10~(1/2))~(1/2)

Rubi [A]
time = 0.18, antiderivative size = 197, normalized size of antiderivative = 1.00, number of

number of rules _ 167
integrand size ’

steps used = 7, number of rules used = 5, integrand size = 30,
Rules used = {1030, 1074, 1046, 738, 212}

2220 +21 2(230z + 273 11
(220 +21) (2300 +273) L —(4885115+1544809\/10> tanh’1<

15222 + 3z +1)% 15222 +3z+1 50V 3

(17 _ 4@) I‘Jr 3(4 - «/ﬁ) ) + L1 /L (4885115 - 1544809\/5) tanh™! (
2\/55717\/W varrmrr) PV3

(17+4\/ﬁ)z+3(4+\/ﬁ))
2\/55+17\/W‘«/m

Antiderivative was successfully verified.
[In] Int[(2 + x)/((2 + 4*xx - 3*x72)*(1 + 3xx + 2%x72)7(5/2)),x]

[Out] (2%(21 + 22xx))/(156%(1 + 3*x + 2%x72)7(3/2)) + (2%(273 + 230*x))/(15*Sqrt[1
+ 3xx + 2%x~2]) - (Sqrt[(4885115 + 1544809%Sqrt[10])/3]*ArcTanh[(3%(4 - Sq
rt[10]) + (17 - 4%Sqrt[10])#*x)/(2%Sqrt[65 - 17*Sqrt[10]]1*Sqrt[1 + 3*x + 2*x
~21)1)/50 + (Sqrt[(4885115 - 1544809%Sqrt[10])/3]*ArcTanh[(3*(4 + Sqrt[10])

+ (17 + 4*Sqrt[10])*x)/(2*Sqrt[65 + 17xSqrt[10]]1*Sqrt[1 + 3*x + 2%x~2])])/

50

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 738

Int[1/(C(d_.) + (e_.)*x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
*xaxe - bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1030
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Int[((g_.) + (h_)*(x_))*((a ) + (b_.)*(x_) + (c_.)*(x_)"2)"(p)*((d) + (e
_Ox(x) + (£_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*x + c*x”2)"(p + 1)*
((d + exx + £*x72)7(q + 1)/((0"2 - 4xa*c)*((c*d - axf)~2 - (bxd - a*e)*(cxe
- bxf))*(p + 1)))*(gxcx(2*xaxcxe - bx(ckd + axf)) + (g*b - axh)*(2*c™2xd +
b~2+f - cx(bxe + 2*xa*xf)) + cx(gx(2xc™2xd + b™2*f - c*(bxe + 2xa*f)) - hx(bx
cxd - 2%axcke + axb*f))*x), x] + Dist[1/((b"2 - 4xaxc)*((cxd - a*f)~2 - (b*
d - axe)x(cxe - b*f))*(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + e*x + fx
x72)"q*Simp [(b*h - 2xgxc)*((c*d - a*f)~2 - (b*d - a*xe)*(c*e - b*f))*(p + 1)
+ (b72x(g*xf) - bx(hkcxd + gkcke + axhxf) + 2% (gxc*(cxd - axf) - ax((-h)*cx
e)))*x(axfx(p + 1) - cxd*x(p + 2)) - ex((gxc)*(2*xa*xcxe — b*(cxd + axf)) + (g*
b - axh)*(2xc”2*%d + b~2xf - cx(bkxe + 2xaxf)))*(p + q + 2) - (2*f*((gxc)* (2%
axcxe — b*x(cxd + axf)) + (gxb - axh)*(2%c”™2*d + b~2+f - cx(b*e + 2%a*f)))*(
pt+q+ 2) - (b™2xgxf - b*(h*c*d + gxcxe + axhxf) + 2x(gxcx(cxd - axf) - ax
((-h)*c*xe)))*(b*xfx(p + 1) - cxe*x(2*%p + q + 4)))*x - cxfx(b~2x(gxf) - b*(h*c
*d + gkcke + axh*xf) + 2x(gkck(ckd - axf) + axhxcke))*(2%p + 2xq + 5)*x"2, x
1, x1, x] /; FreeQ[{a, b, c, d, e, £, g, h, q}, x] && NeQ[b~2 - 4xaxc, 0] &
& NeQ[e™2 - 4xdxf, 0] && LtQ[p, -1] && NeQ[(c*d - a*f)~2 - (b*d - a*e)*(c*e
- b*xf), 0] & !'( !'IntegerQ[p] && ILtQlq, -11)

Rule 1046

Int[((g_.) + (h_.)*(x_))/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_.)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[b~2 - 4*a*xc, 2]}, Dis
t[(2%cxg - h*(b - q))/q, Int[1/((b - q + 2*c*x)*Sqrt[d + e*xx + f*x~2]), x],
x] - Dist[(2*c*g - h*x(b + q))/q, Int[1/((b + q + 2*cxx)*Sqrt[d + e*x + f*xx
~21), x1, x]11 /; FreeQ[{a, b, c, d, e, £, g, h}, x] && NeQ[b~2 - 4*axc, 0]
&& NeQ[e”2 - 4xdxf, 0] && PosQ[b~2 - 4*xaxc]

Rule 1074

Int[((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)7(p_)*((A_.) + (B_.)*(x_) + (C_.)*(x_
)72)x((d_) + (e_.)*(x_) + (f_.)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*x +
c*x”2)"(p + D)*((d + exx + £*x72)7(q + 1)/((b"2 - 4xaxc)*((c*d - axf)~"2 - (
b*d - a*e)*(cke — bxf))*(p + 1)))*((A*c - a*C)*(2*xaxcke — bx(cxd + axf)) +
(A*b - axB)*(2%c™2xd + b™2xf - c*(b*e + 2xaxf)) + cx(A*(2*%c™2xd + b™2+f - ¢
*x(bxe + 2%a*f)) - Bx(bxcxd - 2*axcxe + axbxf) + Cx(b"2xd - a*bkxe - 2xa*x(cxd
- axf)))*x), x] + Dist[1/((b"2 - 4*a*xc)*((cxd - axf)~2 - (b*d - axe)*(cke
- bxf))*(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + exx + f*x~2) "g*Simp[(b
*B - 2%A*c - 2%a*C)*((c*d - axf)~2 - (bxd - a*xe)*(cxe - b*xf))x(p + 1) + (b~
2% (Cxd + Axf) - b*(Bxcxd + Axcxe + a*Cke + a*xB*xf) + 2k (A*ck(c*d - axf) - ax
(cxCxd - Bxcxe — a*Cxf)))*(a*xfx(p + 1) - cxdx(p + 2)) - ex((Axc - a*C)*(2xa
xcxe — bk(ckd + axf)) + (A*b - axB)*(2*%c™2xd + b~2*f - cx(bxe + 2*axf)))*(p
+.q + 2) - (2xfx((A*c - axC)*(2*axcxe — b*x(c*xd + axf)) + (Axb - a*B)*(2%c”
2xd + b~2*f - cx(bxe + 2%a*xf)))*(p + q + 2) - (b™2%(C*d + Axf) - b*x(Bxcxd +
Axcxe + axCkxe + a*B*xf) + 2k (A*ck(ckd - axf) - ax(cxCxd - Bkcke - a*xCxf)))*
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(bxf*x(p + 1) - c*ex(2%p + q + 4)))*x — c*xfx(b"2%x(Ckd + Axf) - b*(Bxcxd + Ax
cxe + a*Cxe + axBxf) + 2x(Axckx(c*d - axf) - a*(cxCxd — Bxckxe — a*xCxf)))*(2x
p + 2xq + 5)*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, A, B, C, q}, x] &&
NeQ[b~2 - 4*a*xc, 0] && NeQ[e™2 - 4xdxf, 0] && LtQlp, -1] && NeQ[(c*d - a*f

)"2 - (b*d - axe)*(cxe - bxf), 0] &&

I1GtQ[q, 0]

Rubi steps

/ 2+z
(2 + 4z — 322) (1 4 3z + 222)*

Mathematica [A]

I( !'IntegerQ[p] && ILtQ[q, -1]) && !

. 2(21+22z) 2 —480 — 232 4 39622 g
15 (1+ 3z +222)*2  45) (2 + 4z — 322) (1 + 3z + 222)/*
2(21 + 227) 2(273 + 230z) 4 83
15 (14 3z +222)*?  15V/1+ 3z + 242 675 / (2 + 4z — 3
2(21 + 22z) 2(273 + 230z) 1

15 (1 + 3z + 222)*/*

2(21 4 22)

— —(3(335 - 106/
15v1 + 3z + 222 25( (

2(273 + 230z) 1

15 (1 4 3z + 222)*/

2(21 4 22)

+ +
15vV1+ 3z + 222 25

(6 (335 106V

2(273+230z) 1

(4885115 +

15 (1 + 3z + 222)*/*

time = 0.89, size = 154, normalized size = 0.78

2v1 + 3z + 227 (294 + 1071z + 123622 + 4602°%) 1 o
— /14655345 + 4634427V/1 h
5012’0+ 227 75 \/ 14655345 + 4634427V10" tan

Antiderivative was successfully verified.

1
_|_ —
15v1 + 3z + 22?2 a0V 3

\/1= \/? V1+ 3z + 222

1+ @ V1+ 3z + 222
81tanh™" SR

1+ 2z

+ T
) 5 \/24425575 + 772404510

[In] Integratel[(2 + x)/((2 + 4*x - 3*x~2)*(1 + 3*x + 2*x~2)~(5/2)),x]

[Out] (2*Sqrt[l + 3*x + 2*x72]%(294 + 1071xx + 1236*x"2 + 460*x~3))/(15*%(1 + x)~2
*(1 + 2*x)~2) - (Sqrt[14655345 + 4634427*Sqrt[10]]*ArcTanh[(Sqrt[1 - Sqrt[2
/511*Sqrt[1 + 3xx + 2*x~2])/(1 + 2%x)])/75 + (81*ArcTanh[(Sqrt[1 + Sqrt[2/5
11#Sqrt[1 + 3*x + 2xx72])/(1 + 2*x)])/(6%Sqrt [24425575 + 7724045*Sqrt[10]1])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 877 vs.

2(141) = 282.

time = 0.60, size = 878, normalized size = 4.46
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method | result

22695840000 RootOf(96000_24—781618400_ZQ+

2Root0f(96000_Z4 —781618400__ 2" +6561) In| —

184 3, 824 2, 714, 196
3 ottt ety

trager
& (222+43z+1) 3

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+2)/(-3*x"2+4*x+2)/(2%x~2+3*x+1) "~ (5/2) ,x,method=_RETURNVERBOSE)

[Out] -1/20%(8+10~(1/2))*10~(1/2)*(1/9/(55/9+17/9%10"(1/2)) /(2% (x-2/3-1/3%10"(1/2
)) "2+ (17/3+4/3%10™ (1/2)) * (x-2/3-1/3%10~(1/2) ) +55/9+17/9%10~ (1/2)) ~(3/2)-1/6
*(17/3+4/3%107(1/2)) / (65/9+17/9%107 (1/2) ) * (2/3* (3+4xx) / (440/9+136/9%10" (1/2
)= (17/3+4/3%10™(1/2))~2) / (2% (x-2/3-1/3%10"(1/2) ) ~2+(17/3+4/3%10" (1/2) ) * (x~2
/3-1/3%10"(1/2))+55/9+17/9%10~ (1/2) )~ (3/2)+32/3/(440/9+136/9%10~ (1/2) - (17/3
+4/3%10™ (1/2)) ~2) ~2% (3+4*x) / (2% (x-2/3-1/3%10"(1/2) ) ~2+(17/3+4/3%10™ (1/2) ) *(
x-2/3-1/3%107(1/2))+55/9+17/9%107~(1/2) )~ (1/2))+1/3/(55/9+17/9%10~ (1/2) ) *(1/
(55/9+17/9%107(1/2)) /(2% (x-2/3-1/3%10"(1/2) ) ~2+(17/3+4/3%10" (1/2) ) * (x-2/3-1
/3%107(1/2))+55/9+17/9%10~(1/2))~(1/2) - (17/3+4/3%10~(1/2)) / (65/9+17/9%10~ (1
/2))*(3+4%x) /(440/9+136/9%10~ (1/2)-(17/3+4/3%10~(1/2))~2) / (2% (x-2/3-1/3%10"
(1/2))"2+(17/3+4/3%10~ (1/2) ) * (x-2/3-1/3%10"(1/2) ) +55/9+17/9%10~ (1/2) )~ (1/2)
-3/(55/9+17/9%107(1/2)) / (65+17%x107(1/2)) ~(1/2) *arctanh (9/2* (110/9+34/9*10~ (
1/2)+(17/3+4/3%x107(1/2) )*(x-2/3-1/3*107(1/2)) ) / (65+17*10~(1/2) )~ (1/2) / (18%(
x-2/3-1/3%107(1/2) ) ~2+9% (17/3+4/3%10" (1/2) ) * (x-2/3-1/3%10" (1/2) ) +55+17%10" (
1/2))7(1/2))))-1/20%(-8+10~(1/2))*10~(1/2)*(1/9/(565/9-17/9%10"(1/2) ) / (2% (x-
2/3+1/3%10~(1/2)) ~2+(17/3-4/3%10"(1/2) ) % (x-2/3+1/3%10~ (1/2) ) +55/9-17/9%10"(
1/2))~(3/2)-1/6*%(17/3-4/3%107(1/2))/(65/9-17/9%107(1/2) ) *(2/3* (3+4*x) / (440/
9-136/9%10~(1/2) - (17/3-4/3%10"(1/2))~2) / (2% (x-2/3+1/3%10" (1/2) ) ~2+(17/3-4/3
%10~ (1/2)) *(x-2/3+1/3%10~(1/2) ) +55/9-17/9%10~ (1/2) )~ (3/2) +32/3/ (440/9-136/9
*107(1/2)-(17/3-4/3%107(1/2)) ~2) ~2x (3+4xx) / (2% (x-2/3+1/3%10”(1/2) ) ~2+(17/3-
4/3%107(1/2) ) *(x-2/3+1/3%107(1/2))+55/9-17/9%10~(1/2))~(1/2))+1/3/(55/9-17/
9%10~(1/2))*(1/(55/9-17/9%10~(1/2)) / (2% (x-2/3+1/3%10~(1/2) ) ~2+(17/3-4/3%10"
(1/2)) *(x-2/3+1/3%10~(1/2) )+55/9-17/9%10~(1/2) )~ (1/2) - (17/3-4/3%10~ (1/2) ) / (
55/9-17/9%10" (1/2) ) * (3+4*x) / (440/9-136/9%10" (1/2) - (17/3-4/3%10~(1/2))~2) / (2
*(x-2/3+1/3%107 (1/2)) ~2+(17/3-4/3%10" (1/2) ) * (x-2/3+1/3%10" (1/2) ) +55/9-17 /9
10~ (1/2))~(1/2)-3/(55/9-17/9%10" (1/2)) / (55-17*10" (1/2) )~ (1/2) *arctanh (9/2x(
110/9-34/9%107 (1/2)+(17/3-4/3%10~ (1/2) ) * (x-2/3+1/3%10~(1/2)) ) / (65-17*10~ (1/
2))"(1/2)/ (18% (x-2/3+1/3%10™ (1/2)) ~2+9% (17/3-4/3%10~ (1/2) ) * (x-2/3+1/3%10~ (1
/2))+55-17%10"(1/2))~(1/2))))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 1276 vs.
2(141) = 282.
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time = 0.54, size = 1276, normalized size = 6.48

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(2*x~2+3*x+1)~(5/2) ,x, algorithm="maxima")

[Out] -1/300*sqrt(10)*(980*sqrt (10)*x/(17*sqrt(10)*(2*x~2 + 3*x + 1)7(3/2) + 55%(
2%x72 + 3%x + 1)7(3/2)) - 980%sqrt(10)*x/(17*sqrt (10)*(2*x~2 + 3*x + 1)~(3/
2) - B5*(2%xx"2 + 3*x + 1)7(3/2)) + 5292*sqrt(10)*x/(374*sqrt (10)*sqrt (2*x~2
+ 3%x + 1) + 1183*sqrt(2*xx~2 + 3*x + 1)) - 5292xsqrt(10)*x/ (374*sqrt (10) *s
qrt(2*x~2 + 3*x + 1) - 1183*sqrt(2*x~2 + 3xx + 1)) - 15680*sqrt(10)*x/(17*s
qrt (10) *sqrt (2*x~2 + 3*x + 1) + Bb*sqrt(2*x~2 + 3*x + 1)) + 15680*sqrt(10)*
x/(17*sqrt (10) *sqrt (2*x~2 + 3*x + 1) - 5b*sqrt(2*x~2 + 3*x + 1)) + 3520%*x/(
17*sqrt (10)*(2xx~2 + 3*x + 1)7(3/2) + 55%(2*%x~2 + 3*x + 1)7(3/2)) + 3520%x/
(17xsqrt (10) *(2*x~2 + 3*x + 1)7(3/2) - 55%x(2*x~2 + 3*x + 1)7(3/2)) + 19008*
x/ (374*xsqrt (10) *sqrt (2*x~2 + 3*x + 1) + 1183*sqrt(2*x~2 + 3*x + 1)) + 19008
*xx/ (374*sqrt (10) *sqrt (2*x~2 + 3*x + 1) - 1183*sqrt(2*x~2 + 3*x + 1)) - 5632
0*xx/(17*sqrt (10) *sqrt (2*xx~2 + 3*x + 1) + Bb*ksqrt(2*x~2 + 3*x + 1)) - 56320%
x/ (17*sqrt (10) *sqrt (2*x~2 + 3*x + 1) - 5b*sqrt(2*x~2 + 3%x + 1)) + 750*sqrt
(10)/ (17*sqrt (10) *(2*x~2 + 3*x + 1)7(3/2) + B55x(2*x~2 + 3*x + 1)7(3/2)) - 7
50*sqrt (10)/(17*sqrt (10) *(2*x~2 + 3*x + 1)7(3/2) - 55%(2*%x~2 + 3*x + 1)~(3/
2)) + 4050*sqrt(10)/(374*sqrt(10)*sqrt(2*x~2 + 3*x + 1) + 1183*sqrt(2*x~2 +
3*xx + 1)) - 4050*sqrt(10)/(374*sqrt(10)*sqrt(2*x~2 + 3*x + 1) - 1183*sqrt(
2%x72 + 3%x + 1)) - 11760*sqrt(10)/(17*sqrt (10) *sqrt(2*x~2 + 3*x + 1) + 55%
sqrt(2*x~2 + 3*x + 1)) + 11760*sqrt(10)/(17*sqrt(10)*sqrt(2*x~2 + 3*x + 1)
- B5xsqrt(2*%x72 + 3*x + 1)) + 2760/ (17*sqrt (10)*(2*x~2 + 3*x + 1)7(3/2) + 5
Bk (2%x~"2 + 3*x + 1)7(3/2)) + 2760/ (17*sqrt(10)*(2*%x~2 + 3*x + 1)~(3/2) - 55
*x(2%xx"2 + 3*x + 1)7(3/2)) + 14904/ (374*sqrt(10)*sqrt(2*xx~2 + 3*x + 1) + 118
3ksqrt(2*xx~2 + 3xx + 1)) + 14904/ (374*sqrt(10)*sqrt(2*x~2 + 3*x + 1) - 1183
*sqrt (2*%x~2 + 3*x + 1)) - 42240/ (17*sqrt(10)*sqrt(2*x~2 + 3*x + 1) + B5bxsqr
t(2%x72 + 3xx + 1)) - 42240/ (17*sqrt(10)*sqrt(2*x~2 + 3*x + 1) - B5bxsqrt(2*
X"2 + 3%x + 1)) - 1215%sqrt(10)*log(2/9*sqrt(10) + 2/3*sqrt(2*x~2 + 3*x + 1
) *sqrt (17*sqrt (10) + 55)/abs(6*x - 2xsqrt(10) - 4) + 34/9*sqrt(10)/abs(6*x
- 2%sqrt(10) - 4) + 110/9/abs(6*x - 2*sqrt(10) - 4) + 17/18)/(17*sqrt(10) +
55)7(5/2) - 5*sqrt(10)*1log(-2/9*sqrt(10) + 2*sqrt(2*x~2 + 3*x + 1)*sqrt(-1
7/9%sqrt(10) + 55/9)/abs(6*x + 2xsqrt(10) - 4) - 34/9%sqrt(10)/abs(6*x + 2%
sqrt(10) - 4) + 110/9/abs(6*x + 2*sqrt(10) - 4) + 17/18)/(-17/9%sqrt(10) +
55/9)~(5/2) - 9720%*log(2/9*sqrt(10) + 2/3*sqrt(2*x~2 + 3*x + 1)*sqrt(17*sqr
t(10) + 55)/abs(6*x - 2xsqrt(10) - 4) + 34/9*sqrt(10)/abs(6*x - 2*sqrt(10)
- 4) + 110/9/abs(6*x - 2*sqrt(10) - 4) + 17/18)/(17*sqrt(10) + 55)~(5/2) +
40%log(-2/9*sqrt (10) + 2*sqrt(2*x~2 + 3*x + 1)*sqrt(-17/9*sqrt(10) + 55/9)/
abs(6xx + 2*sqrt(10) - 4) - 34/9xsqrt(10)/abs(6*x + 2*sqrt(10) - 4) + 110/9
/abs(6*x + 2%sqrt(10) - 4) + 17/18)/(-17/9*sqrt(10) + 55/9)~(5/2))
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 435 vs.
2(141) = 282.
time = 0.42, size = 435, normalized size = 2.21

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(2%x~2+3*x+1)~(5/2) ,x, algorithm="fricas")

[Out] 1/150%(23520%x~4 + 70560%x~3 + sqrt(3)*(4*x~4 + 12*%x”~3 + 13*x72 + 6%x + 1)*
sqrt (1544809*sqrt (10) + 4885115)*1log(-(243*sqrt(10)*x + (893*sqrt (10)*sqrt(
3)*x - 2824*sqrt(3)*x)*sqrt(1544809*sqrt (10) + 4885115) + 486*x - 486%sqrt(
2*x"2 + 3%x + 1) + 486)/x) - sqrt(3)*(4*x74 + 12*%x”3 + 13*x"2 + 6%x + 1)*sq
rt (1544809*sqrt (10) + 4885115)*1log(-(243*sqrt(10)*x - (893*sqrt(10)*sqrt(3)
*x — 2824x*sqrt(3)*x)*sqrt(1544809*sqrt(10) + 4885115) + 486%x - 486%sqrt (2
X"2 + 3xx + 1) + 486)/x) + sqrt(3)*(4*x"4 + 12%x73 + 13*x"2 + 6xx + 1)*sqrt
(-1544809*sqrt (10) + 4885115)*1log((243*sqrt(10)*x + (893*sqrt(10)*sqrt(3)*x
+ 2824*sqrt(3)*x) *sqrt (-1544809*sqrt (10) + 4885115) - 486xx + 486%sqrt (2*x
"2 + 3%x + 1) - 486)/x) - sqrt(3)*(4*x74 + 12*%x"3 + 13*x"2 + 6*x + 1)*sqrt(
-1544809*sqrt (10) + 4885115)*1log((243*sqrt(10)*x - (893*sqrt (10)*sqrt(3)*x
+ 2824xsqrt (3)*x)*sqrt (-1544809*sqrt (10) + 4885115) - 486xx + 486*sqrt (2xx~
2 + 3*%x + 1) - 486)/x) + 76440%x"2 + 20%(460*x~3 + 1236*x~2 + 1071xx + 294)
*sqrt (2*xx~2 + 3*x + 1) + 35280*x + 5880)/(4*%x74 + 12*%x”~3 + 13*x72 + 6*x + 1
)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

- / 1220V + 30+ 1+ 205V22 4 32 + 1 — 1704V/202 + 82 + 1 — 580V + 32 + 1 — 4722V2a2 482 + 1 — 160v2a0 + 82 +1 —2V2e + 30 +1 / 1200V227 + 32+ 1 +200°V207 + 32+ 1 — 1T2*v207 + 32 + 1 — 5829V2a7 + 3z + 1 — 472?227 + 3z + 1 — 162V227 + 32+ 1 — 2v227 + 32 + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(=3*x**2+4*x+2)/(2*x**2+3*x+1)**(5/2) ,x)

[Out] -Integral(x/(12*x**6*sqrt(2*xx**2 + 3*x + 1) + 20*x**5*sqrt (2*x**2 + 3*x + 1
) — 1T7*x*kx4xsqrt (2kx**2 + 3*x + 1) — B8xx**3*sqrt (2xx**2 + 3*x + 1) - 47*x*
*x2xsqQrt (2*x*x2 + 3*%x + 1) - 16%x*sqrt(2*x**2 + 3%x + 1) - 2xsqrt(2*x**2 + 3

*x + 1)), x) - Integral(2/(12xx*x6xsqrt(2*x**2 + 3*x + 1) + 20*x**b5*xsqrt (2%

X*x*%2 + 3xx + 1) - 17*x*k*4*sqrt(2*x**2 + 3*%x + 1) - B8*kx**3ksqrt (22kx**2 + 3x

X + 1) - 4T*xxx*k2xsqrt (2%xx**2 + 3%x + 1) - 16*x*ksqrt(2kx**2 + 3*xx + 1) - 2*s

qrt (2*%x**2 + 3%x + 1)), x)

Giac [A]
time = 3.77, size = 121, normalized size = 0.61

28152+ 309+ 10712 + 204 - |
2D I 0T 990115 og (VT + VEFTIRET 45 ) -5 log (—VEx + VEFTF T - 0.176527156327000) o (VT + VEFTTETT - 0919278730509000) — 00115800442528257 g (~vz-+ VEFTTETT — LOSZZZT050)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+x)/(-3*x"2+4*x+2)/(2*xx~2+3*x+1)~(5/2) ,x, algorithm="giac")

[Out] 2/15%((4*(115*%x + 309)*x + 1071)*x + 294)/(2*x"2 + 3*x + 1)~(3/2) + 0.00115
890443050800*1log(-sqrt(2)*x + sqrt(2*x~2 + 3*x + 1) + 5.90976932712000) - 3
6.0928986365333*1og(-sqrt(2)*x + sqrt(2*x~2 + 3*x + 1) - 0.176527156327000)

+ 36.0928986365333*1og(-sqrt(2)*x + sqrt(2*xx~2 + 3*x + 1) - 0.919278730509

000) - 0.00115890442528267*log(-sqrt(2)*x + sqrt(2*x~2 + 3*x + 1) - 1.04272
727395000)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/ T+ 2
22243z +1)"? (=322 + 4z +2)

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 2)/((3*x + 2%x~2 + 1)7(5/2)*(4*x - 3*x~2 + 2)),x)
[Out] int((x + 2)/((3*x + 2%x~2 + 1)~(5/2)*(4*xx - 3*x"2 + 2)), x)
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3.31 Ltz - dx
f (4+2z+x2) \/5 + 2z + x2

Optimal. Leaf size=15

—tanh ™ (W)

[Out] -arctanh((x~2+2*x+5)~(1/2))

Rubi [A]
time = 0.01, antiderivative size = 15, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.077,

steps used = 2, number of rules used = 2, integrand size = 26,
Rules used = {1038, 212}

—tanh™! (\/M)

Antiderivative was successfully verified.

[In] Int[(1 + x)/((4 + 2%x + x"2)*Sqrt[56 + 2*x + x72]),x]
[Out] -ArcTanh[Sqrt[5 + 2*x + x~2]]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 1038

Int[((g_) + (h_.)*(x_))/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e
_x(x) + (£_.)*(x_)"2]), x_Symbol] :> Dist[-2*g, Subst[Int[1/(bxd - axe -
b*x~2), x], x, Sqrt[d + exx + f*x~2]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h
}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[e”2 - 4*dxf, 0] && EqQlc*e - bxf, 0] &&
EqQ[h*e - 2*gxf, 0]

Rubi steps

/ 1+ dx:—(2Subst</ L 5 dz, T, V5 + 21 + 2 ))
(44 2z + 22) V5 + 2z + x2 22z
= —tanh™! (v5+2x+x2>

Mathematica [A]
time = 0.15, size = 15, normalized size = 1.00

—tanh™! (\/m>
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Antiderivative was successfully verified.

[In] Integrate[(1 + x)/((4 + 2%x + x"2)*Sqrt[5 + 2*x + x72]),x]
[Out] -ArcTanh[Sqrt[5 + 2*xx + x~2]]

Maple [A]
time = 0.18, size = 14, normalized size = 0.93

method | result size

default | —arctanh (vVz2+2z+5) | 14
ln<—z2+2\/ 2 +2x+5 —2z—6>

:v2+2z+4

trager 5 37

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+x)/(x"2+2*x+4)/(x"2+2*x+5)~(1/2) ,x,method=_RETURNVERBOSE)
[Out] -arctanh((x~2+2*x+5)~(1/2))
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)/(x"2+2*x+4)/(x~2+2*x+5)~(1/2) ,x, algorithm="maxima")
[Out] integrate((x + 1)/(sqrt(x”2 + 2*%x + 5)*(x"2 + 2*x + 4)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 49 vs.
2(13) = 26.

time = 0.35, size = 49, normalized size = 3.27

1 1
§log(x2—\/x2+2x+5 (m+2)+3x+6) —ilog(xQ—\/x2+2x+5 x+x+4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)/(x"2+2*x+4)/(x~2+2*x+5)~(1/2),x, algorithm="fricas")

[Out] 1/2*%log(x"2 - sqrt(x™2 + 2%x + 5)*(x + 2) + 3*x + 6) - 1/2%log(x"2 - sqrt(x
T2 + 2%xx + B)*x + x + 4)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 36 vs.

2(14) = 28.

time = 2.39, size = 36, normalized size = 2.40

1 -1+ L ) lo (1+ L )
Og< Va2 +2z+5 8 Va2 + 2z +5

2 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)/(x**2+2xx+4) /(x**2+2*x+5)**(1/2) ,x)
[Out] log(-1 + 1/sqrt(x**2 + 2xx + 5))/2 - log(l + 1/sqrt(x**2 + 2%x + 5))/2

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 31 vs. 2(13) = 26.
time = 3.77, size = 31, normalized size = 2.07

_glog(\/M+1)+§1og(m_l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)/(x"2+2*x+4)/(x~2+2*x+5)~(1/2),x, algorithm="giac")
[Out] -1/2%log(sqrt(x”2 + 2*%x + 5) + 1) + 1/2xlog(sqrt(x"2 + 2*xx + 5) - 1)

Mupad [B]

time = 3.76, size = 13, normalized size = 0.87

—atanh(x/m )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 1)/((2%x + x~2 + 4)*(2%x + x~2 + 5)~(1/2)),x)
[Out] -atanh((2*x + x~2 + 5)~(1/2))
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3.32 ax - dx
f (4+2z+x2) \/5 + 2z + 22

Optimal. Leaf size=44

1
ﬁtan_1<\/§ 5:2x+ 2)—tanh_1<\/5+2x+x2>
T+

[Out] -arctanh((x~2+2*x+5)"(1/2))+arctan(1/3*x(1+x)*3~(1/2)/(x~2+2%x+5) ~(1/2))*3~(
1/2)

Rubi [A]
time = 0.03, antiderivative size = 44, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.192,

steps used = 5, number of rules used = 5, integrand size = 26
Rules used = {1039, 996, 210, 1038, 212}

z+1 1 5
\/?TArcTan(\/g\/m) tanh (Vm +2z—|—5>

Antiderivative was successfully verified.
[In] Int[(4 + x)/((4 + 2*x + x~2)*Sqrt[5 + 2*x + x72]),x]

[Out] Sqrt[3]*ArcTan[(1 + x)/(Sqrt[3]1*Sqrt[5 + 2*x + x"2])] - ArcTanh[Sqrt[5 + 2%
x + x72]]

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0]1)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 996

Int[1/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£f_.)*(
x_)"2]), x_Symbol] :> Dist[-2%e, Subst[Int[1/(ex(b*e - 4*a*xf) - (b*d - axe)
*x72), x], x, (e + 2%f*x)/Sqrt[d + e*x + f*x~2]], x] /; FreeQ[{a, b, c, d,
e, £}, x] &% NeQ[b~2 - 4*a*c, 0] && NeQ[e™2 - 4xd*f, 0] && EqQ[cxe - bxf, 0
]

Rule 1038
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Int[((g_) + (h_.)*(x_))/(((a)) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrtl[(d_.) + (e
_O*x(x) + (£_.)*(x_)"2]), x_Symbol] :> Dist[-2*g, Subst[Int[1/(bxd - axe -
b*x~2), x], x, Sqrt[d + exx + f*x~2]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h
}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[e™2 - 4xdxf, 0] && EqQ[cxe - bxf, 0] &&
EqQ[h*xe - 2xgxf, 0]

Rule 1039

Int[((g_.) + (h_.)*(x_))/(((a) + (b_.)*(x_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (
e_.)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[-(hxe - 2xgxf)/(2*f), Int[1/(
(a + bxx + c*x"2)*Sqrt[d + e*x + f*x~2]), x], x] + Dist[h/(2*f), Int[(e + 2
*xfxx)/((a + bxx + c*x~2)*Sqrt[d + exx + f*x~2]), x], x] /; FreeQ[{a, b, c,
d, e, £, g, h}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[e”2 - 4*d*xf, 0] && EqQ[cx*e
- bxf, 0] &% NeQ[h*e - 2xg*f, 0]

Rubi steps

4+ 1 242z 1
der = - dr + 3
(4 + 2z + 22) V5 + 2z + 22 2) (4+2x+22) V5 +2x + 2 (4422 +22) Vb + 2z +

- _ (ZSubst (/ 5 _12362 dz,z, V5 + 2z + 2 )) — 12Subst (/ 1

1
=\/?Ttan"1<\/§ 5:2x+ 2)—tanh_1<\/5+2x+x2)
T+

Mathematica [A]
time = 0.20, size = 55, normalized size = 1.25

4+ 2 2 (1 vV 2 2
—\/i?tan_1< tirtw ( +x) dt2z+z >—tanh_1<v5+2x+x2>

V3

Antiderivative was successfully verified.

[In] Integrate[(4 + x)/((4 + 2%x + x~2)*Sqrt[5 + 2*xx + x72]) ,x]

[Out] -(Sqrt[3]*ArcTan[(4 + 2*x + x72 - (1 + x)*Sqrt[5 + 2*x + x72])/Sqrt[3]1]) -
ArcTanh[Sqrt[5 + 2*xx + x72]]

Maple [A]
time = 0.30, size = 40, normalized size = 0.91

’ method ‘ result
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default | —arctanh (vzZ+2z+5 ) 4+ /3 arctan ( V3 (2042) )

6vV22 + 22+ 5
40 RootOf (_Z2 +_Z+1) o421V T2 + 22 + 5 RootOf (_Z2 +_Z+1) 451 Root

RootOf (_ZZ +

trager | RootOf (_22 +_Z+ 1) In (

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+4)/(x"2+2xx+4)/(x"2+2*x+5)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -arctanh((x~2+2*x+5)~(1/2))+3~(1/2)*arctan(1/6%3~(1/2)/(x~2+2*x